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PREFACE. 

The present work is an extension of my small book 
which, published in 1884, has long been out of print. 
When the question of the issue of a second edition 
arose about three years ago, it was thought desirable 
to extend the plan of the former book so as to make 
the new work a fairly complete treatise on the absolute 
measurement of electric and magnetic quantities. It 
has not been my aim to produce a work dealing with 
mere manipulative processes or a collection of practical 
rules, but one in which should be welded together, in 
some degree at least, the practice of absolute measure- 
ments and the mathematical theory of electric and 
magnetic phenomena. 

Thus it was no part of my plan to deal with the 
more recondite and abstract parts of electrical theory ; 
but I trust the work now published may prove of some 
help to students who may wish to proceed to those 
subjects. I have, notably in Chapter I. of the pre- 
sent volume, included here and there for the sake 
of illustration pai'ticular theoretical cases which have 
no direct bearing on experimental processes. Most of 
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the purely theoretical work in electrostatics will how- 
ever be of direct service in the sketch of magnetic 
. theory to be given in Volume II. I have attempted 
througlrout to arrange the work so as to avoid too 
sharp a distinction anywhere between what is theo- 
retical and what is practical, such as might have been 
produced by giving all the theory in one part, and 
all the practical rules and processes in another. At 
the same time I have found it necessary for the 
preservation of logical order, and to prevent continual 
digressions on theory in the midst of descriptions of 
instruments and processes of measurement, to provide 
in each principal division of the subject a separate 
chapter containing the more general parts of the 
theory, leaving the more directly related theoretical 
questions to be treated, as I think they ought to be, 
where they arise. 

In order to save space, the more mathematical parts 
of Volume I. have been printed in a somewhat smaller 
type than that adopted for the body of the work, and 
for the same reason the ‘‘solidus’' notation has been 
generally used in forraul® occurring in the midst of 
ordinary matter. Here and there this latter practice 
has been inadvertently deviated from. 

The scope of Volume I. will be seen in detail from 
the Table of Contents below ; briefly, it consists of a 
sketch of the theory of electrostatics and flow of 
electricity, chapters on units, general physical measure- 
ments, electrometers, comparison of resistances, com- 
parison of capacities, and measurement of specific 
inductive capacities, and concludes with tables of units, 
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reisistances, and useful constants. The chapter on the 
comparison of resistances contains full details of the 
various methods of comparing high and low resisttmces, 
calibration of wires, &c. ; the chapter on capacities 
discusses methods geperally, and contains an account, 
as full as possible, of the principal determinations of 
specific inductive capacity made up to the present 
time. Determinations of dielectric strength, and other 
investigations regarding dielectrics, have on account of 
Avant of space been reluctantly omitted. 

Volume II. will contain an account of magnetic 
theory, units, and measurements ; electro-magnetic 
theory and absolute measurement of currents, poten- 
tials, and electric energy; the definitions and realisa- 
tion of the ohm and other practical units ; the 
relations of electro-magnetic and electrostatic units 
and the determination of v, practical applications of 
electricity, and specially related points of theory and 
measurement. In Volume II., on account of the 
great mass of matter noStuded in the subjects here 
enumerated, the plan of smaller type will have to be 
adopted for descriptive and other details, as well as 
for mathematical theory. 

For the use of blocks of woodcuts I yam under 
obligations in the present volume to Sir WlLLIAAC 
Thomson; Professor Ayrton, and the publishers of 
his Practical Electricity, Messrs. Cassell ; the larte Pro- 
fessor Balfour Stewart and Mr. Gee; Dr. S. P. 
Thompson ; the editor and publishers of the Electrical 
Journal; Messrs. Elliott and 'Co. ; and my publishers, 
Messrs. Macmillan and Co. I have received great 
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assistance from my brother. Professor T. Gray, of the 
Bose Polytechnic Institute, Terre Haute, Ind., who 
allowed me to use his papers on “ Electrical Testing,” 
published in the Eiectrical Journal and elsewhere, and, 
besides readmg nearly all the proofs, made many valuable 
suggestions. I have to acknowledge suggestions also 
from my colleagues. Professor G. B. Mathews, M.A., 
Fellow of St. John’s College, Cambridge, and Mr. D. M. 
Lewis, MJl., who have very kindly read proofs of 
various parts. 

I have of course received continual help from the 
works of Sir W. Thomson and Clerk - Maxwell. 
Messrs. Mascart and Joubert’s recent valuable 
work, and Professor G. Wiedemann’s encyclopaedic 
treatise with its wealth of references have been of 
much assistance. In all cases however in which 
it was possible recourse has been had to original 
papers, and in this connection I have to thank 
Dr. Hopkinson, who favoured me with copies of 
papers on " Specific Inductive Capacity,” and Professor 
Ayrton, who lent me copies of papers to which 
otherwise I should not easily have obtained access. 

A few errata noticed in the preparation of the 
Table of Contents are given on page xxiv. I shall feel 
obliged if any reader who may find further errors will 
kindly communicate them either to my publishers or 
to myself. 

A. GRAY. 

UmVBSBITY COLLEOE OF NoBTB WALES, 

Sej^emher, 1888 . 
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VOLUME I.— NOTES AND ERRATA. 

Page G, first line of sinall print, ^ rend 

Page 7, in second e<j nation of (4), for read * 

ay 

Page 9, lines 11 and 12 from top,ybr read qJ' 

Page 20, line 10 fioiri top, for r{-t\ri) and r./F(r.^) *’ read 
“ r\^F{r\) ” and **r\^F{r\y^ ‘ 

Page 20, line 6 from iooi^for read 

Page 2 ), line 5 from foot, /or “ greater” read “les.s.’* 

Pago 2G, line 14 frotn top, /or the jxts^af/e hegitmhig “and d 
the angle . . . . ” read *‘d the angle which tlie tube supposed 
makes with the nonnal on the positive side of the surface, and 
d' tlie corresponding angle tm the other sicle, both normals being 
drawn from the surface, we have, taking the surface integral, 
which consists only of the end portions of the tube, 

{F cos 6 — F' cos = Ancrds 
or 

Jf^cosd — F'cosF — 47rcr (26) 

Pago 31, liTie 4 from foot, for “ OJi ” read “ OA."' 

Page 33, line 4 from top, prefix the viinns sign to 

r is here and elsewhere used to signify ^ ^ 4- ^ f 4- 
L aj^ ' ay^ ' dz^ J 

Page 33, line 3 from foot, for “7'”’ rewl “ A’*’ on the left of 
the cipiation. 

Page 34, line 3 from foot, /or “of**’’ read “.r®.’* 

Page 35, line 16 from top, after “force ” add “per unit area.*’ 
Pago 35, line 6 from foot, for ** outward force” read “ inward 
pull.” 

Page 35, line 2 from foot, and Page 36, line 5 from top, /or 
“outward pressure ” read “ inward pull.” 
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36, line 16 from top,yf>r Laplace's *' rtCLd ** Po-ssonV.” 
Page 37, line \for ‘‘P” rtad *^PV* 

Page 39, line 10 from top, ia^ert before “an3%’' 

Page 41, line 3 from iooi^for in " read on.” 

Pages 58, 59, 61, for ‘^Chapter IV.” read Chapter V.” 

Page 80, line 12 from foot,ybr read “ - ^ajff 

Page 104, in first marginal, /or ** Heat *’ read ** Flux of Heat.** 

Page 131, lines 4 and 6 from foot, /or “ 47r *' rea/I 4»rA'” 

P. 132, lines 11 and 13 from llie foot, /or “47r” re^id 
[One point is supposed taken just outside the outer surface, 
the other just inside the inner surface of the region in qiiestioiu] 
Page 144, line 12 from top. The discussion here promised 
was postponed to Volume If., but for want of space has had to 
he omitted. 

Page 154, line 17 from top, /or ‘‘ (12) ” read “ (13)/' 

Page 162, equation (4), for read 

Page 164, line 15 from foot, for ** Pj/r” and read 

“ /^i^i/r ” and “ F^rjr*' 

S This correction necessitates multiplying the other resjilts 
need for the two spheres by n, respectively, and gives 
y = 2f^ir(F^r^ — The total resistance to conduction fronj 

i»ne sphere to the* other is thus = (Pj — ^g)/ 

}2irX(/^ir, — which in the case of rj = r.^ = r gives 


or tlic^ resistance is inversely as the radius of either sphere. 
This result takes the place of (30), the falsity* of which ought 
to have been at once perceived.] 

Page 165, equation (31), /or r,r ” reeuf 
Page 203, line 12 from foot, /or - A'” read ” C*.” 

Page 204, last line, /or “ V rear/ VT.” 

Page 221, in equation (11), for ^ read “e'' where e -~- 

tan-1 [ [The values of C, O', obtained from (10) hy 

the conditions ^ « 0, dBfdi =a= 0, which hold when < «• 0, are 

Page 222, line 13 from foot, /or “n" read 

Page 225, transfer marginal to first paragraph of next page. 
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Page 22S, line 13 from foot| after and ’* tneert ^^th© Naperian 
logarithm of.'* 

Page 229, lines 2 and 7 from top,yor — 1 " read “n.” 

Page 229, line 5 from top, read the .equation 

Page 234, in marginal at top, /or ** vibration ” read vibrator.** 
Page 297, lines 14, 8, 7 from foot, for read [For 

a correction of the statement made at the top of this page as to 
the applicability of the ordinary formula of the quadrant electro- 
irieter, see Vol. II. p. 662.] 

Page 344, lines 11 and 12 from top,ybr ^**' reodf ‘‘ IT,'’ and 
read^^a,^* ‘ 

Page 345, in the denominators of the right-hand memters of 
(19) and (20), for read “«?',** and in the remaining three 
equations, ybr r,** read 

Page 348, first line, /or “transferring the battery contacts to 
Cf />,*’ read “ interchanging the small resistances gf 

Page 379, line 6 from foot, /or rffi + g^) ** read ri{r^ + 

Page 390, line 11 from top, for ^-^rectd , 

nC n 

Page 404, delete the sign — on the right of equation (66), 
Page 404, line 7 from foot, /or “log J'* read “log 2.’* 

Page 407, in the equations, /or ‘^log^’’ read ‘Mogy).” 

Page 409, line 13 from top, delete “copper and.” 

Page 414, line 6 from foot, for “tangents” read “sines.” 
Page 434, Inst ]ine,/>r “ F"** read “ o.** 

Page 435, first line, /or “ F' ” read^ “ i?'.” 

y ^ y* y ^ yf 

Page 436, in equation (5), /oi’ — read — — — 

V r " 


Page 436, on the left of equation (6), /or “ (7, ” read “ 6^.” 
Page 438, line 14 from top,/ir “.^f** read 


C C 

Page 439, in line 2, for %'ead i and in eciuation (8), for 

Cl Cff 

^ read s 


Pages 460, 461, in equations (15), (16), (17) respectively, in- 
vert the fractions {Fi--F\)IF\, 
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must be written for in the denominator of fraction to be 
inverted in (17).} 

Page 463, last line, /or A' + 1 ” read K -f- 2/’ 

Page 467, first lino, for “ iF” rend 

Page 468, line 14 from top, for B'* read EJ* 

Page 491, interchange the suffixes ^ and , on the right of ^26), 
Page 493, line 7 from foot, for “#;/(! — A'l/A^)” nod 
- AVA't,)/’ 

Page 493, in the formiihe in 1, 2, and 5 from the foot, delete 
“ -h I/* 

Page 494, in enmitioii (29), /or the niiinerator of tlie fraction 
on the right read “5”, and delete “ w -f- 1 ** in the denominator. 

Page 494, line 19 from top, after “ pressure” hoteri “ and tem- 
perature 0‘ C.” 

Page 496, line 9 from top, /or ‘‘cond**nser” rrof/ “eondeiiHers.*’ 
Page 497, in lines 4, 5, 6 from top, delete “2.” 

Page 498, lines 7 ainl 6 from foot, and p. 499, lino 1,/or “30 * 
read In line 5 from foot, for “ 30" ” read “ C.*' 

Page 498, in tfie note, for elcetrical ” read electrical.” 

Page 502, line 11 from foot, after ‘‘ fuhl,” insert “at tlu‘ 
centre.” 
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ABSOLUTE 'HEASUEEMENTS 


IN 

ELECTBICITY AND MAGNETISM. 

CHAPTER I. 

ELECTROSTATIC TBEORY. 

Section J. 

ELECTRIC ATTRACTION AND REPULSION. ELECTRIC 
POTENTIAL. 

We suppose the reader to be familiar with the 
elementary phenomena of electricity, and that he has 
acquired a clear understanding of what is meant by 
quantity of electricity, and of the nature of the evidence 
for the truth of the fundamental law of attraction and 
repulsion. Some account of the theoretical bearing of 
the experimental results of Coulomb, Cavendish and 
Faraday, in statical electricity is given below, but 
recourse must be had, if possible, to the original 
memoirs,^ or failing these to some good treatise, for 
the details of the investigations. 

^Faraday's ExperimetUal Retfeardua^ Cavendisli's EUdrUoaX Rc^ 
and CoulombV (in French), have been collected and 

reprinted. 
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ELECTBOSTATIC THEOKY. 


liUW of 
Klectrfc 
Attraction 
and 

Bepnlaion. 


Cofnloml/s 

Experi- 

ments. 


The law of electric attraction and repulsion may be 
stated as follows ; The force between two quantities 
of electricity (supposed each concentrated at a point) 
is directly proportional to the product of the charges, 
and inversely proportional to the second power of the 
distance between them. If the charges are unlike 
the mutual force is an attraction, if of the same kind 
a repulsion. In symbols, if q, q' be the charges, r the 
distance between the points at which they are concen- 
trated, and F the mutual forctj between them, we have 




A 


( 1 ) 


where is a multiplier which does not vary with the 
other quantities, and dei)ends on the units «adopted, 
and on the medium surrounding the charges. We 
shall take the force F as positive when repulsive, and 
therefore k as a positive quantity. We shall suppose, un- 
less it is otherwise stated, that the phenomena take 
]>lace in a perfect vacuum.* 

. This law was experimentally establishes! with ap- 
proximate accuracy by Coulomb by means of his torsion 
balance, in which he measured against the elastic 
reac^tion of a twisted silver wire the mutual attraction 
or repulsion bt'tween small charged conductors placed 
at a measured distance apart. He found that when the 
chaiges remained the same and the distance was doubled 
the force between the conductors was reduced ap- 
proximately to I of its former amount ; and in generd,^ 
that the force for the same charges varied inversely as 
the square of the distance. 

^ That a apace contaiitisx tihst onir/ 
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Having measured in his balance the force between Coalomi/i 
two small spherical conductors, Coulomb withdrew 
one of them and brought it into contact with another 
conducting sphere of the same diameter, then replaced tricify. 
it, and brought the balls to the same relative position 
as before. The force between the two spheres was now 
one-half of its former amount. Now by the contact 
the two balls must by symmetry have received equal 
charges, and Coulonib with propriety assumed that the 
charge on the ball was one-half of the initial charge. 

He thus obtained the result that the mutual attraction 
or repulsion of two conductors of linear dimensions 
small in comparison with the distance betw^een them 
is directly proportional to the product of their charges 
when the distance is maintained the same. This con- 
nection between force and amount of charge lies at the 
foundation of our system of measuring quantities of 
electricity. 

In the electrostatic system of units, which we shall 
find it convenient to use in the present chapter, k 
in equation (1) is taken equal to 1, so that when 

^ each 1, F is also 1. Now unit force Kinetic 
is defined according to what is called the absolute 
system of measurement of forces founded on Newton's Unit of 
Second Law of Motion, as that force which acting for 
unit of time on unU of mass vill give to that mass 
unit velocity. Hence unit quantity of electricity is 
that quantity which concentrated at a point at unit 
distance from an equal quantity of the same kind 
is ^repelled with unit force. Unit quantity of elec- 
tricity, therefore, depends on the three fundamental 

B 2 
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Unit units of length, mass, and time. According to the 
of*Elec- vecommendations of the British Association Com- 
triciiy. mittee on Electrical Standards, and the resolutions of 
C.O.S. the Paris Congress of Electncmas held in 1882, it has 
been resolved to adopt generally the three units already 
in very extended use for the expression of dynamical, 
electric and magnetic quantities; namely, the Centi- 
metre as the unit of length, the Gramme as the unit of 
mass, and the Second as the unit of time, and these 
units are designated by the letters C.G.S. With these 
units therefore unit force is tliat force, which, acting for 
one second on a gramme of matter, generates a velocity 
of one centimetre per second. This unit of force lias 
heeii called a Dyne. Unit quantity of electricity in the 
C.G.S. system of units is, accordingly, that quantity 
which placed at a distance of 1 centimetre from an 
equal quantity is repelled with a force of 1 dyne. 

The following example, wliich is easily realised, is 
instructive as an illustration of this definition and ot 


the idea of quantity of electricity. 

Two small equal pith balls are hung by very fine silk 
fibres from a fixed jioint so as to form two similar pith 
ball pendulums hung side by sitlo. The baHs are 
charged simultaneou.sly by contact with the same con- 
ductor and the pendulums then diverge. It is required 
to find the electric charge in each ball, and to 
work out numerically for the case of each ball 
gramme in mass, length of fibre 80 centimetres, 
and distance of the centres of the balls apart 10 
centimetres. 

Let I be the length of each fibre, 2d the distance 
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between the centres of the balls, m the mass, and j 
the charge of each ball. 

Neglecting the inductive eflTect of the balls on one 
another, and the weight and any electrification of the 



fibres, we have for the mutual force between the balls 
and by the parallelogram of forces 


or 


^ ~ Wi - Wjfi 


In the example given we have m — ^V> ^ =* 80, 
= 5 ; and taking g as 981 we get, neglecting 


2 12*5 X 981 

= 80 


or 


q^± 12-38. 


Unit 
Quantity 
of Elec- 
tricity. 
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The charge on each ball is therefore approximately 
12'38 C.G.S. units of positive or negative electricity. 

Electric The Electric Field of any distribution of electricity 
is the whole surrounding space through which the 
action of the electrified system extends, and the 
electric force at any point is the force of attraction 
or repulsion which a unit of positive electricity 
would experience if placed at the point without 
disturbing the electric distribution of the system. 

Intensity The Intensity of an electric field at any point is 
measured by the electric force at that point. We 
may imagine the electric field to extend to an infinite 
distance from any part of the electrified system, and 
for infinitely distant points the electric force is of 
course zero. 


Let the electric system consist of a quantity <7 of electricity at 
a point whose coordinates are //j, c, ; a quantity at a point 
<72, tjoy C2, <&c., ; ami let the coordinates at any point F in the 
held ho rt y, r. The distance r, of j*. y, s, from any point a, c, 
is griven hy the equation « (j* — -f- (y — fyy e)". 

The electric force at F Jias then for its three components 


X = ~ ^ + Ac. 


or X ^ 


-J). 




Similarly F = 2 


<! (y 


- ^) ^ 2 9 * 
» dy 


qU -_e) _ 2 9 * 






( 2 ) 


wliere X denotes summation for all values a^, it, ft, e*,, 3,, &o,, 

of a, b, c. 

Tte resultant electric force F is given by the equation 


- Jt* 4- 7^* + 


m 
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A line drawn in the electric field, the tangent to 
which at any point is the direction of the resultant 
force at that point, is called a Line of Force. 


If da:, dy, d», be the projections on the axes of x, y, z of an 
clement ds of p line of force, and X, Y, Z be the components 
of the force there parallel to the axes, we must have the relation 


dx dy dz 


(3 bU) 


which is the differential ecjuation of a line of force. We shall 
show below in treating of lines of magnetic force how this 
equation may be integrated for the case of a force system 
8} miuetrical round an axis. 


The Electric Surface Demity at any point of a surface 
is the limit towards which the ratio of the quantity of 
electricity on an element of the surface including the 
point to the area of the element approaches as the 
element is taken smaller and smaller. 


Let or be the surface density at n point a, h, e of an electrified 
surface and da the area of uii element including the poiut, then 
instead of (2) wc have 


X = 


// 
// 
ir 


[' (.r - ff) (rda 




(f/ - b) ads 

? 

(jr — c) ads 


II 

II 

II 


ads fir 
H dx 

ads fir 

ads dr 
dz, 


where 


II 


denotes integration over the suiface. 


. . ( 4 ) 


Definition 
of Line of 
Force. 


Differ- 
ential 
Equation 
of a Line 
of Foiee. 


Smfaee 
Density of 
Electric 
Distribu- 
tion. 


The Meetrie Volume Demity at any point in space Volmno 
is the limit towards which the ratio of the quantity 
of electricity contained within ' an element of space 
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Volvme including , the ^int to the volume of the element 
approaches as the element is taken smaller and smaller. 

Let p be the volume density at a point a. b, <?, the quantity of 
electricity within an element of volume da db dc h p da db dc* 
Hence we have 

Ill 

witli similar formulas for F and Z., where j j j denotes integration 

throughout the space or spaces occupied by tlie electric distri- 
bution. In every case the intensity /’of the electric field at any 
point is given by the equation 

« A'* + ys -f ZK 

Kectric The Potential at a point in an electric field is the 
Potential, done by or against electric forces in carrying a 

unit of positive electricity fn>m the point in question 
to an infinite distance, the electric distribution being 
supposed to remain unchanged. Hence if a quantity q 
of positive electricity be concentrated at a point 0, and 
P be a point at distance r from 0, the potential at P 

due to q is ?• 

Fur the force of repulsion on a unit of positive electricity at a 
d^st^ncc X from O in ~ ; and the work done by this force in 

X"* 

increasing the distance by a small length dx is i dx. Hence if 

X* 

V be the potential at P we have 

( 6 ) 

The Ihjerence of Potentials between P and another 
PotestUs. point P' at a distance / from 0, or the work done in 



DIFFERENCE OF POTENTIALS. 




carrying a unit of positive electricity from P' to P, is Differeiw^ 
Q Q • • 

therefore ^ It is important to remark that this Potentials. 

value is independent of the path pursued between F 
and P. It depends only on the distances of the points 
from 0. 

Further, if we have a number of quantities q.^ &c. 

of electricity at distances &c. from P, the 

potential at P is 4 2? + &c., or, as it is usually written, 

2 - , where 2 denotes summation of a series of terms of 
r 

the form Hence the difference of potentials between 

P and F is in this case S - — S The value of 

r T 

2 ^ — 2 depends only on the posit imis of the quan- 
tities q^ &c. 


If the diHtribution of electricity he continuous over any 
surface, or throughout any space, tlie suniination becomes 
integration over the surface, or throughout the space. In the 
former case we have for V the equation 


in the latter 


F 


II 

... (7) 

"" \ f f ^ 

... (8) 


and if the distribution be of both kinds we have 




p da dh dc 


where jj*, jjj respectively denote os before integration 




over 
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Difference the surface and throughout the space occupied by the distri* 
of bution. 

PA^^tXials, Since r* + (y - by + - c)* we see from equations 

(2) that 

. . ( 10 ) 

‘ ax dif (iz 


that is, the force-components parallel to the axes at any point 
^ equal nuriierically to the rates of variation of the 
potential in the respective directions. 

Further if we calculate the force variations in their respective 
directions by differentiation in (2), and add, we obtain the 
remarkable relation 



dY dZ 
</y ^ dz 


= 0 .' 


(H) 


l.apUc«*s This result is called L iplace^s Equation. It only holds when 
Equation, there is no electricity at the jiolnt y. We siudl prove a 
more general e(piatirm given by Poisson ; but first w'c shall 
establish the following proposition, from which can be deduced 
many interesting results as to attractions or reptiisions in 
different cjises : — 


Let X denot(^ the outward normal component of the 
resultant electrical force at a point F situated on a 
small element (of area of a closed surface in an 
electric field : the sum of all the products Nits obtained 
by dividing the surface into .small elements and multi- 
plying the area of each by the value of N at the 

element, or the value of J jx'/is taken over the surface, 

is numerically equal to the whole quantity of electricity 
contained within tlie surface multiplied by 4v, 

Surface The proiJuct Xds has been called by Maxwell the 

Electric Hkctric Indiidim omr the elmient ds, and I / JVWs the 
Induction. Jj 

electric induction over the mrface. The algebraic sum 

of the quantities of electricity within the surface is 
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therefore equal to the electric induction over the 
surface divided by 47r. 

Let S (fig. 2) be the surface and first consider the normal 

force at A due to a quantity q of electricity concentrated 

at 0, Let a cone of small vertical angle be described with 
its a[>ex at 0 by drawing lines all passing through Oy and 
through the periphery ojf a small element ds of the surface 
at J, Let e be the angle which OA makes with the norma) 

drawn outwards at A and let r be the distance OA, We 

have, if H be the resultant force at A due to qy R = ^ ; and if N 



be the normal force at d$ 


Nds = J{ cos € (h = cos e ds, 
r“ 


Now if dta be the area intercepted hy the cone on a splierical 
surface of unit radius described from i) as centre, we have 

</«cos€ = — r-do), 

and thoreforo 


iWs *=* — qd<a. 

Now considering the element dd of the surface intercepted at 
jB by the cone in emerging we have 

« R cos d dd « 

Hence for these two elements 


+ md « 0 . 

If shown in the figure tlie cone enter and emerge more than 
once, this equation must hold for each pair of elements corre- 
sponding to an entrance and emergence, and hence for all the 
elements intercepted by the cone we have S Ifd$ 0. It is 


Surface 
Integral o] 
Electric 
Induction: 
a Theorem 
of Green. 
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Surface 
Integral 
of Electric 
induction. 


Maximum 

or 

Minimum 

of 

Pot^tial 
in Free 
Space Iro* 
poseible* 


evident that by drawing cones in this way we could divide the 
whole surface up into pairs of elements, and therefore so fur as the 
quantity g 'of electricity external to the surface is concerned 


II 


Nds 


( 12 ) 


Since we can draw cones from every point, this must hold 
for any external distribution. ^ 

Now considering a quantity g of electricity at a point P within 
the surface, we can show as before by drawing cones that for 
any element 

Nds = emergence. 

-qc/(Of for entrance. 


But as the cones all originate within the surface, and therefore 
emerge as shown once oftenerthan they enter, is the value of 

the part j which corresponds to each case. Therefore 


II Nils = <i jj 




But j j dm 19 simply the area of the spherical surface of unit 
radius, that is 47r ; therefore 


II 


Nds 


inq, 


and since we can go through the same process for every part of 
the interna! distribution 


JJjVV«»4»3r (13) 

where M\s the whole quantity of electricity within the surface* 
From the result for the external electrification we see that if N 
he the normal component at any element d* due to tlie electtih* 
cation both internal and external, we have the proposition stated 
above. 

Fn)m this proposition it follows that there cannot bo a point 
of maxifiiurn or a point of minimum potential in space void of 
electricity, for if there were the potential would in one case 
diminish and in the other increase in every direction from the 
point, and the electric induction over a closed surface incltiding 
the point would not be zero. 

Let the closed surface be a small rectangular paralle]epi|)ed 
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ot sides dx^ dy^ dz^ with its centre at 0, and let be the 
normal component at the side dydz to the left of the origin, and 
that at the opposite side. The part of the surface integral 
given by the sides is {X^ - X^) dy dz. 

Adding to this the parts due to the other two pairs of sides 
we find 

Ao X-t , y.j ““ Yj , Za Zy i fi A\ 

,1. i 

wliere p is the average volume density of the distribution within 
the sniraco. 

It is easy to sliow from equations (2) above, by changing to 
polar coordinates, that the values of X, F, Z vary continuously 
whether or nut tlie points be in any part of the electrification, 
})rovided only the volume density of the distribution does nf»t 
become infinite. We may write therefore, putting X, Y, Z, 
for the component forces at 0, 

.Y, = A' - ^ Aj =- A + i dr, 


and similar formulas for Xj, 
therefore 

dX ^ d) 
d,r dy 


Y, 2 ^ Ziy Z^. Equation (14) becomes 

'+'^f = 4np (15) 

az 


or, writing 


f7r///.r, - dVldy, ~ dVidzy instead of -Y, i; X, 


^i// fiijr 

dx^ 


d'^V 

dz^ 


+ Aitp = 


0 


(16) 


This ef|uation is due to Poisson and is called sometimes the 
ebaracteribtic equation of the potential. When p ~ 0, we obtain 
Laplace’s equatirm, wliich is tliercfore a particular case of (16). 

By a change of sign in all forces in the eijuations the theorems 
])roved above and others which follow, can be made applicable 
to gravitational attraction.^ For example let it be required to 
find the attraction of a uniform spliere or spherical shell of 
attracting matter on an external particle F of unit mass at a 
distance r from the centre. By symmetry, the attraction at 
every point of the spherical surface concentric with the sphere 
or shell and passing through P is the same as at P and normal 


' In gravitational attraction the potential is defined as :g (y/r), add 
the force parallel to any direction x taken positive in the dir^tiou 
of X increasing, is then dVjdx, 


Charac* 
teristic 
Equation 
• of the 
Potential. 


Poisson'h 

Equation. 


Attraction 
(or repul- 
sion) of a 
Sphere or 
Shell on an 
External 
Particle. 
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to the surface. Hence by the theorem proved above, if F be the 
force 

- J? X 4wri ^ 4frX 
^or 

(17) 

tJiat is the attraction is the same as if tlje wliolo ujin>s of tlio 
sphere or shell were collected at tlie centre. 

By equation (G) /'" -- or the potential is also the nanio as if 

' r 

the whole mass wore coHeofed at the centre. 

Ajjaiu, lot the particle P be wifhin a hollow sliell Immidod bv 
two ooncontric splierical siirlaces ; the attrjn*t on at evorv point, 
of a splifrical surface passing throutrii P and concentric will) the 
shell must be the same and normal lo the surface. Calling it I\ 
and the area of the Kurt'act^ .S, we get 

F X S ^ 0, or F 0 (18) 

that is tlic' force is zero w ithin siich a shell. 

Sinccj tho force is zero the potential is constant within 
(Sr 

the shell, and is therefore every where what it is at the centre. 
Tho putcntinl of a uniform splierical shell of rafliuM./’, thickness 
and density p, is 4ir/).rV.r/.r sa 47r/>,i*d.r. Hence I ho poieutkl iti 
the interior ot n nnifonn spherical ^he^ of internal radius <7 and 
extertiiil radius / 

4/rp ^ .rd.r as "Jnp (/* - tf') (19) 

The part of the jmtcntial at a point in a hoinogonoouft sphere 
At a dwtaiMc a fimn ttu* centre due to the cxtJ'rnal sholl h 
2frp (f* ~ //*). ami the pirt due to the sphere nf radtiis a on the 
sudace of which the point is Bituttted is j| Hence 

r-2?rp(r*- (^0) 

Imagine a concfuitric spherical surface described throtigb the 
point The f<trcc. /*, at the surface is overywdicre normal to ft, 
and if a he the radius we have 

F X 4r«» « 4v «\ 
o 

oe F - ^ , . ( 81 ) 
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tbftt l», ilie force \^aries as the diataoco from the centre* Tliis 

iv 

eOiiM <jf coum be at once obtained by finding ^ ^ ^ in equation 
(20) above. 

As another example con^d^^r an electrified cdrcalar disc of 
uniform elect ric density cr and raditis t acting on a unit of positive 
olt^ctritify placed on the axis of the disc at a distance h from its 
plane. The potenti'd of a concentric rin^j^of radius Jt and breadth 
ifx is tittrxfix! ^ xK For the whole disc therefore 

r - r ^iv<Txdxisfk^ '+ ,7^ 

J o 

‘itro- ' V/5^ 4- i5i ... (22) 

For the repnlKton on tl)e pnrtitdc we lia\c the value 

- di' (Ih s= 27rcr (1 - • * • (-3) 

The foHowinjr proj^oMtioTt (due to Gaiis^b) is iiitoesting 
ami iiuportnni : The* av(‘rage potential over a spherical 
Mirfuce due to electricity entirely with(»ut the sphere is 
equal tt) the poU'niia] at the centre. 

Snpp<»*«e the cUntdc dwlrilmdon to be a quantity q situated at 
a point (K The [jotential at a point I* on the bqdienc.d surface 

distant r from O is The average potential over the surface is, 

if if l« its radium Hut [ j J ih is tl)c pot<‘nt5«l 

fit 0 due to a uiuforiu distiibulion of surface density ^ over the 

spherical suiface and is tliercfore (p. 14) - if J) be tlie 

distance of 0 from the centre of tlio sphere. Tlic uve^nge 

potential is therefore that is, the potential at the centre of the 

sphere 4«e to ^ at O* The same result onn be obtained for every 
part oC the distribution, and the proposition is established. 

fWm iWa thettrena follows obviously tho lesult alt^y 
jMPofed tb«»> IS uo jptsw of maximum or of mkdiiiiiim 

k qisce void of oleotrieity. 
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ELECTROSTATfC^THEORY. 

Further it follows if throughout any space S in which 
there is no electricity the p:)teutial be* constant, the 
potential nuK^t have the same value throughout all 
space that can be reached from S by a?iy path Avliich 
does not pass through tlie electrified system. For if 
throughout any sptwe S\ adjoining S, the potential 
be greater or less than in S, it must l>e possibh» to 
describe a sphere so small that its centre and a portion 
of its surface may be in S, and the rest of its surface in 
S\ The moan potential over tlie swrfiwv would then hv 
either greater or less than tin? potential at the centre, 
which is impossible. Hence S' cannot have at any 
point a greater or less potential than that of X. 

A surface every point of which is at the saiin* 
pot<*ntial is (‘allc'd an Eip'ipiiUnlhtl Snrfiur^ or some- 
times a Sifrphr, Such a surface can evidently 

be drawn for every p<»int of th<? electric field. 

Any (ajuipotential surface may h<^ taken as tin' 
surface of xero |.M>tentiah and the pjtAUitial at any 
]>oint is then simply the ditVcrence of potcuitials hetween 
the point and that surface. The potential of tin? earth 
is generally t ikeu as /mo potential. 

Since no w«>rk is dono in earrving a unit of j)ositive 
electricity fr<un one point of an equipntiuitial stuface 
to anotln-r, lines of forc<? meet such surfac(\s at right 
angh.‘s; in otln-r words,* the <lircctif>ii of the resultant 
force at any point of such a surface is normal to the 
surface. 

The |H>tential within a closed cqinpotential surface 
which contain.^ no electricity is constant. For if not 
there must be an adjacent cquipotential surface within 
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at a higher or lower potential, and the electric induction 
over evi ry eleuieut of that surface must have the same 
sign, lint the integral over the whole surface is zero, 
hence it is zero over every element, that is, the electric 
force at every clement is zero. There is therefore no 
ditference of potent uxl bi^tween the two surfaces; and 
by a))piying the theorem of Gauss (p. 15 above), or by 
considering successive internal surfaces we can prove 
that the whole internal space is at the same potential. 

It j.s ne<‘es8ary for eh^ctrical equilibrium that the 
electric force at 4*very point of the substance of any 
condui t or, whether (‘oiitaining within it electrified 
bodiiNS or not, Ix' zero, that is, tliat the potential at 
every point he the same. Any surface tlierefore dc- 
schImmI witliin tin* substance of a conductor is an 
*'qui})o(ential surface, and, by the proi>osition just 
]>roved, the potential must have the same value at 
every point within a hollow conductor coutaining no 
electr}ti<*d bodies, as at the conductor itself. 

Sinca* I lie electric force is cAcrywliere zero there is no 
fieo idectrioity at any ])oiut in tlu' substance of the 
couduelor, for no lim\s of force can enter or leave any 
])ortion of space tliore situated. Hence tlie charge of 
a conductor, can be found only on tlic external surface, 
and if a (‘onductor in tlio interior be brought into con- 
tact witJi the intiTual surface it will, if clectritied, give 
up its whole charge' to the external conductor, and if 
uueloctrified receive no charge. 

These conclusions, which have been deduced from the 
law of eli'ctric* attraction and repulsion stated above 
(p. 1), arc in accord«attce with the results of experiment 
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A cliarged coruhictor introduced within a closed con- 
ductor and brought into (contact with it as in Faraday's 
ice-pail exporiinent (p. 22), and in Biot’s well-known 
experiment in which two insulated liemispherical con- 
ductors are made to enclose and touch a highly charged 
metallic spherv>, is found to be completely discharged. 
The <Hstrihutiou otherwise than on the external surface 
is thoif ft>ro nut (»ne of equilibrium. 

The s;iriic result was found so long ago 1773 by 
the Hon. Henry (,'avendLsh, who used the other form of 
experiment. A conducting sfdien^ was insulatcil within 
a cenci ntric splierieal.shell made of two hemispherical 
conductors mounted on insulating 8upi>orls .so as to be 
easily removable. Tho shell after having been highly 
charged was bn>ught intj)contaet fer an instant witli the 
interrjaJ sphere. The hemispheres were then removed 
and ili>chargetl, and thti eh.'ctrical Estate of the sphere 
tc‘sted by means of a fhdicato elect ro.scope. No trace 
of a charge could be <lett cted.' 

The* tests of such a charge now afi’orded l)y Sir 
William Thomsoirs Quadrant Khictroineter ((Jhap. II. 
below) exceed enormously iti dtdicacy any whicli could 
previously bo applied, and candul repetition.s of tho 
experiment made with tin? helj) of that instrument 
have shown no inaccuracy in (>avondisirs result.^ 

This result is of the utmost importance, for, assuming 
it as a fact experimentally proverl, we < an reason back 
from it to the law of the inverse square for electric 

* ( Eiedriml Researches, or Maxwell, Elect and 
vol. i. \K 77 rU.). 

2 Maxwell, Elect, atid Mag, (see. ed. vol. i. p. 7S). 
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attraction and repulsion, which Coulomb arrived at by Cayen- 
the immensely more uncertain method of directly po*thetk5* 
measuring, in the torsion balance, the attraction and 
repulsion between electrically charged conductors. 
Cavendish s experiment is therefore properly regarded 
as the crucial test of the law of the inverse square. 

We shall now prove briefly that if, as shown by 
Cavendish’s exptuiment, the electric distribution on a 
charged spheri<.*al coniluctor is entirely on the external 
surface, or, which is the same thing, if there be zero 
force everywhere v/itliin the conductor, the law of the 
inverse square is true.^ If the sphere be at a very great 
distance from all other conductors the distribution on it 


must from symmetry be uniform, and we have seen 
(p. 14 above) that the law of the inverse square satisfies 
the condition of zero force in the interior. It remains 
to show that this Is the only law wdiich is consistent 
with a distribution entirely on the surface. 

Let F {r) denote the electric force at a distance r from Mathe- 
a unit of positive olc<*.tricity concentrated at a point ; 
then F {r) fulfils the condition stated. In the case of Majw 
the law of the inverse square F (?’) is a constant, for 
any other law it is not. If F (r) is not constant, it 
must for any given value of r either increase or diminish 
as r is increased. Let ?\ and be any two values of r 
such that F{r) continuously increases as r increases 
from r, to Let ABCD (Fig. 3) be a great ciicle of 
a spherical conductor of diameter -f and surface 


*'The proof here given is due to M. Bertrand, Jaurtu de Phy^. t 11. 
p. 41 (1873). For other proofs see l.A|)lace, M4eaniqm Celeste^ i 2 ; 
Cavendi^, Elect. ; Maxwell, loc. cU. 

C 2 
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Proof of density cr, P & point such that CP = PD, and AB 
PKtnm of diameter drawn through P. Draw a double cone 
vertical angle (fto at P and denote by 0 
Syllogism, the angle which the axis of the cone makes with 
the radius at its intersections with the sphere. The 
quantities of electricity on thfe opposite elements of 
the sphere are, if r\, r\ are their distances from P, 
tr r‘* dtajeos 6, <t r'^ </eo/cos 6 re.spectively, and the 
components of their attractions along the diameter 

rj“ jp'(r,) cos ^/cos^, cr dear.* F {r^ cos ^jeos 9, 

where <f) i.s the angle between the axis of the cone and 
AB, as shown. These attractions are in opposite 


A 



FiS.3. 


directions, and since r'^ > r\ the second is greater than 
the first. Now the whole sphere can be divided up 
into paire of elements so that one of each (of distance 
/j), lies above AC, and one (of distance r'j), beneath : 
hence the attraction of P towards A must be greater 
than that towards B, that is, the condition that there is no 
force within the conductor is not fulfilled. Hence the 
hypothesis that r* F(f) increases as r increases from r, 
to rg canimt be true ; and in the same way it can be 
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shown that F{r) does not diminish as r increases 
between any limits whatever. It follows that F{r) 
is a constant if the electric distribution is wholly on 
the surfiice. 

Cavendish’s result was incidentally confirmed and Faraday's 
strikingly illustrated by Faraday in his researches on 
the “ Absolute Charge of Matter.” ^ Having constructed 
a cubical framework of wood (ten feet in length of edge), 
covered with a network of copper wire and bands 
of tinfoil, he insulated it and placed within it a very 
delicate gold leaf electroscope. He then powerfully 
electrified the cube, and found that the electroscope 
showed no effect. He even went into the cube and 
lived in it, and tried without effect all the tests of 
electrification he could apply, although all the time 
long sparks and brush discharges were passing from its 
outer surface. ^ 

We can now prove simply the important result that Induction 
if a closed conductor contain any electrified system olotS 
having a total charge Q, a total charge of electricity — Q is Conductor ; 
induced on the inner surface of the conductor. For 
suppose a surface S described within the substance of 
the conductor C intermediate between its inner and 
outer surfaces, then since there is no force within the 
substance of C the electric induction over S must be Internal 
zero. Hence the total quantity of electricity within 
S must be zero, that is, the proposition stated above 
niust be true. We shall see below that the density of 
the induced distribution at any point depends on the 
distribution of the internal inducing system. 

^ Bmarches, voL L p. SSS. 
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If (7 be insulated without charge it follows that a 
charge equal to -f* ^ is found on the external surface. 
We shall see below (p. 26) that tlic distribution of this 
charge is independent of that of the internal charges, 
and is the same as that of a free charge of the same 
amount given to the conductor. 

These results give the explanation of Faraday's ice- 
pail exjx^riinont alluded to above. A pewter ieo-pail 
was supported by silk threads and conm'ctetl to a 
delicate gold leaf electroscope. A charged conducting 
ball was then lowered into the i<*e-]>ail, and as it 
descended the gold leaves gradually .st‘parated until the 
ball had Ix^en placed well down in the pail, when the 
divergence remained nearly constant as the ball was 
low'erod further, brought into eonta^d. with tlu> pail, and 
withdrawn. The ball was then found to have been 
totally discharged. 

Tlie same experiment can be refK?ate(l with ex- 
ceedingly great <leli(\acy by means of the quarlrant 
electrometer, and if the [>ail is well insulated and closed 
hy a conducting cover to w Inch the ball is hung by an 
insulating support kept free from electrification, the re- 
sult <lescribe<l is easily obtained. Tiu^ insulating support 
if electrified may be discharged by being passed through 
a flume, or by being p!m;e<l in a current of liot air. With 
a quailrant electrometer in its ordinary grade of sensibility 
it is neeessfiry to charge tlie ball very slightly. This 
can bo done without sensibly electrifying the insulating 
support by giving a small spark by means of an electro* 
phorus to a second ball licld by an insulating handle, 
then touching that ball with a third also insulated, dis* 
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charging the latter and again bringing it into contact 
with the second, and so on until the charge of the 
second ball is so much diminished that the experimental 
ball brought into contact takes a charge just sufficient 
to give a convenient deflection of the electrometer 
needle. The constancy of the electrometer deflection 
after the contact sliows that the potential of the con- 
ductor is not altered, and it follows as proved below 
(p. 20) that the distribution on the exterior surface 
of the conductor is not changed. Tlie total discharge 
of the ball proves that its charge was equal and 
opposite to the induced charge on the interior surface 
of the conductor. 

This (ixperiment is the basis of many useful electrical 
instruments, notably induction machines such as Thom- 
son s R(q>lenislier, and the machines of Holtz, Voss, 
and others, whicli multiply electric charges; and it 
gives more cliMrly than any other the idea of quantity 
of electncity. For example it gives us a means of 
charging a conductor with any number of times a given 
electric charge. For let the charge be given on the 
ball of the ice-pail in the experiment above. The ice- 
pail is insulated within the conductor to be charged, and 
the ball placed within the ice-pail but without touching 
it. The ice-pail and tl»e exterior conductor are then 
brought into contact for an instant, and the ball and ice- 
pail withdrawn. Since the ice-pail and conductor, 
when ill position after the contact, are at one potential, 
there is no electrification between the inner surface 
of the former anil the outer surface of the latter. 
Hence there is then a chaise on the outer surface 
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Method of of tho conductor equal to, and of the same sign as, 
MuUi- ice-pail, v hicli is loft with 

Siectrie ^ charge equal and op]x>site to that on the ball, be 
Charges, pn>ces8 above d< sc rihod repeated, 

another cluirgo equal to that on the ball will be given 
to the conductor, aud so on until the required multiple 
of the chai'go has been givoii. 

By slightly nuxHfyiug this processn second comluctor 
may be charged with an e<jual quantity of the opposite 
ele<?tricity. For it is only necessary to dis<‘haige the ice- 
pail each time by plaeing it within and then bringing 
into (’ontaet with the secmid cruahictor. If the opposite 
kiml of electricity only is retpiired it is snrtichmt to 
connect the ice-pail to earth eacli time tlie ball is placetl 
within it, 

Rclattonof The results of Faraday's ice-pail rxjxTiments arc in 
tionI*hi* <^oinj)lete acconlaucc with theory, find art' direct con- 
and setjueiues of the following general [>rojM)sition rc’ganling 
toaChxHvi clostxl conductors. WhateviT be tht‘ elect rifitat ion of 
Coiwluctiir chnsed conductor, tht) external electric distribution 
anil the |)otential at every external point is the same 
for a given total quantity of electricity ’within the con- 
ductor without regard to the manner of its distrihution : 
and the electric distribution on Ixuiies within the 
closed conductor i.s independent of the cdiyctrification 
both of tho exUirnal surface of the closc^l conductor 
itself and of external tM)di<*s, In tho proof of this pro- 
position, ancl frequently in what follows, we shiall use the 
principle of Hupfirjiifmiimi of eheirir di^rihviunm^ which 
ought therefore to be first explicitly stated. 

According U) the theory given above (p. 9), the 
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potential at any point due to a charge of electricity Principle 
at anot her" point is directly proportional to the charge, 
and th<* potential at any one point produced by any stated* 
distribution of electricity is the ^nm of the potentials 
duo to the separate parts of which the distribution con- 
sists, or of the separate distributions into which it may 
be supposed <Hvide<l. 

An ( Icctric system in fact may be built up in any way 
wdiatever of Hcparato parts or made up of separate dis- 
tributions su|x*rimposed ; each part of the system or eiiCh 
separate distribution produces its potential at any point 
as if tlu; remainder did not exist ; the final distribution 
is the sum of the se])arate distributions, and the final 
potential at any point the sum of their separate 
[xitcntials. This conclusion is capable of direct veri- 
fication by experiment in certain cases, and further 
the results deduced from it are found to agree with 
observed phenomena. 

It is proved below (p. 6D) that electricity Can be dis- 
tributed in one and only one way on a given system of 
conducfoi’s so as to produce a given jxissible system of 
potentials. Hence if by the superjiosition of different 
states of the same conductors we can produce the re- 
quired potentials we know that w^e have obtained the 
only solution of the problem. 

(1) Suppose no external electrified bodies to exist, Reiationof 
and the closed conductor to bo at zero potontial, then, 
since the potential is zero also at a very great dis- ternia and 
tance, there can be no potential greater or less than 
zero in intermediate space, otherwise there would l)e a Conductor* 
maximum or minimum of potential in space unoccupied 
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R*l*ti<mof by electricity. Hence the distribution of electricity on 
tioni In' *1^® interior surface of the conductor is such as to pro- 
duce through external space a potential exactly equal 
tonCIocwd and opposite to that which the charged body produces. 
Condnetor Suppose an external electrified system to exist, 

but no electricity to be within tho conductor, the 
potential within the conductor (which may now be 
supposed insulated and charged to a7iy degree) will be 
constant and of the same value as that of the conductor. 
The induced electrification of tho conductor, ns may 
be seen by supposing the potential zero, is such as to 
produce a }K)tentiul within tho conductor equal and 
opposite to that pitaluced by the external electrified 
bodies; and we can superimpose on tiiis the inde- 
pendent electrification, if any, which is effective in 
producing tho actual potential of the condtictor. 

We have therefore in (1) and (2) three electrifica- 
tions which are separately in ecpiilibriuin and may be 
supposed superimposed, and since, as we shall see 
below, there can be only one distribution corre- 
sponding to given potentials or charges of the system, 
the superimposed distributions are in equilibrium and 
Principle form tho actual distribution. Hence tho proposititm 
stoted above is true ; and we have also the very important 
Screen, result that if tho conductor 1x5 connected with Ihe earth 
it forms a perfect cdectrical screen between the intenud 
and external systems. To protect an electric ny 9 t«m 
from all external influences it is therefore only n0p6»- 
sary to place round it a metallic screen (or what if 
quite efficient, a metallic grating or network) connected 
with tho earth. 



CHANGE OF FORCE AT ELECTRIFIED SURFACE 

Consider a small elemen<> of area of an equi- 
potentiul surface, and imagine lines of force to be 
drawn through every point in its periphery so as to 
form a tabular surface. Such a surface is called a tube 
of force. Lot R be the resultant electric force at the 
eleraeid da and let Rda be taken as unity, the tube is 
then a unit tube. Imagine any finite area of the 
equipotcntial surface to be divided into elements such 
that the tube for each is a unit tube, and let n be 
their number so that %]ids = n ; then n is the number 
of tubes of force, or, as it is usually put, “ the number 
of linea of force” which cross the area. It is to be 
remembered that what is called a line of force in the 
phrase “ nutnber of lines of force" is a unit tube. We 
shall not however use the term in this sense, but in the 
sense defined above (p. 6), which has no reference to 
intensity of force. 

Using N in the .same sense as before, and considering 
the projection of da on an equipotcntial surface at the 
element, we see that KcLa is really the same thing as 
the number of tubes of force which cross da, and as W is 
to be taken positive where the lines leave the surface, 
and negative where they enter it, we sec that the 
excess of the number of tubes of force which leave the 
surface o^er the number which enter it, that is the 
electric induction over the surface, is equal to tv 
times the algebraical sum of the electricity within the 
surface. 

Let da and dd be two nonnal sections of a tube of force, and 
let JP and F be the force at the two sections, then the surface 
integral of electric induction for the portion of the tube bstweMi 
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the sections is Fds -> Fd^, and if Uicre be no electricity within 
this part of the tube 

Fds » Fd9^. ....... (24) 

that is, the product of the electric force and the cross-scctional 
area of the tube is everywhere constant if the tube contain no 
electrichy. 

Tube of If however the tube pass throujsh an olt»'tril!ied .Hurface, then 
Force we may suppose the tube so thin that the iiMriual at every point 
passing of the intercepted element of the mirfnce is in ilie same direction^ 
through an and consider the very sliort portion of the tube houniJed by 
Eleetriftsd cross-sections parallel to the element, one just within and 

Surface, other just w'ithout the surface. If ds 1k> the urea of the 

element intercepted on the siirfHce by the tube, <r the density 
there of the tiiairihution, and $ the angle which the nonual to 
the element on the positive ^ide makes with the tlirection there 
of the resultant fon-e, we have, taking the surface integral, which 
consists only of the end portions, 

- F) cos 0»U 3=* Awathf 

(F - F) cos ^ (26) 

that is, the normal coraponents of tflectric? force at two neigh* 
l>ounrtg founts on a line of force, but on oppo^fite sides of tlie 
surface, dilTcr by 4jr times the electric surface density whon^ the 
line cuts the surface. 

If we draiv ijortmds f, / outmtrth from the two ends of tbo 
portif)n of lube here eonsulcred, and / „ F the respective 
potentials at the two aides <»f the snrfacf*, wo have 

Fcotf^ - ^ Fco^Bm, iir/dd, 

anti, therefore, et|uaCion (25) l^ecomes 

* + rf,. + - 0 

This ia the fonn which the oharacteriaiic eqimtlofi of the 
potential lakes at a surface at which the electric force is dia- 
continuofts^and it shows that to the discontltiaft^ there cerreaponde 
a certain determinate density of electric diatribution on tlie 
surface. Since the potential is constant within tlie subatance of 
a conductor on wliich electtrictiy is in ei|tiflfbrttnii| a tube of 
force must Iw considered as terminating jtist wiilih) the ©l^^rtri* 
fled surface. Hence the aurfaee inUrgriu for a tube of foitso 
extending between and ieitnhiating In the aubatanee of 
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two con<luctorB, is equal to zero. Tlie total quantity of electricity 
within the tube ia therefore also zero, and hence if dlf, dff be the 
elements intercepted by the tube on the two aurfaccs, and or, ir' the 
corresponding surface densities, wo have 

+ add = 0 (27) 

If wf roDbider a tube of force tenninating at one end just Force at 
within 1 Ji© electrified surface of a conductor, and at the other end Surface 
just otiiside the surface, we liavo for the end within the surface ^ 

F - ( dF'ldd) - 0, and therefore diictor. 

dVjdv = 4fr<r. . . . . (26 hu) 

Ilenco the density at any element of an electrified surface is 
where F is the force at an external point infinitely near 
the €donicnt. 

From the result obtained above (pp. 25, 26) for a Surfa^ 
closed conductor, containing an electric system insu- but^ 
lated within it, it follows that, whether or not there be 
an external electric system, the electrification of the System; 
inner surface reversed in sign, would produce exactly 
the same potential at the conductor and all external 
|)oint8 as is due to the internal system. But by (26 hH) 
the density at any point of the inner surface is — Fjifir, 
where F is the internal force at the point in the out- 
ward direction. The density of the distribution which 
on a surface coinciding wdth the inner surface of the 
conductor wouhl replace for external points the internal 
system is therefore FjAtTr, 

Suppose an infinitely thin insulated conductor made Case of 
coincident with an equipotential surface of an electric 
system whether wholly or partly internal, and the 
internal system replaced by that distribution over the 
conductor which does not alter the potential at the 
surface or at any external point. The force at any 
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Cm of point jnst outside the surface has its former value F, 
and the electric density there is, by (26 ftts), FIAiV. This 
(pp. 69, 76) is tlie only distribution which fulfils the 
^iXie. prescribed conditions, and since the conductor is all at 
one potential in the equilibrium distribution, the total 
charge is, as vre have seen, equal to the charge of the 
internal system. 

Since this surface distribution is that of equilibrium 
it is that which the conductor would take if insulated 
without charge in presence of the actual electric system, 
and as we have just seen it is identical with the in- 
finitely nearly coincident distribution on the interior 
surface reversed in sign. Hence no change in potential 
or force at any point external or internal is produced by 
making an infinitely thin conducting shell insulated 
without charge coincident with the equipotential 
surface. 


Sserrios 11. 

POTENTIAL ENERGY OP AN ELECTRIC SYSTEM. 

GENERAL PROPOSITIONS REGARDING A SYSTEM OP 
CONDUCTORS. 

Eketfie The potential energy of any electric system can 
depend only on the state of the system. Now the 
principle of superposition stated above gives a method 
of calculating the work i^nt in chargbg the system 
by a particular process, and therefore idso the potential 
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energy of the system, provided we can assume its 
equality to the work so spent. But by the principle 
of the Conservation of Energy the work spent in 
bringing a material system from one state to another, 
in any manner whatever, is the equivalent of the 
excess of the energy of the system in the latter state 
over its energy in the first. Hence we may assume 
that the work spent in electrifying the system by any 
series of charges whatever is the equivalent of the 
electric energy stored up in the system. 

Let the system proceed from zero electrisation to 
the final state by infinitesimal steps, each such that the 



relative electrifications of all the parts of the system 
are the same as in the final state. By the principle of 
superposition the increments of the charges positive or 
negative of the various parts will be proportional to the 
changes of potential which take place, that is, both the 
electrification and the potential of every part of the sys- 
tem change uniformly with the time if one does so. 
Hence if we represent the final cliarge of any elemenyhy 
a straight line OB, and the final potential by i^e ordinate 
AG, the potential of the element oorrespondmg to iny 
intermediate chaige OB will be given t^e 

dmwjo firom B and ipeetihg OG in. Kow tiie 
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work spent in the process of chaining described>in giving 
a clbaige q to any element at which the potential is 
before the charge is given and Fg immediately after, is 
greater than V^q and less than V^q ; that is, if M 
represent q, the work done in bringing q to the element 
lies in numerical value between those of the rectangular 
areas bD and Bd. But these two rectangles differ by 
the rectangle JDd, whicli is very small in comparison 
mth either, when Bb is a small fraction of OB. Hence 
the whole work spent in charging the element is, if its 
final potential be V and charge Q, numerically equal to 
the area of the triangle OAC or J VQ. If B be the 
energy of the whole system we have 

E^^tVQ (28) 

where % denotes summation of the pro<lucts VQ taken 
for all the elements. 

In the case of conductors whose potentials arc Fj, Fg, 
and charges Q^, &c., we have 

£ - K ViQi + VA « It VQ . . (29) 
where F denotes the potential of any conductor and Q 
its charge. 


For any system of surface diatrihntionit whether in whole or 
in part on coiidiiclor« or not, at any element d* of which the 
electric surface density is cr, we Imve for the energy 


M 


=*// 


Virdn, 


m 


where the integration is extended over all the surfaces. Similarly 
if tliere be a volume distribution with potential varying from 
point to point wo have for the energy of an element *ds dz at 
which the potential is V and density p the value ^Vp diz </y dz. 
Hence for the total energy in the most general case wo have 




. . ( 31 ) 
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the surface inte^al being extended over all the electrified bodies Electrified 
and the volume integrals over all the spaces occupied by electricity. System— 

If instead of cr we write its value ~ ^ and for p its value Exp^ion 
1 for Energy. 

47r 


It is easy to obtain another expression for the electric energy. 

Imagine two equipotential surfaces of the actual system at a 
very short distance apart, and let the electric force at any 
element ds of the inner surface be F, and the distance between 
the surfaces measured along a line of force dp. Now imagine 
electricity to be gradually distributed over the inner surface so 
as to produce finally the resultant force F at each point just out- 
side the surface, and the charge on each element to be brought 
along a line of force to that element from the outer surface, and 
so that the distribution on the surface has always the same 
relative density. If / be the electric force at ds due to the dis- 
tribution on tlie surface, at any stage in its building up in this 
manner, the work done in bringing a small quantity of electricity 
dq along dv to ds against / is dq ,/dp. By this transfer the 
electric force has been changed from /to / + </, and the surface 
density therefore increased by d/I Air, But dq^ ds, d/jAir^ hence 

the work done is -1 dp,ds,/d/ If the inner surface is originally 
4jr 

uncharged / varies from 0 to F^ and the work done over the 
surface is 

io.jji.j’M 


.... (as) 

and obviously, by adding the values of this integral for successive 
oquipotentiaf suriades we shall obtain the whole electrical energy 
of the system. Wo have therefore 


Second 
Exmession 
for Energy* 


F F*dstfyde . . . . (33 W») 


the integration being extended throughout all space. This 
expression gives the value of the total electrical energy for any 

B 
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Second distribution whatovor. In tho case of a systc'iri of eloctTificd 
Expression conductors tlie intefi^nition need not of course bt' extended to the 
forKnei^gy. space occupied by the substance of any conductor or to the space 
’ within any conductor if it contain no electricity, as in every such 
space the value of Fi& zero. Using (20) we got by (32) and (33) 
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Field as 
Seat of the 
Energy. 
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- - & si /// ■’> i 


the energy erpiations usually dcilurcd hy GrcoiPs general theorem. 

The first expression in (34) suggests the energy as having its 
seat in the mediniu occupying the field ; and, by tho proof given 
on p. 33, unit tubes of force intersected by successive c«pi{>otontial 
surfaces, drawn at unit differences of potential, arc divided inti> 
spaces each of which gives to the sum half a unit of energy. 
Maxwell has called these spaces unti rrlh. 

As an interesting exarnpio of the.se equations we may fin<l the 
energy 8]»ent in bringing together into a nnifonn sphere, from a 
.state of uniform ditfusi«»n throughout infinite spa< e, matter, thc^ 
parts of which repel one another according to the law stated on 
p. 2; or, which is the same thing, the. energy gained hy allowing 
matter attracting nc<M»rding to the same laNv to come together 
thus from tin^ nebular state. 

Let the radius of tho sphere be r and its density p. The first 
term of tho expression on the right-hand side of (.34) is here zero, 


ami the energy is 


I / // ^'pMsfdz 


, the integral being taken 


tbrongbout the sphere. If we consider a spherical surface of 
radius x we sec that this expression may he put in the fonn 

/ r 

Vx^Jx where Via tho potential at any point on tho surface. 

0 

But hy equation (20) F ^ 2irp(r® — ; hence 


E - 47rV* f 

J 0 

where i/ ^ is the mass of the sphere. 


it® 

r 


The same result may be obtained from the equation 


v. 
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Tlie inlogral Jjere in taken througli all space. We divide it into 
two parts, (1) that due to space external to the sphere, and (2) 
that due to the space contained within the spherical surface, 
and evaluate these separately. 

In the first case, at any point at distance x from the centre of 
the sphere, and therefore the first part of the 

integral in 

2 Jr ^ r * 

In the second case, by equation (21), *= 16/9 . at any 

point of an internal concentric spherical surface of radius x» For 
the second part of the integral therefore wo have 

- v(r— . 

9 ie 

Adding these tw'o parts, we get 


the same result as before. 

If we denote by P the force exerted on an element 
ds of the electrified surface of a conductor by the whole 
electrified system, we have for the work done in trans- 
ferring the cliarge on the element a distance dv along 
lines of force to the corresponding element of an 
adjacent C(juip6tential surface, the value Pdp . ds. But 

by equation (33) this is g- dv . F\ls. Hence 

P = i = 27rff® .... (35) 

oTT 

This is the outward force exerted by the element cU 
of the conductor on the medium, and measures there- 
fore the reaction of the medium on the element. For 
example every element of an electrified soap-bubble 
exerts an outward pressure on the surrounding air 
equal to 2iro'* per unit of area, which may be regarded 

D 2 
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as a dimiuution of the air pressure on the outer surface ; 
or, if the bubble is spherical and of radius r, the sxirface 
tension of the film is by capillary theory apparently 
diminished by the amount ^TraV. 

The outward pressure P on the medium is what has 
been called the electric tension" at a point on an 
electrified surface, and is the true measure of the 
tendency to discharge. Its proportionality to < 7 ® ex- 
plains the so-called power of })oints. 


The value of P niiiy be obtained otherwise thus. We may 
reganl the surface distribution as a limiting ca.Me of a volume 
distribution of density p, and take the axis of z along the normal 
to the surface from tlie inside to the ojitsido of the stratum. 
Tlien since we may consider the portion of the surface sur- 
rounding the normal as a part of a uniform piano distribution, 
the electric force does not vary along the plane, and La id ace s 
1 

equation reduces to - -p «= p. But if p is tiiiito however 
47r dz^ 


great, w-e may write 


f dj 

J dz 


, 1 fdFd'iF , 


and integrate from the inside to the outside of the stratum. 
Hence since is zero on tho inside of the stratum we 

have 

i* = i = 2jra», 

Htt 


where F is the resultant electric force just outside the surface. 
This equation might now be applied to form equation (33), and 
hence to give at once the expression (33 bin) for the electric 
energy. 

Considering two electric distributions A, B, in the 
same electric field, let the potential produced by B at 
any point in -4 be V\ and that produced by A at any 
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point i* be V, and let dq be an element of electricity at 
r, dq an element at P. We have then the relation 

t^rdq^t^Vdq' .... (36) 

wliere denotes summation for every element of A, 
and Si} summation for every element of £. For the 
expression on the left is plainly the work which would 
l>e done if the distribution on li remaining unchanged, 
the system A were removed to an infinite distance, and 
that on tlie right the work which would be done if, the 
distribution in A remaining unchanged, the system B 
were removed to an infinite distance ; and it is plain 
that the same amount of ^vork must be done in both 
cases. 

Each of the expressions is, in fact, the mutual potential 
energy of the two systems. 

The relation may be thu.s proved analytically. Since 

7" = S/} , and V ~ we have 


Mutual 
Potential 
Energy 
of two 
Electric 
Systems. 


Xa V'dq = XAilqtJ^i = = Si, Vdi. 


There is nothing to prevent two equilibrium states of Reciprocal 
a 8y.stom of contluctors, C^, 0^, &c., from being taken 
as A and B. Then if (?i, &c., Q\, &c., be the States of 

charges, we have, since V and P are constants for any system, 
one conductor, 

n<?l + V 2 Q 2 + + &c. (37) 

This reciprocal relation can be proved for the case of 
one and the same system of conductors in the following 
simple manner. We may suppose the change from the 
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Ri^ciprocal state A to the state B to take plixce simultaneously for 
twT conductors, in such a way that tha ratio of the 

States of change produced in the charge of a conductor to the 
System, total change from one state to the other, has the sarati 
value in each case. Since each increase or decrease of 
the charge of any one conductor produces a cluuige in 
the potential of each conductor proportional to that 
increase or decrease, and these chang(3S l an be sui)er- 
imposed, it is plain that equal proportionate changes in 
the charges of all the conductors will produce etiual 
proportionate changes in their potentials. Hence if 
OA (fig, 5) represent the initial charge of any one 



conductor, and AG its corresponding potential, OH its 
final charge, and BD its final potential, Oh any inter- 
mediate charge and hd the corresponding potential, the 
point d will lie on the straight line Cl). The work 
done in altering the charge of the conductor is e<jual 
to the area of the trapezoid, or l(AC^BD) (OB - OA), 
that is 4( V -f- F') (Q' — Q), The work done in bringing 
all the conductors from the state A to the state B, is 
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f ) (Q Q)* But the energy of the system Rpciprocal 

in the initial state is and in the final state 

lXV*Q\ We have therefore ’ States of 

same 

FV - s FQ « S( r -h n (Q' - (?) 

that is :iVQ' = SV'Q, 

or >:( r + n (Q^ - Q) = t(V' F) ((? + Qy 

Let t]i(3 potentials and charges of a system of n con- Problem 
ductors C\, &o., Cn in tlic same electric field be Fj, syg^g^n 

F.„ &c., F„ ; (?., V3, <tc., (?„ respectivelv. Since the of (’ou- 

“ /* /<T^/^ " ductoi-s. 

potential any point is j | ^ , where <7 is the density at 

an element (h of tl)e system and r is the distance from 
ih to the point in (juestion, «and the integration is ex- 
tended over the system, the portion of the potential 
contributed by each condui‘tor varies directly as the 
charge of the conductor. The potential of any con- 
ductor is therefore a linear function of the charges of 
the conductors — that is, we have a series of equations 
of the form 


K = Pi A + Pn(^2 + ] 

- Ih'/ii + > I 

&C. I^'C. f 

V* * TlnQx + PinQt + + PnnQn i 


( 38 ) 


Avhere jpjj, &c., 2 \v Pit> coefficients which 

depend only on the relative positions of the conductore. 
They are called ccfjficients of poteiUial. The first suffix 
of each coefficient refers to the cortductor to which the 
charge belongs, the second to that whose potential 
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is given by the equation in which tlie coefficient 
occurs. 

The physical meaning of the coefficients 
&c., in which the suffixes are alike> is easily seen. Let 
any conductor Ck be charged with unit quantity of 
electricity, and all the other conductoi*s be without 
charge. We get in that cjise 


Vk = pkk 


Reciprocal that is puk is the potential produced in Ck by unit 
Relations itself, when all other conductors are 

Potentiais, without charge. 

Again, to detennine the physical meaning of the 
other coefficients, let Ck have unit chargt‘ and all the 
others zero charge. For the j)otciitial of ( j we have 

that is, pkj is the |)Otential produced at Cj by unit 
charge on Cu, when all the other conductors are 
without charge. 

Now (1) let Cj liavc unit charge, and (^ach of tht^ 
other conductors zero charge, and (2) let have unit 
charge and each of the others zero charge. The fH>tentiai 
of Ck in ca.se (1) is pjk\ and the potential of in (2) 
is Pkj, Applying the theorem of (.‘lU) above we get at 
once the reciprocal relation 

pkir ( 39 ) 

^Con that is, the potential in Cj produced by unit charge on 
dactors Ok ia the same as the potential produced at Cj by unit 
Ok, if all the Other conductors be insulated 
Charged, and without charge. 
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Again tlie potential at Cj produced by unit charge on (2) Two or 
Ci is the .'<iunc as the potential produced at Cu by unit ' 

charge on Oj, if some (or all) of the other conductors be Insulated, 
maintained at potential zero, and the rest (if any) with on'fof 
Ck, be in.sulate<l without charge. We may evidently 
consider the former conductors as one conductor C,. 

If then C'j have unit charge while C* is insulated, and 
Q, be the charge of C„ we have 


f fc — Pjk d" PtkQt 
i'$ = j’j, + = 0 

therefore 

= (40) 

Now, let Cje have unit diargc while Oj is insulated 
and without charge, and lot Q*, be the charge of (7„ then 


and therefore 


Vj =• Pkj + p^Q’, 

V, Jf p„Q\ = 0 


Vj ^ pkj - 


p„ 


(41) 


But by the relation already proved Pkj = Pjk \ P»s — Pj» 
and p,k = pk, ; hence by (38) and (39) 

Jj = r* (42) 


the theorem stated above. 

The second term in the e.xprcs8ions for Fj and F» is GW* 
the potential protluced at the corresponding conductor 
by the induced electrification in C„ and it is the same 
in both ca.ses. This is a •theorem first given by Green. 

There are J»(» — 1) equations of the form pjk one 
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for each pair of the n{n — 1) coefficients which have difter- 
ent suffixes j, k: hence there arc reall} only \)i{n — 1) 
coefficients, one for each different pair of conductors 
which can be formed from the given system. 

By solving equations (37) above for (^\y See., we 
get a system of n equations of the form 

Qi “ "h “I" "I* ^ 

(^2 = ^21 ^ 1 “h 7*22 ^ 2 "I" 7-^ ^ ” i. (43) 

&C. &C. I 

Qn ~ ^nl ^ I ^ 7^2^ 2 "I’ ^ ) 

where ?i 2 » ?‘ 2 i» coefficit^nts, which, like 

those of potential, tlcpend only on the relative^ jxnsitions 
of the conductors. Tluj meaning of any coriluaent fjuk^ 
of which the two suffixes are alike, can l>o obtained 
by supposing the potentials of all the conductors, except 
Vjc, zero, and to he at unit j)otential. The equation 
for the conductor Cjt is then 

Qk = quky 

— that is, 9 h' is the quantity of electricity reciuired to 
charge Cu to unit potential, all the other conductors 
being kept at potential zero. The cot^flicients of this 
form, 5 fj„ < 7 ^ 2 , &c., arc ralle<l the enpaeituB of 

the lespective couductons 6^ (7^, ke.^ Cn in the given 
system. 

To find the meaning of the coefficients of the form 
c/jk, in which the suffixes are not alike, let Ck as l)efore 
be kept at unit potential and all the others at potential 
zero. The equation for Cj is then plainly 

Qj = 2 ^* 



THEOREMS OF A SYSTEM OF CONDUCTORS. 


43 


—that is, is the quantity of electricity on when, Coef- 
along with all the other conductors except 0^, it is at 
zero potential and Cu is at unit potential. The coefficients 
?i 2 > ? 23 > l-his form are called coefficients of 

indnctiofi, 

A reciprocal relation 

^ qij ( 44 ) 

exists fur these coefficients also. The proof is precisely 
the Raiiic as that given above for the potential co- 
efficients, except that *'potentiar* is to be read for 
''charge ” and "charge for "potential.” 

Every coefficient of the form 2^kk is positive, and Conditions 
every coefficient of the form pjk is intermediate in by coef- 
value between zero and or For, let Cj be ficients. 
charged with a unit of positive electricity and all the 
other conductors be inaulatefl and uncharged, the electric 
induction over Cj, or over a closed surface surrounding 
it, is 47r, and the potential of the conductor is positive. 

The electric induction over any other conductor Cu is 
zero. As many unit tubes of force terminate in Cjg as 
originate in it, and therefore the potential must at 
some places incrcfise outwards, at others diminish out- 
wards from Cjg — that is, there must be a conductor in the 
field which has a higher potential than Cjc has, while 
the potential of Ck must be greater than zero. The 
conductor of highest potential must be Cj, which is the 
only conductor in the field whose coefficient is not of the 
form pji.; hence pju not greater than pkky and 
similarly it can be shown that it is not greater than 
Pjj, If any conductor C| be inclosed within Cu, it mil 
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have the same potential as C*> and in that case tlierefore 
Pji * Pjk* 

The capacities g.y> 2 > of tlio conductors are all 
positive. For suppose as before C* at unit potential and 
all the other conductors at zero potential ; then quk is 
the charge of Ck. The potential diminishes in every 
direction outwards from 6 \m and therefore the surface* 
integral of electric induction is positive, that is ^Trqkk is 
positive. The electrification of Ck is everywhere [jositive. 

The coefficients of induction qjk are all negative. For 
suppose Ck charged as before. Since Cj is at zero 
potential and all other conductors except Ck are also at 
zero potential, the |>otential cannot dimini.sh in any 
direction outwards from Cj and must increase towards 
Ck. Hence the electric induction over Cj, that is ^Trqjkj 
is negative. If Cj be inclosed within another conductor, 
qjk is of course zero. 

The sum of the coefficients of induction of the system 
for any one conductor cannot be greater than the ea]Micity 
of that conductor. Tlie electric state of the system 
remaining the same, let a closed stirfaco be describetl 
inclosing the whole. The potential cannot increase in 
any direction outward.s across this surface. Otherwise, 
since the potential is ziiro at an infinite distance, 
a place of maximum potential Avould exist in free space 
outside the conductor. It may, however, diminish out* 
war<J.s : therefore the electric induction over the closed 
surface cannot be negative. Hence -f* q^u *f &c. 
cannot be greater than qkk» When the other conductors 
completely inclose Ck, 

qik -f q2k + &c. = qkk- 
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The first reciprocal relation established above, equa- 
tion (39), gives a convenient means of exploring the 
electric lit' Id due to a charged conductor of any form.^ 
One electrode of a delicate electrometer (Chap. IV.) is 
connected with the conductor, supposed insulated and 
uncharged, and the other electrode is connected to the 
earth. Then a small charged sphere carried by an 
insulating handle is placed with its centre at any point 
of the field, and the electrodes of the electrometer con- 
nected for an instant. The conductor is thus reduced 
to potential zero. The sphere is next moved from 
point to point in the field, and the positions noted for 
which the electrometer shows no deflection. These 
po.sition8 lie on an equipotential surface of the con- 
ductor. For by (39) the potential at the conductor 
duo to the electrification of the sphere is equal to the 
potential which would be produced at the sphere by a 
charge on the conductor equal to that on the sphere, 
and this part of the potential is the same for all 
positions of the sphere for which there is zero deflection. 
By the principle of superposition this must be an equi- 
potential surface for all charges of the conductor. 

The convenience of the method consists in the zero 
potential of the conductor, which therefore does not lose 
or gain electricity, while the exploring sphere, which 
can be insulated so as to lose its charge only with 
extreme slowness, is changed in position. 

* Maxwell, Ekmeniary Treatiu on EkeMeUy and Magnetim, p. 48. 


Electric 
Field 
explored 
by carry- 
ing Small 
Charged 
Ball round 
Conductor 
at Zero 
Potential. 



46 


ELECTROSTATIC THEORY, 


SK(rnoN III. 

ELECTROSTATIC CAPACITY, 

ELECTRIC DISTRIBUTION ON ELLIPSOIDS, 
ELECTROSTATIC CAPACITY IN SIMPLE CASES, 

Electro- The capacity of an insulated conductor is, as wo have 
Caj^ciV above (p. 42), the quantity of electricity reipiired 
to charge the conductor to unit potential, when all the 
other conductors in the field are maintained at potential 
zero. Hence if the potential of such a conductor be 
F, the corresponding charge Q, and the electrostatic 
capacity (7, we have 

e=r t''’) 

Capacity The capacity of a conductor depends on its position 
Spherical relatively to other conductors, as well as on its form 
Con- and dimensions, and its determination in any given 
doctor. involves finding the distribution of electricity 

upon it in the given circumstances when all other 
conductors in the field are maintained at potential zero. 
The electrostatic capacity is easily found in the following 
cases, which will be useful in what follows. 

1. A Spherical Conductor at an infinite distance 
from all other conductors. 

Let r be the radius of the conductor, q its charge. 
The potential at the surface is i and therefore 

W 



DISTRIBUTION ON AN ELLIPSOID. 


47 


or the elect rostatic capacity is numerically equal to the 
radius of the sphere. 

If r is 1, (7 is also 1 ; hence the unit of electrostatic 
capacity is the capacity of a sphere of unit radius at an 
infinite distance from all other conductors. 


Capacity 
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Spherical 
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ductor. 


2. An Ellipsoidal Conductor at an infinite distance Capacity 
from all other conductors. 

The density of tlie distribution at each point is aoidal . 
proportional to the thickness there of a thin elliptic dStor. 
horacBoid,^ the inner surface of which coincides with the 
given surface. For there can be no force within the Density of 
ellipsoidal conductor, and it i.s easy to show that this 
condition is fulfilled by the distribution stated, which Distnbu- 
thcrefore is the only possible distribution. Such a thin 
shell may be considered as formed by subjecting a thin 
uniform spherical shell to homogeneous strain, that is, 
straining it so that pairs of points initially equidistant 
and in parallel lines remain equidistant and in parallel 
lines. Let S and be the inner and outer .surfaces of Attraction 
such a shell supp.t.sed composed of attracting matter, and 
lot lines forming a small cone be drawn from any point 0 Homoioid 
in the interior. Let pp'g'g, rr's’s be the portions of the internal 
homoeoid intercepted by the cone. The masses of poiat* 
these portions are the corresponding unstrained masses 
in the spherical shell, and the ratio of the distances 
Op, Or, has not been altered by the strain. Hence 
(p. 14) the attractions of the frustums pp'q’q, rr's's 


* Thomaon and Tail (Xalural Philotophy, vol. i. part 2, § 494 g, 
footnote) call a shell bounded by two aimilar, simUarly sitaated and 
concentric surfaces, a hoftutoid. When the surfaces are ellipsoids the 
shell is an tlliptie honutoid. 
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Attnetion on a particle at 0 are equal and opposite. Dividing 
in a similar manner the whole surface into pairs of 
opposite elements by cones drawn from 0 wo can show 

interoal that the resultant force at any internal point 0 is zero, 
poiat. 



E^aiva- The potential is therefore constant throughout the 
Law of interior. It is evident therefore that an eilip.soidal con- 
Dennty. <juctor charged so that its electric density at any point is 
proportional to the thickness of a thin elliptic homoeoid, 
having the conductor for its inner surface, exerts no 
force at any internal point, and hence that this must 
be the actual distribution on a conducting ellipsoid in 
equilibrium. Since the den.sity varies as the thickness 
of the material homoeoid, it follows that its values at 
different points arc proportional to the lengths of . the 
perpendiculars let fall from the centre on the tangent 
planes at the respective points. 

For let ir </ar, V + r + <fc, bo the point in which the 
outer surface is cut by a normal drawn to the inner at the point 
j;, jr, z. These pobts respectively satisfy the equations — 
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■*■£* j. _i_ — 1 Eqniva- 

^ ca ’ lent 

Law of 

(.r + (y + r/y)2 ( 2 - + dzf _ . Density. 

(1 + <^2 (1 + v) (i + J/) * 

If y bo t)io perpendicular from the centre on the tangent plane 
at 2 ', //, r, and r the portion of the normal intercepted between 
the Kurfuces, we have 


r 

V 


^ (lx 4- L ily + t dz 
^ ^ ^ 


but by the equations of the surfaces we have 

4- C y + , (r + d zY 

(i ip d) 42 (I + v) ^2 (1 q. ^ 

Since dx^ dy^ dz^ v are small this is 


(47) 






0 . 


or by (47) 





p^O, 


T = ipP 


(48) 


that is, the thickness of the hoiiueoid varies from point to point 
directly as the length of llie perpendicular from the centre on 
the tangent plane. 


The electric force at a point infinitely near the Equi- 
surface of the ellipsoidal conductor has the value 47ro'. 

Now the rate of variation of the potential with distance Confocal 
outwards from the surface, or the force, is inversely 
proportional to the distance between the surface of 
the conductor and an e(iuipotential surface infinitely 
near it. Hence the distance is inversely proportional 
to cr, that is to the thickness of the material homoeoid; 
or, which is the same, to the length of the perpendicular 
from the centre to the tangent plane at the point 
considered. 


Let Xf y, ^ be a point on the surface of the conductor and r the 
distance from j*, y, z along the normal to a point x + ds^ x + 
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potential 

Surfaces 

Coiifocal 

Ellipsoids. 


Proof for 
Elliptic 
Homtnoids 
of Mac- 
laurin's 
Tncorem. 


z 4* o'l ^ neighbouring eqiiipotential surfa( o. 
before 


r 






Wo have aj 


But by the considerations just stated r = wliere X is a 

small multiplier constant over the surface. Ileiu e 


Therefore 


or 


x4.r 

+ 


zJz _ ^ X 


/,= + 

c - ' 


4X 


•r + rv 

tlx — J 

Xr 

II 

Xy , , 

h' (■'“ 

2xth' 



2zfh Z‘ 

X 





Hence to small quantities of the second order 
4. 4. 

4 X 4 X 4 X 


. . ( 40 ) 


The equipotential surface infinitely near the conductor 
is therefore a confocal ellipsoiil, and we see in the same 
way that the successive cfjuipotontial surfaces are 
ellipsoids confocal with the given ellipsoid. 

By distributing the whole quantity of attracting (or 
repelling) matter over any equipotential surface, so 
that the potential may be constant within the surftxcc, 
and have tlie same value at every external point as in 
the actual case, we fonn a tliin elliptic hornoeoid having 
its inner surface coincident with the surface. Hence the 
attractions of any two thin confocal elliptic homoeoids ot 
the same mass on a jioint external to both are the same. 
It follows that any two elliptic homoeoids of finite 
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thickness, the inner and outer surfaces of which are Proof for 
confocal and which have tlie same mass, exert the same Homwoids 
force at all points external to both. For it is possible 
to divide each homceoid into the same number of thin Theomn. 
hoina^oids which are one by one (proceeding from within 
outwards) confocal with and of equal mass to those of 
the otl)cr, and exert therefore the same attraction at all 
external j)oints. 

Further, if the hollow space within one shell be Proof of 
infinitely small, that within the other is also infinitely 
small, and we see that two confocal ellipsoids of equal Theorem, 
mass exert tlie same attraction at all points external to 
both. This is Maclaurin’s Theorem of Attraction of 
Ellipsoids.* The mode of deriving it from the theorem 
of e(jui valence of confocal liomoeoids of equal mass is 
due to Chasles. 

We (ran now find the j)oteTithil of the ellipsoidal conductor for Potential 
any given charge. To find the force at any point P, let of an 
a (=s X), ^ 4- X), 7 (== + X) be, (49) above, Ellipsoidal 

the axes of an e(pni»otential surface passing tlirongh P, and let Conductor 
fis be tt small element of the surface including P. The density, . 

at dr, of the equivalent electric distribution over the surface, ^^ternal 
may he taken as niimeri(*ally efpial to the thickness there of an ’ 

elliptic hommoid with axes, a, fi, y; a (1 + /8 (1 + ^*')^, 

7 (1 + 6,>) i. If be the length of a perpendicular from the 
centre to the tangent plane at P, we have, by (48; above, for 
the thickness i o6y and for tlio force 2 Let p and n be 

the corresponding quantities for an element ds of the given 
conductor and we have two expressions for the total charge 

1 1 1 pd^ = I I f a*, 
or, since j j pds *= Aitabc^ ^ j ®dcr « ivrafiy 

«= 2naffy^v. 

See Thomson and Tait’s Nat,, Phil,^ vol, i, part ii. §§ 494, 622. 

K 2 
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Hence the force is 2ir • Now, for distaneo bo- 

tween the oquipotential surface, and one infinite ly near it we 
have the value d\/2ii ; hence the work done in cun ying a unit 
of positive electricity along a line of force from one to the otlier 

is ir5w dk. Tlie potential V is therefore given hy the 

equation, 

/'*■ ^ Ttbnubr I 1 ^ "“7 ' A * * 

‘ ^ + kv (//- + ky 0- + A) 


Ca]pacityof Dividing the value of the charge, 2mihebny hy this value <»f 
Elnmoidal we get for the capacity of the ellipsoidal ooiuluctor. 
Conductor. 


{„■ + X)* (//“ + (<■- + 


(rA) 


Ellipsoid The integral can he found in finite terms if tin; ellipsoid he ore* 
of Revo- of revolution. Putting for this case tt «■ />, and transformiTig 
lation. the integral by writing l/i/ for a- + X, we easily get 


/ 


■Vi 


o 


fix 

(„!!4.X)P+X)^ 


O 


/ 1 


</'* 



- //-) (c- -f X) 
vV - -f 4- 


or 





vV/- - r V""' 
+ X / o 


Prolate according as c> or <a. Evaluating these cxpreHshins wc find 
Ellipsoid, for a prolate ellipsoid 


r 


log 


tjci .. 

(i^ ^ 4* e 

a 


log 


1 


Oblate 

Ellipsoid. 


and for an oblate ellipsoid 


C 




sin 



ae 


. ( 52 ) 


. ( 53 ) 


where e is the eccentricity in each case. 
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EvaluatioTi of the vanishing fractions which these values of C 
become wln n c ?= a, gives in each case for a spherical surface 
C — a, the rc'sult otherwise obtained above (p. 47). 

If now c be so great in comparison with a tliat may be 
neglected, (52) becomes 




e 



(54) 


the capacity of a right circular cylinder wliose length 2c is great 
in comparison with its diameter 2/sf. 

If c be HO small in comparison with a tliat c“ld^ may be 
rufglected (53) becomes 



TT 


a 

r- 5708 777 


(55) 


the capacity of a tliin circular disc of radius a. 


S. A Conducting Sphere surrounded by a concentric 
splierical conducting shell. 

Let r be the radius of the sphere, the internal 
radius and r,^ tlio external radius of the spherical shell, 
(j the charge of the inUu nal sphere, ^ the independent 
charge of the slndl. Tlie potential of the inner sphere 
due to its own charge is qjr, the potential at every point 
within the outer sphere due to q is But the 

cliargc on the internal sphere produces an induced 
charge of amount — on the inner surface of the shell, 
and a charge + q on the outer surface. The potential 
of the sphere is therefore 


r 


?_ 1 +?+5 




When the shell is at zero potential, (j + g')/rg (the 
potential at its outer surface and therefore at every 


Capacity 
of a thin 
Cylinder. 


Capacity 
of a thin 
Circular 
Disc. 


Capacity 
of a 

Spherical 
Condenser. 
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Ca|¥icity 
of a 

Spherical 

Coodeuscr. 


Effect of 
Inter- 
mediate 
Conduct- 
ing Shell.*. 


point of it) is equal to zero. Hence wo get for the 
capacity 

6'- (56) 

t\ — r 

T)ie nearer therefore r and t\ arc made to equality, that 
is the smaller the distance bi'twcen the iniuu* and outer 
conductors, the greater is the caj)aoitv of the sphere. 

Putting — r « t, and S for the surface ef tlu^ 
internal conductor, we get instead of (5d) 


C 


S 

4 7rT+ 


( 57 ) 


The external conductor therefore causes an addition of 
S/iTTT to the capacity of the sphere. If t be very .small 
this part of the capacity i.s very largo in comparison 
with the other part r, tlie capacity of the sphere when 
alone, and we may put in this ca.se 




S 

4}7TT 


(5S) 


If several conducting shells each without charge he 
placed between the outer and inner conductors, and the 
outer coiiiluctor bo k<;pt at zero potential; then if 
Tj, T,, T 3 ,...t»_i be the thh knosses, and r,, 
the internal radii of thestj .shelLs, and r, tlie ra<lii of 
the inner and outer conductors, tlie expre.ssiou for the 
potential of the sjihero becomes 


7r /I 1 1 1 0 \ 

q.-, — q. I 

^ Tn r^(r^ 4* Ti) ' (n., 4 
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If the thickness of eacli shell is small in comparison 
with either radius of the shell this becomes 


V 



1 




‘&C. 


r\^i) 


Effect of 
Inter* 
mediate 
Conduct- 
ing Shells. 


For the capacity * of the inner conductor we have 


0 - 








Hence if /\ - r be small in comparison with r and 
Tn we get 


^ 47r|y « ~ - (Ti 4- To + -f 

The effect of the inteimediate shells is therefore 
simply to virtually diminish by their united thickness 
the distance between the inner and outer conductors. 


4. A Conducting C}lindcr of circular section enclosed 
within a coaxial conducting shell. 

We shall supi>ose the length 2c of the cylinder to be 
great in comparison with the respective diameters 2a, 
21) of the cylinder and the internal surface of the shell, 
and consider only parts of the inner and outer cylinders 
at distances from tlie ends great in comparison with 
either diameter. Sucli parts of the inner cylinder may 
bo regarded as within an infinitely long cyliudric shell, 
that is the distribution on both cylinders may be taken 
as uniform and the ofiects of tlie ends neglected. 


Long 

Cylimlric 

Condfuser 

or 

Sabmariuo 

Cable. 


* Since the inlerniediatc bhells arc not at zero potential, the word 
“ capa(‘ity is here used in a hat different sense from that assigned 
to it in the definition (p. 46), It here means simply cliarge per unit 
of iDotential of the inner evlindor. 
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By equation (54) the cajmcity of tlu» inner cyliiulei 
per unit of length would, if there amto no external 

^t-\ ... ' • 

shell, bo 1/(2 j ; therefore if a- be the surface 

density upon it, its potential wouM be tTro-a log (2'V‘O. 
But if the exterior slxell l>e at potential zero there inust 
Ik? on its inner surface a distribution equal to that on 
the interior cylinder but oppositti in sign. The potential 
within the shell produced by this distribution i.«i 
— iiraa log (2tV^), its value at the inner surface of tlu‘ 
shell. Hence the total potential at tlie interior cylinder 
is given hy the equation 

= irraa lo‘4 

it 

and if C be the capaidty of the cylinder per unit of 
length 

b, m 


The snme result may also be found as follows, hy considering 
both cylinders as intinite in, length, and integrating LaplnceV 
equation for the space befweiTi them. Taking t)^t^ origin on, 
and the axis of u' along the axis of the cylinder, wo have 
d^Fjdx^ = 0, and Laplace’s equation in the form 


Putting y 


dW . 


d'-F 


dz^ 


- 0. 


rcos^, z ~ rsin we transform this to 


d^F I dj^ 

dt^ r dr 


0 . 


By two successive integrations this gives 

r^If + Aiogr. 
dr r ^ 
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Puttin-j;: ^ - ‘Itto* for t ^ and T = 0 for r == />, in these 

results, get A - 4n'<ra, H ^Amralogb, Hence the potential 
of the iimcr cylinder is 

y ^ 47r<ra log 

a 


0&, 

Condensep 

or 

Submarine 

Cable. 


and the capacity per unit of length 


5. I'wo parallel coiulucting plates. Oa^eof 

This case is iin]>ortaiit in its application to the con- Pandlel 
struct ion of eleetroineters and of standard condensers. J’lates. 
Let AJi^ CD represent two parallel plates at a distance d 


A 3 

c ^ 


apart, small in comparison with any dimension in the 
plane of either plate. Lot the potential of AB be F, of 
CD zero. Consider the charge on a portion of AB of area 
Sf every point of which is at a distance great compared 
witli d from any edge of either plate. The field of 
force at S between the plates must be uniform, and of 
intensity Vjd. We have therefore, by Coulomb’s law, if 
the electric density on the disc be o*, or = and 

for the whole charge Q on Sy VS/^wd* The capacity 
C of the disc is therefore given by the equation 




A 

iwd 


( 61 ) 
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Ciuie of 
two 

Pamllel 

Plates. 


For the energy £ of the charge on S we have 


£ 


VQ 


r^s 


!V^O. 


Let the total force on S towards the opposite plate 
be F, then the density of the distribution on the plate 
CD must, except near the edges, be — <r, and the 
attraction towards CD of a unit of electricity at any 
point on the disc has the value iira* Therefore 

. . ( 62 ) 

Hence 



Guaitl- 

Condenser. 


This e([uation is of use in the theory of the attracted 
disc electrometer (Chapter IV.). In such electrometers 
and in standard air eoiiden.sers, mmie with parallel and 
movable plates, a portion at tlie centre of one of the 
plates is everywhere sepiirated from the surrounding 
part, w'hich is in the same plane, by a narrow gap.f 
The surrounding part of the plate ha.H been called 


E<iiiation (28), p. 15, fcives the forc« on a unit of positive elec- 
tricity at a point P on the axis of a circular di.se of unifortn <lensity «r. 
When h is small compared with r the oxjjression [)€come8 2wflr. Biuce 
cirtmlar tliscs of different radii fulfilling this condition all give 2ir<r, 
the normal forces <lue to tlio parts of the disc at distances from P 
greater than the distance, r, of the nearest part of the edge, may 
be ueglectcid. and the normal force at P is 2w<r, whatever the form of 
the disc may be. 

t For a full description ^f the arrangement in different cases see 
Chap. IV. 
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by Sir W,. Thomson (to whom the arrangement is due) Guard- 
the guard-ring, and the inner portion the attracted condeL^r. 
disc. Supposing the attracted disc and guard-ring 
connected, they may be regarded as forming an ar- 
rangement deviating electrically only very slightly 
from a continuous j)lane plate. connecting the disc 
to the guard-ring, charging the guard-ring and disc as 
described above to potential F, and then breaking 
the connection without producing discharge, a charge 
Q = VSjiTrd is left on the disc. If then the force F 
be measured, we have 



(64) 


The following arrangement of conductors is important 
for its applications, especially to symmetrical electro- 
meters. It consists of three conductors maintained at 
different potentialsi, and fulfilling the following con- 
ditions : — One of the conductors (A) (in the quadrant 
electrometer, Chapter IV., the needle) is symmetrically 


L 


/?, c 

^Flg.8 


' 1 


placed with reference to the other two (J5 and 0), and Theory of 

is so formed that one of its two ends or bounding edges metr^l 

is well under cover of /J, and the other end or edge under ^^lectro- 

, . . ^ meter, 

cover of C, so that the electric tlistributiou near each 

* For the amount of the deviation see Maxwell, £led, and 
vol. i. pp. 284, 307 (sec. ed.). 
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Theory of end or edge is uninfluenced except by the nearer con- 
metrical ductor. One such simple symmetrical arrangement is 
^iiieter figure. Let the })otcntials of A, L\ V bo 

respectively and let -4 bo slightly displaced 

from B towanls C, This displacement may be angular 
or linear, according to the arrangement adopted ; in 
the quadrant electrometer it is measured by the angle 
through whicli the needle is turned. Let 6 denote 
the displacement and A the electrostatic cajiaeity of A 
l>er unit of 0 at places not near the ends or bounding 
edge of y|, and well umler cover of i> and C. Then the 
quantity of electricity lo.st by A in consetpience of its 
dis))lacement relatively to i> is W (!"— J\), and the 
quantity lost by B is i‘0 ( — F). Similarly the (pian- 
tities gained^by A and C in consequence of the motion 
of A towards C are respectively 10 (F F^) and 
1‘0 (F^ — V). Multifilying the first and second of 
these quantities by F and Fj respectively, the third 
and fourth similarly by K and F^, sublmcting tlie sum 
of the first two products from tlie sum of the seeuml 
two, and dividing by 2, we get for the work done by 
electrici\l forces in tbe displacement tlie value 

hd{i\-r,)(v^ ii). 

But this must be equal to the average couple multi- 
plied into the displacement if the latter is angular, or 
the average force into the displacement if the latter is 
linear. We have therefore, denoting the force or 
couple by F, 

. . ( 65 ) 
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In an arrangement of this kind when the displacement Theory of 
is small tlie couple or force acting on A is nearly the raetrica 
same over the wliole displacement, and thus is nearly Electro- 
ecpial to the equilibrating couple or force due to the 
torsion wire, or bifilar, or other arrangement producing 
equilibrium. But for small displacements this will 
generally be proportional to tlie displacement, and 
therefore also to the deflection on the scale of the 
instrument, ainl tliiis 

J) ^ ,ad = c- ( \\ - V.,) ( V - Ta . (66) 

where 7/i and are constants. 

When V is great in comparison with and this 
reduces to ^ = r' ( — V^) the equation cm 2 :>loyed when, 
as in the ordinary use of the quadrant electrometer, the 
needle is kept charged to a constant high jootential. 

Let the conductors be cylinders, A of radius a, B and Cylindric 
C of radius A, and let A be connected to B so that condeiiser. 
V = Fi, while C is maintained at potential zero. Also 
let A be mounted so as to be inovahlo tJirough measured 
distances in the direction of the axis. Since F = F^, 
and Vo — displacement of A through a distance x 
to the right or left will ((50) respectively increase or 

diminish the capacity of A by an amount xj 2 log 

I “• 

The arrangement thus made constitutes a condenser, 
the capacity of which can, when a and b are known, be 
altered through a considerable range of accurately 
determinate values. The construction and use of the 
instniment, which is due to Sir William Thomson, is 
described in Chapter IV. below\ 
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Skction IV. 

theorem, ixeerre problems. 

ELECTRIC IMAGES. 

Proof of Wk shall now prov'c Green’s celehratecl Iheorein to wliich wo 
Green’s shall have to refer from time tt» time in what follows. Let U, I", 
Theorem, be two Hiiite. c»>ntinnous and sin,iclo-vahied functions of r, ?/, r» the 
coordinates of a point within a closed surface jS’,) (Fi.iC» ^ 

constant or any given function of jr, y, c ; and let also &c., ^ . 

dx (U 



Fio. 9. 


he finite and continuous functions of //, r. Denoting by 
E the integral 

J J J [f/x >lx ^ ,l,f ,ljf ^ ,h llz ) '' 

taken throughout the closed surface #S, and integrating by parts, 
we get' 

^ + % ''=* + jf **) 

'fIJ" I i("^ )!***•<"> 
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and a similar expression for E, in which U and V are inter- 
clmnged 

Here the triple integral is taken throughout the space within 
the surface ; and the terms of thh double integral are taken as 
negative where a point moving in the positive direction along 
X, y, or Zy as the case may be, enters the surface, and as positive 
where the point emerges. Considering the motion of the point 
parallel to the axis of j', lot a normal be drawn imvards to the 
surface at eacli of the points of entrance and of emergence. If 
/j, /.j ho the cosines of the angle which the normal makes as at 
By with the positive direction of the axis of x at an entrance 
and an emergence respectively, and if he elements there 

of the surface, taken with their positive sides turned inwards, 
we liave dj^dz ~ lids^ at an (ui trance, and dydz = — at an 

emergence. Hence for encli pair of elements the corresponding 
part of the integral is 

r"-). f 

and since we can exhaust tlie whole surface by pairs of elements 
we have for the first term of the integral 




taken over the surface. Putting n for the cosines of tlie 
angles betw(‘eii the normal and //, r, at any point, and pro- 
ceeding in the same manner wo get for the whole surface 
integral 

- lj'“-VZr+‘''7y 

Denoting the expression between the brackets, which is the 
rate of variation of V inwards along the normal, by and 
j rr 

using - - in the same sense for we have finally 


Proof of 
Green’s 
Theorem. 
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Proof of 
Green's 
Theorem. 




(i:t dff ih ( 68 ) 


Discon- 
tinuity of 
dU 




&c. 


wliicli is Grocn's Theorem. 

If the space rate of variation of one of the functions in any 

direction, sav is disc<»ntinuoiis within the limits of inte- 
' </je 


gration, the term 



in the second expression 


for IJ 


becomes infinite, iin<i the triple integral involving this term 
cannot l>e evaluated. Let P (Fig. 10) he a point within the 



(f 

space considered, at wliich \ arc discontinuous, and let 

iLr 

a small closed surface S including P be described, then (since 
evidently, the theorem appliuvS to awj portion of space pro- 
vided the surface integral is taken over all the bounding 
surface or surfaces), wo can find tho value of K by taking 
the triple integral of the second expression tl trough the 
of tho space, and adding to the stirface integral the value 

of — j j Vd^ d» taken over H, By making small enough 

we can obtain as nearly as w'e please the true and finiU*. value 
of E. 

Now suppose that the space variation in any direction is dis- 
continuous at a surface If this surface be open we may imagine 
a closed surface described enclosing it, and then made to contract 
until it forms an infinitely thin shell, S (rejpresented by tho dotted 
line, Fig. 11), with the surface of discontinuity every where between 
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its faces. We find B, then, for the rest of the space within the Biscon- 
external containing surface So by adding to the surface integral tinuity of 

over So the value - J J ^ ds taken over the internal ^ &c. 

surface the normal being drawn as before at each point from 
the suri^^ce into the space tlirough which the integral is taken. 



Fig. 11. 


If the surface of discontinuity be closed, we have only to suppose 
a surface S (Fig. 12) described around it every where infinitely near 

it ; and adding to tho surface integral over So - f f Var ~^ds 

' ' dv 



taken over K, and taking tho triple integral through the space 
between S and jSo, we see that the theorem holds for this space. 
The theorem holds also for tlie space within the surface of 
discontinuity, when the external boundary is taken everywhere 
infinitely near that surface on the inner sidp. The theorem thus 
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piscion* holds separately for these two spaces, and theicfore for both 
tinnity of together, when the surface integral over both sides of the surface 
— discontinuity is biken into account. 

dx ' In the same way we may deal with any number of suriaces 
of discontinuity arranged in any manner, and we see that it is 
only jiecessary to integrate throughout the spaces in which the 
space variations of U are continuous, and add the values of 

- f f TV for both sides of each surface of discon- 

tinuity. 

Further, it is important to notice tlmt if any portions of space 
are separated from the rest of space and from one another by 
closed or inlinite surfaces, we may treat (liem as imle|'Cn</ent 
portions of space, and apply the tiioorem to them separately, 
being careful to include the surface integral over each bounding 
surface. 

Surffw*e We shall now give some applications of Green’s Theorem, 
^'Elerlric^^ First let f/ - 1, so that wo have '^^=0,&c., also let a = 1, and 

potential of any distribution of electricity of volume 
from* density p at any point within the closed surfju^o aSV Applying 
Green's The theorem to "the space within we get A' = 0, and therefore 
Theoreiii. The rernarkalde relation 




V-r (/x ily dz. 


m 


Since is the space rate of variation inwards along the 
(h 

normal it is e<pial to the norma! force N outwards; and, since 
(p. 10) = 0 where there is no electricity, and [as can he 

|iroved indei>endently of (13)] — ™* 4irp where the electric 
density is p, 


I' f iNWt = 47r j j jpdxdy (h. 


which agrees with the theorem of eq. n.3^ 

Again, if the portion of the distribution wdthin the surface 
have nowhere finite density p, but consist of a surface distribution, 
of density <r at any point, we can apply the theorem by taking ac- 
count of tlie corresponding dtscontlnuities in the values of dVIdx. 
&c. Let first the surface, A’, on which the electricity isdistributea 
bo a single open surface, as in Fig. 11 ; Fj, denote the poten- 
tials at two infinitely near points on opposite sides of it, and 
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it 


normals at those points drawn from the surface into the space 
between it and We have putting for an element of Sq 



where the two parts of tlie integral in the second term are over 
the opposite portions of a surface enclosing, and infinitely nearly 
coincident with S {ds being taken to denote an element of either), 
and therefore may be regarded as taken over S. But proceeding 
as at p. 8G, taking p finite, wo get for Poisson's equation 
dWldv^ == ~ 47rp. Hence integrating over the thickness, r, of 
tlie stratum, and putting pjr ~ <r \vhcn r is diminished indefinitely 
and pi, tlio average density, is correspond ingl}*^ increased, we get 


Surface 
Integral of 
Electric 
Induction 
derived 
from’ 
Green's 
Theorem. 


,h. 


+ 


+ ^TTcr = 0. 

dv. 


Hence (70) becomes 



where N is the normal force at f/% in the outward direction from 
Sq. This also agrees witli the theorem of eq. (13). 

The same result applies to a closed surface (winch is a parti- 
cular ease of an open surface, with opening infinitely small), in 
which case with the condition of zero density in the interior, 
dFIdv = 0, on the inner side ; and so for any group of surfaces, 
closed or unclosed, on which there is electricity with finite surface 
<len8ity — that is, at which the electric force changes abruptly. 

Putting U = K, and a = 1, we get 


= - j - j j jr.v^Fdxd^dz. (71) 


Energy 

Equation 

proved 

analytic- 

ally. 


Let V denote the potential at any point of any finite distribution 
of electricity, and let the triple integral on the left be taken througli 
nil space. The surface integral on the right includes the surface 
integrals, which, as we have shown, belong to each surface- dis- 
tribution, Wherever there is a volume distribution we have 

-4jrp, elsewhere v*r=0. Again -11 V d$ taken 
over the external closed surface 8q becomes zero when 8^ is at 

P 2 



68 


ELECTROSTATIC THEORY. 


Energy 

Equation 

proved 

analytic^ 

ally. 


Solution of 
I^place*A 
E(iuatioa 
for given 
surface 
conditions 
is unique. 


ffdV 

an infinite distance from the electrical distribution, for J J 

is constant for all distances at which 8q encloses the whole 
distribution, and F = 0, 

The part of the surface integral depending on the electrified 

ff/dV. , 

surfaces J j “I" taken over all the surfaces, 

and this ns we have seen is 4trJ a-ds taken over the same 

surfaces. Hence we find, putting F* for the quantity in brackets 
on the left, and dividing by Stt, 

^ // f f iff 


ds 


the energy equation found synthetically above. 

It has been shown analytically (Thomson and Tait’s iVa/. Phil. 
vol. i. part i. App. A. (d),) that a function F exists which has 
a given value for each point of any surface or surfaces in the 
electric field, and satisfies the equation 57*^ F= 0 at every other 
point. This is the case of an electrified system bounded by 
surfaces at which the potential is given in a dielectric containing 
no electricity external to these surfaces, and since the conditions of 
the problem are physically possible it must have at least one 
solution. A solution <»f this equation with the given surface 
condition therefr)ro exists, and we can prove easily that there is 
only one such solution. 

From this it follows that if the potential be given over any 
surfaces in the cdcctric field it is determinate throughout the rest 
of the field, in the presence there of any given electric distribu- 
tion. For the potential at e.acb point duo to tlic given distribution 
is everywhere determinate (provided the electric surface or volume 
density is finite at every point) ; hence if Vi denote the potential 
at any point of the surface due to the given distribution, and F 
be the actual potential at the same point, then F - F, can be 
found for each point of the surface, and this will he the system 
of surface values of the function wdiicli satisfies v^F=0, of which 
there exists a solution. 

We shall now prove that 

1. If the potential be given at each point of a surface or system 
of surfaces described in an electric nold, then for any point of- 
the field fot which there exists a finite value of the potential 
there is only one such value. The surfaces may be open or 
closed, and there may l>e any given electric distribution in the 
space, whether within or without the given surfaces. 



SOLUTION OF GENERAL PROBLEM PROVED UNIQUE. 


For lot a finite value of the potential at any point P be F, then 
V must satisfy the characteristic equation 




<Pr (PF 
df dz^ 


-f- 47rp 


0 , 


where p is the (finite or zero) value of the volume density of 
the electric distribution at jp; or if an electrified surface exists 
in the field, the values of the rates of variation of V from the 
surface along normals Vy d drawn at any point must satisfy the 
equation 


dV -dV^ 

dv dv 


-f- Ana — 0. 


Let, if possible, Fj be another value of the potential at Py equal 
to F, the given value at each point of the given surfaces and 
satisfying these e(iuations everywhere else. We see at once 
that a potential F- Fj, satisfies all the conditions for the case in 
which the potential is zero at the given surfaces, and both a and 
p are zero everywhere else. But in this case, since the potential 
is also zero at an infinite distance, it must be zero everywhere 
else, otherwise there would be one or more points of maximum 
or minimum potential in space void of electricity. Hence v=v,, 
that is, there is only one value of F which satisfies the equations 
at every point, and coincides with the given value for every 
point on tlie surface. 

% There is one and only one distribution of electricity over a 
given surface or system of surfaces in the electric field which for a 
given distribution elsewhere than on the surface corresponds to 
an arbitrarily given potential at each point of the surface; and 
only one value of the j)otential can be produced at each point of 
the surface when a given distribution of electricity is made over 
the surface. 

If F, F', the potentials on opposite sides of the surface, be 
arbitrarily given at every point we have seen that the potential 
is sii\gle valued at every point in the field. Hence the density 

-f- — ) wliich, p. 28 above, must exist on the surface 

Anxdv dv J 
is also single valued. 

Again, if this distribution be made, the given potentials at the 
surface will be produced. For, if not, let Fj, F/, instead of F, F', 
be tlie potentials, on the two sides of the surface, produced at 
any point 
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surface 
conditions 
is unique. 


Surface 
Distribu- 
tion pro- 
ducing 
given 
Potential 
at every 
point, and 
Potential 
produced 
by any 
given 
Distribu- 
tion, both 
unique. 
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We have then the two equations 


. dr,' 

dv 


dV' 

dd 


+ 47rcr = 0, 


Dwtribn- 
tioii pro- 
d«cmg 
given 
Potential 
at every 

ffct 

produced //(/'*- /') d(r' 

H “”y * ;u'- 

^ven 

~ r*' p^deiitial at points 

,'^e in^,T-‘; «" ;>PI>.>-site »i.l<« of f/,o surf i, re i.i file 

unique. ase in wliiel. ^ is zero, and, since Poisson's eqnafio/i is I,, 

liotl* of K y, and K V,', we see 
,ee R 1 ” i “ ’ ’ "'so to tlie c.aso in which p is 

zero. But when or and p are everywliere zero the iiotentinl is 

yern n«il I..,..,-,. IT ir t.-, ** i * . . * 


dr 

dv + 


r;) 


- 0 . 


Oreen’a 

Problem, 


tJnit is, tho 


*Solatiou. 


everywhere nero, and we have V =s: p”' 

distribution iloes produce the given potential ^ 
l-roin (2) wo see that olortncUy can he distributed in one. ami 
only one, way on any siirfnee or surfaces in the ehctric field so 
ft* to produce, with any other given distribution in the field, any 

that"the mfr ‘"r* ‘>'6 Btirfacps, and 

The denS V of ?l f P'‘' f‘‘c«y dctcmiinate. 

^*1 ®a'-'i point must ho 

~ 4w (*,' + therefore there is only one quantity 

of electricity whii'li can he thus distributed. 

Jt was proved by Green that if o- be the surface ilensit v reriiiired 
at any element i; (Fig, 13) of a surface in order to produce by its 



own ftct^ion a potenrinl lnfinitely near that point, equal to that pro- 
duced by a unit of electricity at a point P not on the Sw, 
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VI 


the potential F at P due to n surface distribution wliich produces Solution, 
any arbitrary potential/(E) at E is given by (lie equation 

F= If <r/(E)d, (72) 


the integral beinp^ taken over the surface. For if E' be any 
other elenicrit and a the density there, corresponding to a at jp, 
wo have 



1 

eP' 


Tf <r^ be the density at E of* the distribution required to produce 
potent ialy’(/i) at E we have for the potential at V produced by 
this distribution 


’'-lit- 1 h" I 


by the last equation. But this integral may be written 



and by tlie delinition of 0*1 

/m = fit 

}f?ncc 

V = I (rf{E),U. 

The value of a is found below (p. 79) for the ease of a spherical 
surface. 


The direct problem which presents itself in electro- Direct 
statics is the determination, for a given system of con- of 
duetors with given charges, of the potential at every statics, 
point of the field, and the density of the distribution 
at every point of the conductors. 

It is easy to show that if the charges are given, there 
is only one possible distribution on the conductors, and 
it follows from what has been proved above, that the 



72 


ELECTROSTATIC THEORY. 


PotoAttias potential at every point of the field is also unique 
in value. To prove that the distribution is unique 
mmvefor consider a 83rst6tn of conductors the chaiges of which 
C^iges. separately zero. The potential over each conductor 
must for equilibrium be constant, and must be zero. 
For if not zero, the potentials must either have all 
the same positive or negative value, or have different 
values. In the latter case the potential cannot, since 
aeutiul there is no maximum or minimum of potentiiil in the 
cla^ field, increase outwards from one part, and diminish 
xero. outwards from another part of the surffu^c of the con- 

ductor, wliose potential is numerically greatest. Hence 
the electric induction across every elenumt of the 
surfiice has the same sign, tliat is, (jvery element i.s 
electrified in the same manner. But this is iinf>ossiblc, 
since the whole charge i.s zero. In the case of all the 
conductors at one |K)tontuil we may apply the s^iine 
test, with the .same result, to any conductor. We see, 
therefore, that the surface-density on each must be 
everywhere zero. 

Potential?? Let now Fj, &c., and V\, F'jj, &c., be two possible 
tribntion Systems of j)otentials corresponding to the given charges, 
proved tlien — ~ &o., will be a possible s\\stcm of 

«ni<]Ue • 1 r t 1 -1 1 rr rrt 

forgiven potontiaJs tor equal and opposite charges, and ^ r y 
Charge.H. ^ possible potentials when their charges 

are zero. But in this last case we have seen that the 
conductors are not electrified, and therefore Fj = 

V2 = ^'2^ &c. 

The potentials at the conductors are thus unique in 
value, and we have seen (p. 6 !)) that the potential at any 
point in the field is also unique in value. Tlie outward 



SURFACE DISTRIBUTIONS OF ELECTRICITY. 


73 


force 72 at any point of each conductor is thus fixed in 
value, and since jB/4w* is the electric surface density at 
the point, the charges can be distributed in only one 
manner. 

The direct problem stated above has only been solved 
in certain cases, but the inverse problem of finding a 
system of conductors and charges which wHl produce a 
given possible system of potentials, can be solved with 
comparative ease, and the results applied to the solution 
of cases of the direct problem.^ We shall now give 
some examples of this mode of proceeding. 

If any surfaces whatever, open or closed, be described 
in the electric field, it has been proved (p. 69 above) 
that it is possible to find one, and only one, distribution 
of electricity over these surfaces which shall produce 
at each point of them, and at each point of space 
(Mitirely separated from the electric distribution by 
those of the surfaces which are closed or infinite, the 
same pokuitial as is produced in the actual case. 
For example, let S 2 , (Figs. 14 and 15) be three 
surfaces drawn in the electric field of the distribu- 
tions, it is possible (p. 69) to find one, and only one, 
distribution over which shall produce over 

each of the surfa(*(\s, and throughout and the 
same potential as is produced by M, The potential 
at any point of A’^depends on the given surfaces, S^, 8^ 

and since the potcuitial at every point of the surfaces is 
given, is, as we liave seen, perfectly determinate. 

Further, the part of this distribution over any closed 


Invene 

ProUem 


Surface 

Distribu- 

tion 

replacing 

given 

system. 


* See MaxwelFs EU^ncnUiry Treatise on ElectrkUyi p. 72 ct seq. 
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Surface 

Distribu- 

tion 

replacing 

system. 


or infinite surfaces separating a region within whiclt lies 
any part of the actual distribution from the rest of space 



is such as to exactly produce at each point of space 
external to that region the same potential as is pro- 
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duced by that part ; for it is clear that the potential at Surf^ 
any ]K»int of the surfaces will be that which would be 
produced by the actual distribution and (p. 68 above) replacing 
the potential produced by the electrified surfaces at system. 




every point of the space which they separate from the 
electric distribution coincides with that due to the 
actual distribution. For example, if (Figs. 

16 and 17 ) be regions within which are distributions 
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mj, mj, w »3 separated by the surfaces S^, Sp <S, fropi H, 
the rest of space, the distributioa over produces the 
same potential throughout JT^ and H as is produced 
by Wj, and similarly for Hence the jwtential at 

each j)oint of iS’j, S^, and throughout IT, is that due 
to ■w.j, jointly.* 

Distribu- Supjwse a surface <S' taken in the electric field to be 
Condut't- equipotential surface for the given distiibution, we 
ingSurface see from what immediately precedes that electricity can 
be distributed on that surface so as to produce potential 
Intenial t,ij 0 space A, on one side of the siirfaco, rmal to t/iat 
prodttced by the ckcfricity (in sonic cases part only 
of the whole distribution, in others the whole) in 
the spnee B, on the other side of the surftce. We may 
suppose the distribution on the surface made, and 
the original distribution in B removed. The potential 
throughout B must be constant, and the electric force 
there zero, and the resultant force at any point 
infinitely near the surface on the side A is normal to 
the surface. Hence if B be this normal force, taken 
positively when from the surface towards J, the electric 
surface density at the point is J?/ 47 r. This result had 
already been found (j>. 29 above), but wo have now 
seen that it is the unique solution of the problem. 
We shall find many examples of its utility in what 
follows. 

Definition The distribution in the space B which produces in 
Electric space A on the other side of the surface the same 
Image, potential as is produced by the distribution supposed 

^ See ThoTn.son and Tait, N<U. Phil, vol. i. part ii. p. 56, ei seq,, 
from which Ftge. 14~-17 are taken, with slight modidcations. 



ELICTBIC IMAGES. 

made as above on the surface is called an Electric 
Image. 

Let now the system of conductors be three in number, 
a sphere S of radius a, and two external conductors, 
Fig. 18, of dimensions so small in comparison with 
a that a charge of electricity on either may be considered 
as concentrated at a point. Let the distance of 8 ^ from 
Cy the centre of be /, the distance of 8 ^^ from P 
and let 8 y be insulated and charged with a 
(piantity q of electricity, 82 insulated but uncharged, 



and S uninsulated, and therefore at zero potential. By 
the theory given above (p. 38) 

= JP12!? 

where is the mutual coeflScient of potential of 8 ^ and 
8 y (=: l/r^g) that of 8 ^ and 8 ^y and the induced 
charge on 8 . But since the potential of 8 is zero, and 
every element of the charge of yS is at a distance a from 
the centre 

I + 5 “ 

/a / 
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Sphere 
muler 
Influence 
of Electric 
Charge at 
External 
Point. 


Taking infinitely small and infinitely near the 
surface of the sphere so that = 0, we have for this 


case 



(74) 


Let JF.Fig. 15), be the position of the centre of 0«, P'a 
point in IV taken so that P'O : CP :: CE ; CP, that 




is, so that the triangles PEG, EP'C, are similar, and 
CP = Hence EP = >',./»//, and therefore 

~ 0 ^) 

Electric Equation (73) shows that the amount of the induced 
sphere S, called forth by a charge q con- 
Surraces. centrated at P, is — al/.q, and that the potential which 
this charge produces at each point of the surface of S, 
and therefore also at every external point, is the same 
as that which it would produce if concentrated at the 
internal point P, while the potential which it produces 
at every internal point is equal and opposite to that 
due to 2 at P. 
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Passing from potentials to forces, the force at every 
external point due to the induced distribution is the 
same as tliat which would be produced by — ajf, j ati^, 
and at every internal point is equal and opposite to that 
produced by the charge of amount q at P. 

We can now find the distribution on S, The resultant 
force on a unit of positive electricity at E is that due to 

an attraction — y—, .along EF and a repulsion 

J 1 PA" 

along PE. Resolving these forces along PC and EG 

we have for the component in the direction P 6 ' the 

CP CF a 


expression ? 


^ FE^ f component in 


the <1 irection EC, — q -f q * Since FE = PE ^ 

and CF = a?lf the former expression vanishes, and the 
radial component, which from the vanishing of the other 

1 

component we see is the resultant force, is - <7 ^ — • 

By Coulomb’s theorem, if <r be the density at E, we get 
from this expression and Fig. 19 


Electric 
Image in 
Spherical 
Surface. 


PA . PA* 1 
^ 477 . CE ' PE' ' 


■ ■ (76) 


The density at any point of the surface is therefore 
inversely as the third power of the distance of the point 
from that at which the inducing charge is situated. 

The point P' is called, from the optical analogy of 
virtual images formed by reflection, the Electric Image 
of the point P in the spherical surface S. The external 
potential and electric force produced by the induced 
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Electrk electrification on the surface called forth by j at jP are 
those due to a virtual charge of amount — aj/.q at 
mtf^ that is, arc the sfuie as would be produced by this charge 
at F if the conductor S did not exist* 

We see easily that P and F are conjugate to one 
another — that is, while F is the inmge of P for the 
sphere S influenced by a charge at P, P is the image of 
F for the same sphere influenced by a charge at F, 
For suppose a charge q to be placed at F witliin the 
conductor S supjKxsed at potential zero, the external 
potential is everywhere zero — that is, the induced 
electrification produces an external p>tentialand electric 
force everywhere c<pial and opjmite to that prtKluced 
by q. In this case, since q is within S, the induce?^! 
charge on S, is — q. Pmcmling as before with this 
value of we find thxit the iiiternal potential and 
electric force due to the intlucinl electrification is that 
due to a virtual charge — q at I\ and that for. the 
density at any peunt £ in S we get ns before 

I _ FA.F.V 1 
•^--9 rtf iTT.GE ' FIP 

Tlie induml electrifiaition produced by any given 
external or internal electric system can be found by 
determining the distribution due t«> each point of the 
system and superimposing the distributions. Hence an 
electric system on the other side of the spherical 
snrface is determined which would produce on the 
same side as the ^ven system the same potential at 
every point as is produced by the induced distribution. 
This system is made up of elements which are the 



INDUCED DISTRIBUTION ON CONDUCTING SPHERE. 


81 


electric images of the elements of the inducing system, 
of which it is therefore said to be the electric image. 

Thus let the system be a series of charges &c., 
at external points J\, &c., whose distances from the 

centre of the sphere are J\, &e., the charge on the 


sphere is then — a 



and the density at any point is 


1 

47ra 


i-(/^ - ro 




• (78) 


the summation l>eing taken for evciy point of the 
inducing sysHun. 

If the system be internal the charge on the sphere is 
— 2^, and the density is 


47re 






(78 Uh) 


whore == rC, 

If the sphere bo at x(to potential under the influence 
of both an ( xternal and an internal system, the charge 
on the sphere will be the sum of the charges and the 
«lensity the sum of tlie densities in these two cjises 
taken si^parately. 

If the sphere be insulated and at potential F, the 
distribution is obtained by superimposing on the in- 
ducetl distribution just found a uniform distribution of 
density V/47ra, Hence we have for the density in 
this case 


or 


j • TO 

'-*15 I 


a 


Eloctric 
} rna^pp. in 
Spherical 
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Induced 
Distri- 
bution on 
Insulated 
Sphere. 
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according lus the imhicing distribution is external or 

buiionou iiiteunal. E(|uivalettt expressions for the density in 

Insulateil terms of the (‘harge Q on the sphere are easily obbiined 
Sphere. , . . . , . 

bv substituting troni trie equation 


It is instructive and easy to calculate from those 
expressions for a single inducing point-charge the 
density of the distribution on the spluTe at the points 
nearest ti> and farthest from /\ to find when these are 
opposite in sign, and in this case to determine the 
position of the circular lim* of zt*ro density on the 
sphere for given values of Q, q, if, J\ 

Elfotric We may con>ider a single pt>int-chargc as on a sphere 
centre J\ and radius h so small that the distribution 
Spherical th(‘ .small Sphere may, s<i far as its effect tin the 
tlnctor*! distribution of tlm large .sphere is concerrietl, Ixi taken 
one of eitlier as uniform or a.s concentrated at the point P. 
U^rnall; When the radii of the spheres are comparable with one 
another and with the tli.stance between their centres, 
tluj distributions mutually influence one another, and 
the effect of either can only lie expres.sed by an infinite 
series of idectric irnag»?s. When h is very small com- 
pared with a, all these images may be neglected except 
the first imago of the smaller sph<‘re. We have then 


the respective values 9, 9 


J 



for 


the charge anti potential of the smalh?r sphere, and 
Q Va -q.ajf), V, for those of the laiger aphciu 
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Ilenoe^ (p. 32) the electric energy, E, of the system of 
two conductors is given by the equation 




(t- 

a 


nr-u^). 


(80) 


Tlio work done by electric forces in separating the 
spheres by a small distance df will altcT E by an 
amount dE df , df^ that is — dEjdf is the mutual 
n'pulsive force between the spheres in the line of 
centres. But 


dE _ (>y 




2 /’- — (d 





Tlie force will therefore be an attmetion, zero, or a 
repulsion according as (‘ither of the equivalent ex- 
pri^ssions on the right-bainl side is negative, zero, or 
positive. Hence it is an attraction if F or Q is zero, 
that is, if the sphere is uninsulated, or if it has no 
charge on the wdiole. Also if / is but little greater 
than n, that is, if the smaller sphere be very near the 
surface of the larger, — u* is very small, and the 
force is an attraction. If Q have the same sign as g, 
and be greater than q .(df {2^ — — cd)^ or if V 

be positive and greater than ~ cd), the force is 

a repulsion. These results explain the apparent anomaly 
of the attraction of a small charged sphere by a similarly 
charged conductor, wlicn the <listance between them is 
small, and the repulsion between them when they are 
at greater distances. 

O 2 


Mutual 

Forc« 

them. 


when 
Attractive 
and when 
Repulsive. 
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Images If d the shortest distance of any one of thc^points 

Fliite or^ Pfrom the surface of the sphere, we have /= d ^ a, 

in Splmre d (d 4 2^?). lIoTicc if <t is verv L^roat in 

of large . . . , , • , /. . « . 

niilius. comparison witli d, tiuit is, if the surface he an intinite 

plane (Fii». 2u), or if tlie point P be near the surface, 

we have when P = 0 


a — 


1 ,fd 
27r^/^JP 


(S2) 


Eltfctrii' Consklerin|» again the sphere of finitt* radius n, wo 
have for the sliortest distance of the image of any 
jK>int“charge P from t)ie sphere, the value ft -~a^j{d -f ti), 
ojftieiU or </ (1 4 dia). lltuiee if o is very gri‘at in comparison 
hna«t. this value becomes approximately d, that is the 

imago is on t!ie normal to the surface and at the saim* 


» 

'M 

. y 

1 

5 

/ a A P 

Fi«;. 20. 

distance behind the siirfiice that P is in front of it Also 
since in this case n// — afXa-^d) == 1 nearly, the iinage- 
chats^e is — g to llie same degree of approximation. 

The distfibution on an tiifiniic plane ruiglit obvioualy 
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Jiave been obtained at once without considering the 
plane as a case of a sphere. For clearly the plane is a 
surface of zero potential for 4- q at P and — 9 at P', the 
optical image of P in the piano. The electrification of 
the plane is therefore equivalent, for all points to the 
loft of the plane, to the charge — q at F, But the 
normal force outwards, that is, from the plane towards 
the spaee in which P i.s ^situated, is — iqdjPE^y and the 
electric deimity at E is therefore '-qd! 27 rPE^. The 
results obtained alcove are thus verified. 

It is easy to show that the integral of tliis expression 
for the density taken over the plane is — q, the value 
which it ought ta have, since the .^puce to the left of 
the plane may he suppos<^d inclosed by the plane and a 
conductor at an infinite distan<*e. Let Sa bt? an element 
of the surface at A’. The projection of Ss on a plane at 
ri<rht ancflcs to IE is Eh. dfPE. and a cone with base Bs, 
and vortex P will tlierefjre inttnec'pt on a sphere of 
unit radius an<l centre J\ an area Bs.diPE\ The integral 
of thi.s taken uvor tlu* plane is therefore Stt, one-half 
the iirea of the unit spluTo, aiul we get 


qd ( ?.s‘ 

~ tTT J PE^ 




When two or more conductors are electrified in the 
same field, tlie distribution on any one is influenced by 
that on the others, and hence the determination of the 
actual distribution l»econies a problem of great difficulty, 
the solution of wliieh has not l)een obtained except iii 
certain cases. The.se have for tJio most part been 
solved only by the method of Electric Images combined 
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Mutitdly with the princiiile of Eleotrie Invorisiou, by which the 
encing solution of any electric problem can be transformed 
Con- into the solution of any number of other problems, 
actors, methods are due to Sir William Thomson, to 

whose pajx'rs we must refer for full infonnation regard- 
ing tlicrn.* We give here, however, the solution of the 
problem of the distrihution on two parallel eondiicting 
plane sheets of unlimiU‘d exti*nt acted on by a point- 
charge placed between them, ami a short explanation 
of the method of inversum with one or two (*x.*unples of 
its use. 



Two 

Parallel 

Plaiioa 

withPomt- 

('barge 


Let A, B (Fig. 21) !)♦.• the tmc<‘.s of two jKirallel 
coiulueting planes of iiifmitt; extent inaintaiuc'd at zero 
pitential, on a perpendicular jdaiie through B, a point 
Iwrtween them, at which a charge, q, is situated. Ixjt 
a, be the respective distances of P from V, I), the 


* and Magn^^imn^ pp. 52-Sr, arid 101. 5W alao 

EL and Mag, vol. t. €«1. pp, 22*1 200 H nrq. 
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points at which a perpendicular tlirough P meets the 
]>hines, an<l E a point on the plane -4 at a distance 
7 from <7. 

If the plane Ji were removed the density at E on 
A du(^ to a charge q at P would, (82) above, be 
— q . ajiiria^ -f 7')?. But the electrification of B, which 
would iKi produced by the charge q at P it A were 
removed, has at all points to the left of B the same 
ctfect as that of a ([uantity — y at a point /j distant ^ 
from D to the right on PD pro<luced, and the corre- 
sponding electric density at E is therefore 

7 « 4- W 

tir •|(a -f -f 7'"j» 

These two electrifications of A produce respectively the 
effects on the cdectrificution of B of charges — 7, 4-7, 
to the left of A on PC proiiuced, the former at a point 
t/j distant a, tin; latter at a point distant a -f 2;9 
from (7. The eleetriiications of B thus produced have on 
A the effects of charges 4-7, —7 at points distant 

21a -f 2/i, 2}a 4- 4/3, to the right of A on CD, The 
eorrespoinling tlonsities at E are therefore 

7 Ha 4- 2y3 7 3a -f- 4^ 

27r {(3a 4 - 2^)"' + 7 ^** {( 2 ]a -f 4^)* r 7 *)* 

In the same ^vay another pair of densities at E could be 
found corresponding to point-charges 4-7, *-“7, at the 
respective distfinces ha -f 4/3, ha 4- 6/8 to the right of 
and so on. 

The electrification of A is that which would if B 
were removed be produced by 4- 7 at P and an infinite 
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D&trr^ of images Z^, /g, &c., of charges — — y, 

batioii ^ ^ points to tfie right of F on CD pro<luce(:L The 
bjTim^ potential at every p>int on xi or to the loft of it is 
plainly the potential due to 4-.y at P, and the image- 
* charges to the right of P, and this is equal and <>p|H>site 
to the potential at the same point pr^Mlucod by the 
electrification of A. Similar results hold for />. 

Tlie potential at any {joint lx‘tweon the jdanes pro- 
duced by the eleH^trification of either is that <lue to the 
trail of images behind that plane, and the total a<*tual 
|>otentiaI at any smdi {joint is the sum of the potentials 
due to -f 7 at Zand the two trails of imag(‘s. 

To verify that the {potential of each of the plam^s is 
zero, let T 1 h> the p<»tential at any point, Z, of the 
plane -I. Then we have 




/ 1 


^ ] V / ^ 


y,. , lAv 


_ V / • i 

l./,,/; " 

where » has every integral value from <> to co. Since 
«/jJ? — PP, the first b nn is zero ; further ea( li st‘ries is 
convergent, ami tin? tormn (which are arranged in the* 
same onler in Injlh) an? identically <‘qual. Hc'nc<> T is 
zero, and tlie alwive jirwess of building u{) the electrifi- 
cation of each plane gives tlio required result. 

Cha^ The charges and distances of the images /,, 7^, &e., 
ptoSmew »fe g‘V«“ by the table 

ta.ge. /„ 




+ 9, 


Charges 

} 2(« - 1)(« + /S) + 2/3, 2u(a + /3). 
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wliero n has every pasitive integral value from 1 
to 00 . 

The* charg(‘.s anti distances of the images * 7 ^, &c., 

arc giv(Mi by the same table when a and yS are inter- 
changed. 

By equation (H2), p. 84, we have for the density at E 


or 



(2n 4- Pa -f 27iB 
f !>+ 


(!>/, -f Pa + 

|| :i/f 4 !,a I :2> 4 I BY + i'y * ■ 

when* )i is any p<tsitivo iiitger. 

The density at any point F on B (Fig 21) is given 
by this etpiation wlien a and y 9 are inttTchanged, and 7 
IS taken as tin* dist.un’e from J) to F, 

As an (‘xample of a case in which tlie number of 
images is tinile, let the eondiietor consist of two planes 
at right angles to one another, terminated by their line 
of intersection, and influenced by a j>oint-charge of 
amount 4 y placed n\ a ])oint P between them. Let 
f>, OA, OIj\ Fig 22 , hi* the traces of the line of intor- 
sc'ction and the plam\s on a jdane drawn through P 
j>or}x;n(li(‘tilar to the conductor. Let o denote the 
distance of P from OA, the distance of P from OS. 
The surfaces would evidently be at zero jwtential if 
insulatinl witlnmt charge and a charge —5 were situated 
at P^ the image of P in 0-4, and at P^ the image of P 
in 0 /f, and a charge 4 q at i 3 , the common position of 
the imagt) of ijiu OB ami the image of P^ in OA, 

If iV be the normal force at any point E of the piano 


Chai|;6s 

Distances 
of Images. 


Electric 
Density 
at any 
point. 


Distri- 
bution on 
Two 
Planes 
cutting at 
right 
angles, 
repre- 
sented bv 
thi^e 

images : — 
particular 
ease of 
« Electric 
Kaleido- 
scope.* 




OA, tjikon jxjsitive towanls tho space BOA in which P 
is situaUnl, wc have 



Klfictric 
Density 
at any 


Since the spact' B,(iA may be ri\i^anhMi as thi* space 
external to a coinlurler, iV is actual three 

just oiitshle the curuluetor at £, and we Iiava; for the 
eUfCtric density there 


Vrt / I _ 1 \ 

LV U'A” ■/U’V 



SiiJiitarly for tlie deuisity at any point F of OH 
we h«ave 

(yr ~ i\F^ • • 


Oeo- 

metrical 

lft?erKi0iL 


111 Fig. 23 the (liutances CP, CP’, CQ, CQ! fulfil the 
relation 

CP.CF ^CQ.CQf =^a\ . . . (86) 
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The point 1^ is oalhnl tlic inverse of the point P with 
resjMjct to Of whicli is called the i cnirc of invention ; and 
similarly Q’ is the inverse of Q with reference to (7. If 


^ , e'"’* Q 

Fh;. 20. 

we^ l)ave any systi'in of points P, (>, tic., given, we can 
Hnd in this inanmT a cfirresponding system of points 
P\ (/, &c. If J\ Q, Sci\, tletcTinine a surface or a solid 
figure, P\ (/, An., detenuine a corresponding surface or 
Solid figure. The system Q\ &c., is called the inverse 
of the system I\ Q, &c., with nderence to 0; and it 
follows that the system J\ (J, &c.,is the inverse of F, Q\ 
itc., with rcfiTcnce to the same point. 

From wliat lias g<me Indore it is evident tliat any 
point F is the imagi* of the point P in the sphere of 
nrdius a and (Huitre (/. This sphtTc is called the sphere 
of inversion and its radius the radius of diversion. 

In Fig. 2^1 the triangles CFQ!, CQP are similar. 
From this it follows tliat if P, Q be two very near 
points the angle CQP is equal to the angle FQ'Q; that 
is, the linos QPy (fF ine<‘t CQ at supplementary angles* 
Hence the angle wliioh the inverse of any line or surface 
makes tvith any radius vector from the centre of in- 
version is the supplement of the angle which the 
original lino or surface makes with the same radius 
vector. It follows that the inverses of any two lines or 
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InvOTon surfaces intersect at the same angle as ilo the origina* 
roetr^ lines or surfaces. 

Kesttlu. In particular it is easy tu prove that the invense of a 
circle is another circle, and thcref<»re of a sphere another 
sphere. For let 1\ Q (Fig. 2U) bo tlie extreinitit*s of a 
<liameter of tlie circle, and H (not slaiwn in the figure) 
be any other point on the circle, then PltQ is a right 
angle. The inverse |>oints are P, Q", J{\ aiul the angle 
PJl\y is Oijihil to a right angle + the angU* 
according as does ()r docs not int<*rse<»t PQ. Ib nce, 
as 11 is moved round the eiicle, P moves round another 
circle which is the inverse* of the former. 


Furtln^r the inverse of a straight line is a circle 
I)a^sing through tht' centre of inversion. For let /' 
(Fig, 23; l>e a {K>int an tin* straight line, such that CP 
is at right angles to PQ, and let (J 1h* any other pint 
on the liia*. Then if P. (/ be th»‘ corresjxmding invt?rs«» 
fioints, F is lixed and Ci/ P is a right angle for every 
psition of Hence the haais i»f Q* is a circle of 
which the diameter is CP, 


Invmton Th«* inverse of an infinite plant* is ob\ iously a sph<»rical 
surface passing through the ctmtre of inversion. 

Acconling as the centre of iaveision is witlnait or 
within the original siirfiiee, the spec within the inverse 
is the iuvena; of the space within or witlmut the original 
surface, and the without the inverse is the inverse 
of the spec without or within the original surface. 

If VQ « T, V(/ » r , anti P, Q bi^ points veiy near to 
one another, PQ;FQf » r/c'. Henc<* if r be tlio ilistanee 
of any element Zl of a line, 5s of a surface, 5r of a 
volume, and r* the distance of the ooiresponding inverse 
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olomente S/', ds\ Bv\ from the centre of inversion, 
we have 

SllSr^rj/; Ss;&s' = rVr2; h^Bv (87) 

Again if we suppose at the point P (Fig. 23) a charge Potential 
f/, of which the potential ai Q is V(^ (iiPQ)* ♦hen putting 
V or th<‘ iM>tential at (>' of a chjvpge aqjr (the corre- Point, 
spending itnage-cdiarge with its sign changed) situated 
at the point we have V ^ aqlr Hence by 

the equations CP, CP = CQ,C(/ = (t\ 

V r a ^ a; r (88) 

The (jUfintity of electricity on an element Ss of a 
surfiice is and on an element of volume p,Sv, 

The oorresi>onding image-charges with signs reversed Inverse 
are pSv.a r; ami by (87) the corresponding Deneitiw 

areas and volumes arc Bs' ^ Bs.r^lr^, Bv' ^ Bv 

, C b&TgC8* 

Hence if tr\ p\ q* b<* the image-densities and image- 
charge corresponding to o*, p, q respectively, we have 

a\ a = ; p’/p = ^ = r^/a^ ; 

y'/? = = "/'* ’ 

The process of inverting any electric system consists Eleotr^ 
in inverting the goonjctrical arrangement of the system 
and suhstituting for every element of charge the 
corresponding element of image-charge with its sign 
changed. 

If the potential of any distribution on a conductor in 
equilibrium be Kat a point P, the potential of the inverse 
distribution at P' the image of P is by (88) Fa/r', where 
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T is the distance of F from tlie centre of inversion C. 
Hence the potential at F of the inverse distribution is 
the same as that of a <|iiaatity Va pliieed at t\ The 
inverse distribution, and a quantity — Va at C will 
keep F at zero potential. If then we invert an equi- 
potential surface of the given distrib\ition, we shall 
obtain a surface of zero potential of the distribution 
composed of the inverse and — Va at C. If we take as 
the equij)otential surface the surface.* of a conductor on 
which the given distribution is in equilibrium, the 
inverse distribution is on a surface wliich, wlien — Va is 
at 0, is at zero pdential. The inverse distribution is 
therefore the imlueod distribution on the inverse con- 
ductor under the influence of — Va at i\ 

It follow's that if w^e invert any distribution which 
gives at each iK)int of itself distant r' from C a j>otential 
Va!r\ that is, the inductMl distrilaition of a system — Va 
at we get a systtmi in equilibrium. 



Fio. 121. 

As examples wc shall invert (1) a uniformly charged 
sphere, (2) the induced distribution of two infinite 
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parallel planes under the influence of a single point- 
charge between them. 

(1) Let the potential of the sphei-e be V; its radius 
/3 ; the radius of inversion OA, a ; the distance of G 
from any point (Kig. 24) of tlie image r', from the 
centre (/ of tlu* inverse sphere /; and the radius of 
tlie inverse sphere a. We have 


( 1 ) 

Uniform 

Spherical 

Distri 

bution 

inverted. 


V 




according as (' i.s e.xternal or internal to the given 
sphere, liut 


" r ’ ■ 47r/i 


Sulwtituting the value of just fouml wc get 


or = + ', 

— 47ra r 


(«) 


accordin<? as C is <» eternal or internal. 

According as C is external or internal to tlie given 
sphere, and is therefore external or internal to the 
inverse, the spaces external and internal to the former 
are resjiectively the spaces external and internal or 
internal and external to the latter. Hence, according 
as C is exUTual or internal, the potential of the inverse 
distribution at every internal point or at every external 
point is the same m that of a charge V(t at 6' 

Also since the potential of the given sphere is the 
same for all external points as if its charge, F/S, were 
concentrated at the centre the potential of the 
inverse distribution is, by (89), the same at every point. 
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Distei- 
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external to the inverse sphere when C is external, 
and internal when C is internal, as that of a charge 
Vfi.afCO concentrated at the image I of the centre 
of the given sphere. But (70 = + ayiij* — a*), and 
— ± — «*)• according as C is external or 

intemaL Hence 

Va (/,) 

that is, the charge is the imago in the inverse sjihere of 
the chaige — Va at C. 

For (7/ we have Cl . CO — e*, or 


that is, / is the image of C in the inverse sphere. 

The rc.sults (n), (A), (»;) are those obUiinod above, 
pp. 78, 79, 80. 



Fio. 2S. 


(2) Let Ac centre of inversion be P (Fig. 25), the 
radins of inversion nnitjr, and let the planes and the 
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successive images be inverted, omitting the charge at Inversion 
P. Tiio inverses of the planes are then spheres 
toucliing at 1*, and the distribution on either sphere 
is the inverse of the distribution on the corresponding Parallel 
plane. For the charges and distances of the inverse 
charges corrosijondiug to the trail of images /j, &c. 

(Fig. 21) we have 

Images Ii*-u h%, 

t 2(/i - 1 X« + /«) + '10 'I'iip. + yS/ 

Distances ) _ _ __ ^ 

from P ] 2(« — l;(a -f -h 

where n lia«s every positive iutcffral valu(‘ from 1 to oo . 

The l;\ble for the images J,,, is formeil from this 
by interchanging a and /9. 

The diameters of the spheres /> are respectively 
a -a, rf-/8, and therefore the inverse charges corre- 
sponding to /,, /j, &c., are witliin the sphere B, and 
the other series within the sjdiere A, 

Since the potential at any point on the jdanes or Equi. 
behind them is zt^ro, the potential at any such point 
due to the induced distribxition on the planes is equal butiou ou 
to that of a charge — y situated at P, that is — q, r, where Sphert^ in 
T is the diatiiuce of the point from P. The potential at 
any point on or within the spheres is therefore — j/a, a 
constant quantity. Again, since the potential produced 
by the electrification of either plane at any point on the 
plane or in front of it is the potential due to the trail 
of images behind the plane, the potential at any point 
VOL, I, H 
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Two on or external to either sphere produced by tlie distri- 
fontect!*' bution on the sphere is the potential at that point of 
the trail of images within the sphere. It follows that 
the charge on each sphere is ecjual to the sum of the 
image-charges whose [>ositions fall within it ; and that 
the distribution thus found is the e%|uiUbrium distribu- 
tion when the spheres are freely electrilied in contact. 

Denoting the clmi'ge on the sphere /> by Qsy »>Jnl the 
Sphere, nulii ol‘ the spheres A, B by /-j, respectively, summing 
the image-oliarges, and substituting in the result F fur 
— a for a, for jSf 'vc get 

'v f ^ ^ ^ ^ ^ 

Vi> ^ + Z) ~ (« + + r,') ) 

_ y V/ . (90) 

+ «(»'i + '‘.i): 

wliere n lias ereiy positive iato«pra] value froni 1 to » . 

A similar expression with rp intcrclianged holds 
for Qa- 

The capacities of the spheres are of counw*. obtained 
by dividing Qg ami f/, by V. 

Elfctrie Multiplying the expression (p. Sftj f«)r the density at 
*^*^7 point of the plane A by f/’’ r’^, where r' is the 
I'oini. distance from P of the coiTe8pon<ling jsunt E on the 
sphere A, laalciug the above substitutions, and, IjCMdes, 
putting a \ ! //* — 1/ 4>r,^ for 7®, we get for the density at E 

2rr,*r/"^”r ' f2a+ l)r +2nr, 


Eli^crtric 


2 rr,*r/ f f 2a +l)r^+ 2nr, 

V it, 


(2» 4- TVs + 2(n + Dr, 

+l>r+ 2(« +T)r,ys + irjV/ - 
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This expression is convergent, and, when the value of Electric 
r is not infinitely small, the density at any point can 
be approximately calculated from the potential, the 
radii of the spheres and the distance of the point 
from P. 

For r' = 0 the expression (91) fails, but since the 
' resultant force acts outwards at any point on either 
sphere at right angles to .the surface, it follows that it 
must be zero at any point infinitely near the point of 
contact ; and hence the density there must be zero. The 
density is a maximum on each sphere at the point 
diamotrically opposite to the point of contact. 

The density at any point on B is obtained as before 
by interchanging 7\ and r«. 

The charge on each sphere is the difference of the 
sums of two harmonic series^ and cannot be obtained 
in finite terms. Each series is divergent, but the 
two taken togetlier as in (90) constitute a con- 
vergent series, and hence the charge can be approxi- 
mately calculated for given values of V, r.j. The 
expressions agree with those given in a different form 
by Poisson, who first attacked this problem, and solved 
it by a direct but recondite method.* It is interesting 
to note that equations (90) and (91) give the alge- 
braical theorem that the integral of the expression 

* i\Unwir€i< de VJnsliUUf H partio, p, 1. See also Plana, M^i^ires 
dc VAcoiUmu des SckH<!e» ofo Turing S^tae II. t vii. p. 71, for a fuller 
development of Poisson’s method and results, A sketch of the method 
is given in Msscart^s TraU4 d"6l^rieiU Stdlique^ t. i. p. 272. It is 
easy to convert the expression for Q/t in (90) into a definite integtal 
with the result given by Poisson for this case. 

H 
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Char???? m ou the right of (91) taken over A is the expression 
right of (90) with interehangeih 
SpheroH. When a ^ =* and we have 


= rr, (l_i + J-J + &c.) 

= Fr, . log* 2 = 603147 . Vr^ . (92) 


Case of 
One 
Sphere 
very 
Sm.iil . 


or the charge on each sphere is to the charge of the 
sphere when alone in the fiehl aial at potential F, as 
log* 2 is to 1. 

If Tj be .small in comparison witli r^, 


Qb — 




»•» /•, + >2 ,‘5'o /«(« + 1} 


(93) 


E^itio of 
Mruii 
D*av^iCi^,s, 


since V ^ The charge is therefore, nearl\% 

the free charge which ttie spliere would have if alone 
ami at jx>teutial V. The mean density is 
On the same supposition we have 

r y ••... .v, I I V 2.^2 

2 r? «• • W 


find the mean density is J lV,Av/‘^ Tbiis tlio tnean 
density of the small si>ht're is to that of the large 
sphere as O (= 1 645) is to 1. 

Hence when a small conducting hall is brought into 
contact with a larg«; electrified sphc-rical conductor 80 
as to receive a charge which can then Ihj rcmioved on 
the ball and measured, the electric density at the point 
before contact is to the mean density on the ball as 1 is to 
1 645. The same result will hold whether the conductor 
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be splierical or not, provided its curvature be continuous 
round the point of contact over a distance great in 
comparison with the radius of tlie ball, and of amount 
small as compared with that of the ball. 

Many other interesting examples of the power of the rjoblems 
mctho(l of images are to be fouml in the solution of the inverJ^ionf 
problem of two concentric uninsulated spherical con- 
ductors under the influence of a point-charge between 
them, and tlie derivation by inversion of the induced 
di.stribution on two mutually influencing spheres ; the 
solution of the latter problem by a direct application of 
images and Murphy s principle of successive influences ; 
the determination either directly or by inversion from 
the result of p. 90 [eqs. (85) and (85 of the 

distribution on two spheres which cut one another at 
right angles ; the distribution on a spherical bowl,* 
and other important cases. For these the reader is 
referred to the works montioned above, p. 99. 

* For the spherical bowl see Thomson’s Eleclroatalics mui Mag^ 
p. 1 78, which contains the famous original solution of the problem. 

The subject has rt^ccutly In^eii consitlcrecl by Sir. E. G. Gallop {Qiuirt^hj 
Journal of Maihrinalujit^ N«>. 83, February 1886, p. 229) in an essay 
which merits s|)ecial attention as containing the most exhaustive treat- 
ment w'hich the problem h.os yet received. 
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Section V. 

AXALOOr BBTIVEEX TJlEORr OF HEAT CnSDUCTIOH 
AXD TllEORV OF ELECTROSTATICS. 

SPECIFIC IXJDVCTIVE CAPACITY. 

SOLUTIOXS FOR SIMPLE CASES OF DIFFEREXT MEDIA 
IX ELECTRIC FIELD. 

Analog- A remarkable analogy between the theory of the 

The^of conduction of heat in solwl btxlies and tin; theory of 

Heat Statical Electricity was pointe<l out by Sir William 

fion anti Thomson,* and made by him a means of establishing 

Theory of niany of the most important theorems of electrostatics. 
Electro- . .. , , * , , , . . , 

staticii. According to the theory of heat conduction given by 

Fourier, the flow of heat |)cr unit of area per unit of 
Flux of (which we here call ftux of hmt), across a plane 

homogeneous material the opirosite faces* of 
which are inaintaineil at two diflerent uuifonn temjier- 
atures, dtfpend.s only on the dift’erence of temperatures 
between the faces, the distanci^ of the faces apart, and 
the nature of the material; and takes place in the 
direction from the surface of higher temjHiratiire to 
tliat of lower temperature. Thus, if the thickness of 
the .slab be x centimetres and c, v' the uniform tem- 
peratures of its faces, the quantity of heat, Q, condiicUKl 
in a second of time from the face of temperature r to 
that of temperature r', across one square centimetre, 
is given by the equation 

( 95 ) 

* ileprint of PapeiB on EiectrosUdoi tuid Mfignotiftm, p. 1. 
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where k is a constant (always positive) depending on 
the material. From the fact that there is the same 
flux of heat inwards across one face that there is 
outwards across the other, and therefore also across 
all intermediate parallel sections, it follows that the 
variation of temperature from one face to the other 
is uniform. 

The constant k is called the Thermal Conductivity 
of the substance. In bodies which have a different 
molecular stnicture in difl’erent directions (that is 
which are not i'iotropic * in structure), such as un- 
annealed glass, or a piece of otherwise isotropic glass 
distorted by fle.xure or by pressure unequally applied 
to its surface, all crystals except those of the cubic 
system, fibrous materials, &c., the value of k is also 
different in different directions. We shall consider 
first the floAv of heat in a solid body for which the 
value of k is the same in all directions and at all 
points. 

Let the temperature vary continuously over each of tw'o 
parallel sections in the iKsly, and from one section to the other, 
though not necessarily with a tmiform gradient. If the sections 
bo taken very close together, the deviation of the temperature 
gradient from iiriifmnity along any lino drawn normally from 
one to the other may bo neglected, an<l if a sufficiently small 
area be taken in each section at the extremity of that straight 
line, the deviation from uniformity of temperature over that 
area may also ho neglected. Taking equal areas in the two 

• A body in which any given quality is at all jwints the same in all 
directions is said to Iw uotn>pi> as to tfiat quality. The term mtroip^ 
was introtluced by Cauchy ; tlie term irohtivpk, from Mhos^ mm* 
gatM^ Urn been wi*d by Thomson and Tait as the negative of isotropic. 
A body may evidently be that is equal cubical portions 

In different parts of the body which have their sides in the same 
directions may bo precisely similar and yet the body may be 
ffiolotropic. 
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aectiona, each tlms small in any dimension, arul at the same 
time large in comparit^son with tlie distance of iho Heetioim 
apart, we may neglect the effect of the remainder of the 
sections, and consider only the flux from one small area to the 
’ other, ami apply the result obtained above. lH?noting each area 
by f/r, and their iiistance apart by th, and putting dQ for the 
quantity of heat conducted from one to the other, we have 

dQ = ~ I ds (96) 

f/jr 

In the limit, therefore, we have for the flux in any direction, x, 
at a point in a solid at which the temperature is r, the value 

- i and the flow per unit of time across an element of area 
Jx 

at right angles to the direction of x and passing through the 

imint is - I d*. 
ax 

Now' conshler a small parallelepiped of the tmUerial with faces 
pamlkd to three ri^ctangular axes of Xy y, r, and hmunh'd by 
cslgcs of lerigtlts dx, dj^^ d:. Let the temperature at the centre of 
the parallelepiped be e, then the toniperaturcs at ti c centres of 
the y, : far es arc 

e - A //x, and r + A dx, 
dx dx 

The total flow from left to right across tlio left-hand y, z face Is 
tfjcrefore 




4 ^ 


Differen- across the opposite face in the same direction is 
tial id, , , - 

found. 

The excejsw of the outflow al>ovo the inflow in the direction of r 
iH therefon^ 

- k dxdydz. 


Prf>c<*cding in the same w ay for the other two pairs of opposite 
sides, wc get for the total excess of the outflow above the inflow' 
the value 

, (d^p . dH . dH\ , . , 
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If this have a positive value there is a generation of heat within 
tlie prism; if a negative value more flows in than flows out 
111 the latter case if c be the thermal capacity of the solid per 
unit of voluino, the thermal capacity of the parallelepiped is 
cdxdyds. Dividing by this the last found expression with the 
sign changed we get the time-rate of rise of temperature of the 
element, or 


dv k / 

It \dx^^ df'^ dz^) 


(97) 


Differen- 

tial 

Equation 

found. 


If a rise of temperature in the substance of the prism is not to 
result the cxccsa must bo carried ofl* or transformed witlnn the 
element itself. If the outflow is eqinU to the inflow there is 
neither geruTation nor absorption of heat, and no change occurs 
in the tenipvraturo of the prism. Including the ease 6f generation 
of heat, and putting Airfxdxd^dz for the Jicat generated within 
the prism per unit «f time, so that is the mean value over 
the prism (»f the time rate of generation of heat per unit of 
volume, wc have wlicn tliere is no change of teinporatiu-e in 
the clement 



In the same way if dtydp^^ di}Jdv^ he the rate of variation of 
temperature along n(»nnnls drawn into two media from a point 
in a surface separating them, and if l\y l\ be the conductivities 
of the respec tive iue<lia, the quantity of heat conducted away 
from the surface, along the. normal per unit of time per unit of 
area are - Ap/cj/V/v,, k^dr^ dv^^ and this must l»e equal to the 
tifiie rate of generation of heat at the surface per unit of area. 
Denoting the latter by 4irg, we have the surface equation 

h f ‘ + h f * + -‘.r/E (976) 

</vj dvif 


TIius if we consider the case of a distribution of Analogy of 
constant heat sources and a corresponding system of 
temperatures in the conducting medium surrounding Motion of 
them which also remain constant with' the time, that “ 
is, the case in which sources have existed and given out 
heat so long at a constant rate that the medium has at- 
tained a permanent state as to temperature, we obtain an 
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equation which corresponds exactly to Poisson’s equation, 
and holds for all volume-sources, positive or negative, 
that is where heat is supplied to the body or carried off, 
and cori-esjx)nds to Laplace’s equation at all other places, 
for there a* = 0. A surface differential equation (97^) 
corresponding exactly to (20) alx>ve has also been found, 
by an exactly similar process, for a surface distribution of 
to Electro, thermal sources, and we have seen that in this ciise the 
Th^ry generation of heat per unit of area corresponds 

to cdectrie surface density naiitiplied by 47r. Hence 
taking tem|)*.?rature as the analogue of electric potential, 
and rate of generation of heat per unit of volume, or 
AnAlo^icj>) per unit of area, as the analogue of electric volume 
^Theori^^ density or electric surface density, multiplii d by 4'ir, 
the fundamental differential equations are the same in 
the theory of heat conduction in a Ixwly in a |H*inianent 
state, and in that of a system of electric charges 
surrounded by an insulating medium. Further, since 
to a given system of sources corresponds one, and only 
one, system of tem|KTatur€‘S at all jioints <)f the con- 
ducting ine<liucn, and tliese temjx'mtures must be zem 
at all points infinitely distant from the source, the 
electrical ami tViermal tlieories are identical, and every 
sidution of a probh»m in one is capable of Ixnng 
inter|>reted as the solution of a problem in the other; 
mnttiatly ^ given distribution of heat sources and the 

resulting temperatures in a conducting mcHlium sur- 
rounding them, corrc8})onds an exactly similar distri- 
bution of electric charges and their resulting potentials 
at different points in an insulating medium, and 
conversely. Many electrical theorems are thus capable 
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of being est^iblished as analogues of known, and indeed 
obvious, thermal results. 


For example, consider a single constant point-source of heat in Examples: 
a inediurii of conductivity k in all directions, and let the total Single 
heat generated at the source in unit of time be Q. Plainly this Point- 
quantity of heat must flow out of every chmed surface dcscrihed source in 
round the source. Hy what has been shown (p. 104) above, we Isotroinc 
have, for the total flux across a spherical surface of radius r 
having the source at its centre, the value 

- Wi J = Q, 

dt 

and therefore 

dj^ Q 1 

ilf Ank ? 


Hence intogratirjg wo find 


r 


Q, 

\nk 



Cy 


when r ■■ 


V 


0 , 


and therefore 


V 


Ank 



0 . 


Hence 


identical 
with 
Single 
Point- 
charge in 
Isotropic 
Dielectric. 
(98) 


tliat is the temperature is inversely as the distance from the 
centre. Putting /C* 1, wo sec that (f h also the potential at a 

point at a distance r from an electric charge QjAn concentrated 
at a point. 

The principle of superposition holds for temperatures su^- 
os well as for jwtentials, and we have for the temper- 
aturo at any point, and for the flux of heat at any tures wd 
point and in any direction, the sum of the temperatures ^^®***- 
and the sum of the fluxes in the particular direction 
duo to the several sources separately. Now consider 
the flow of heat across any closed surface inclosing 
part of a constant system of sources of heat in a 
medium which has attained the permanent state. All 
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Thermal the boat which flows in across the surface from sources 
of Elt^ic without the surface must flow out agaiu elsewhere, ami 
Induction, the whole heat generated within the surface must flow 
out across it. Hence if — kdi'ldi/ be the flux of heat along 
the normal outwanls across the siirfa(‘e at any element 
th, the total flow outwards across the whole surface pro- 

1 3 

— A* j - as 
dv 

taken over the surface, and this must be ecpiul to the 
whole quantity of heat generated within the sSurface. 
We have therefore a theorem for heat (‘onduction 
corresjK>n(liiig to (IR) of p, 12 above. 

I^^thcrmal Surfaces uf e<jual tein[H.‘r*atuve, or hoth rmaJ 
Surl44«a. equilioteutiul surfaces in the electrical 

analogu(», and the flow of heat across any such surfrice 
is at every point along the normal. Now it is evident 
that the tem[K*rature at any p^unt without any iso- 
thermal surface inclosing all the sources is independent 
of tlu; ])osition of the sources within it, provided the 
tem|H?rat\H'e of th** surface remains unchanged ; and 
we may therefore supjKKse the sources distributor! over 
the surface so as to fulfil this comlition. Jf this Ix) 
done the tom|K‘rature at every ]>oint within the iso- 
thermal surface must he the same as at the surface; 
for, as there are no sources within the surface, the flow 
outwards from within is on the whole zero, and there* 
fore the total flow from the external isothermal surface 
within is zero, and so on for successive isr>thermal 
surfaces within^ Hence there is no flow of heat any- 
where within, that is, the teni|>erature is constant 
If then V be the tempemture at the surface, and 4-jr^ 


duced by the whole system of sources is j j 
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the amount of heat generated in unit of time per unit 
area at any element (h of the surface, the temperature 
at any point at distance r from (h is, by the result found 
(p. 107) above, /i.dsjkr. Hence the total temperature 

at any point is ^ ^ ds taken over the surface, and this 

must be equal to v for any point either on or within 
the isothermal surface. 

Now since the temperature of the surface and the 
external ternjierature remain unchanged the flux of 
heat at every external point remains unchanged. Hence 
the flux from the surface outwards is — hlcjdv at each 
point as before, and since tlie flux is normal to the 
surface this must be equal to the value of at the 
jKiint in (luestion. We have tluu'efore the result that 
a distribution of sources of heat over the isothermal 
surface sucli as to givi* intensity etjual to — kdvjdv at each 
point will pnHluce the same external system of temper- 
atures. From this we,* get, putting /* = 1, the important 
oloctrical theorem proved in pp. 29 an<l 73 above. 

So far wx* have considered the medium surrounding 
the conductors to be vacuum, an»l we have defined unit 
quantity of electricity on this supposition as that 
quantity of electricity which placcii at unit distance 
from an equal quantity woukl be rejxdled witli unit 
force. But in all cases, even in a so-called vacuum, say 
the most complete that can be made by the best air- 
pump on the Sprengel or Geissler principle, there must, 
according to tlio theory prof^osed by Faraday and now 
almost universally accepted, be a medium or diekdrk 
vrhich transmita the electric influence. To this view 


Distribu- 
tion of 
Sources 
over 

IsoMiennal 

with 

Intensity 
equal to 
Flux 


Equiva- 
lent to 
Actual 
Sources. 


Influence 

of 

Dielectric 

Medium. 
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Faraday was led by the results of his own experiments^ 
which proved that the phenomena of electrostatic 
induction depend on the niiture of the dielectric 
incilium interpo.sed Ik^ tween the conductors; and ho 
gave a theory of the action of the medium which has 
since been fully worked out mathematically by Thomson, 
Maxwell, and othei-s. It wouKl be out of place here to 
give details of the thcoreti<‘al invi'stigations of these 
writers ; we shall merely state briefly such results as 
for the nmst part will l>e of use to ns in the accounts 
of measurements which tbilow. 

The (consideration of the pro|>agation of electric 
action through a medium, as due to a |>olanzation 
of its particles along the lines of lur<‘e .so that eiudi 
Wcomes op|K>sitely cleetriflfd at its t.*xtremities, shows 
that the tmnsmission of electric foref' flepends on a 
certain charaebTistie property of the medium, in 
precis«dy the same way as the rate «>f flow of heat 
in a substance de[>ends on the thermal conductivity 
of the material. We have, in the sketch of tln^ ana- 
lt>gy Wt\v(jcu heat conduction and <de«.‘trostatic theory 
above, put a: = 1 , in intcTpreting electrically the results. 
The Inhavioiir of diflerent niedia can however Ijo 
accurately expressed by .supposing each medium to 
have at every point a quality whicli is the (umlogue 
of thermal conductivity in the parallel theory, and 
is coIIckI the Spemjk Induelive mytacity of the medium. 
We shall see when we come to deal with magnetism 
that precisely similar considerations apply to magnetic 
media. Also we shall see, chap, ii., that the Tlieoiy of 
Row of Electricity is completely analogous to that 
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of Heat Conduction, or that of the motion of an 
incompressible fluid under certain conditions. 

As most of the experimental investigations hitherto 
made have been on media which have the same electrical 
qualities in all directions, we sh?ill give here only some 
general considerations regarding such cases, and shall 
deal sj)eeially with such questions regarding crystals 
and other bodies of a‘olotropic structure as may arise. 


The tlionnnl analo|?y sliows clearly how the remilts given above 
for a tnediiiin of unit specilic iinluctive capacity (or cacuum as we 
denote such a niediuin for brevity), are to i>e iiKjdificd in the 
case of 4ny other nicdiuin. We have seen that the total flow of 
heat across any closed surface in a inediuin of thermal conductivity 

k is " r f kih . (Irjdv, Denoting the specific inductive capacit}* by 


Modifica- 
tion of 
Theo- 
retical 
Results for 
Medium of 
Sp. Ind. 
(Jap. K. 


A', we have for tho total i|uanlity of cdectricity within any closed 

surface in llio electric fieltl the value - i I f A' and 

47r J J dv 

Kdn.dV th is now the Efrvtrh' InduHitm across (he element fAr, 
dVfdp as iK'forc the eoiupunent cdectric force at right angles to 
tlie surface. The iiuiuctioii is thus a directed quantity which has 
at every point in an isotropic inediuiii the same direction as tlie 
electric force. 

We have thus in all the iTivcstigations above to substitute for 
the component forces ~ df dx^ tho expressions ~ KdVjdx^ 

&c. (which are called the of hUctir%c Induxtion)^ to 

make tho results app]i<.‘ahle to the case of an isotropic mediurn 
of inductive capacity A’. For example in Green’s Theorem, p. 6H 
above, obtain tho ewpiatioii of energy by putting b = 
and tt* jsr A*, and dividing by Str. 

Wc also ae© that the force between two quautiliea f of Force 
electricity concentrated at points at distance r apart in such a between 
medium w otf'/AV*. . , , two Point 

It mny be noUced here that jurt aa in the thennal analogy the chaigea 
direction of the flux of heat in an aolotropic body is not in 
genend at right angles to the -isoUiermal surfaces, so in an 
leolotropic medttiiit the ditectiou of the resultant electric in*- 
duction St any point is not in general the same as the dtrectiw 
of the reanltaiit tdectrio force at the same point. Hero alio ;W 
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two theories are parallel, but it is beyond our limits to enter 
Form of into tliem. 

Poissoa’s We also get at once the modified characteristic tHiforoniial 
E juathm. equation for a inediuin of sp«>cific inductive capacity A\ varying 
from point to point, but the same in all directions at any one 
point,-— 


// 

iiJt 


/ //r\ 

d , 


i . d i 

f dr\ 


i + 7 

djr 


i+*i 



+ 4 itp ^ 0, (99) 


and at any electrified surface in the medium,— 

A'(™' + + 4rff = 0. . . . . (100) 

Surface the electrified siirfiic© Ik) a surfice of separation between 
Epiations. two iiie<lia of sp»vifi*« iuductivo capacities A\, Aj, tht» surface 
equation is by (976) alK>ve 

A', ''^3 + A', + 4jr<r = 0. ... (101) 

fiVi 

In the case of a field 4>ccnpied in different n:‘gions by media of 
sevettil different 8{K*ctfio inductive capacities, rJic charactcristir c<|uation 
Media in lx* applied with the C(»rrespoudiug value of the A s in each 

same region, and the surface equation (101 ? jit eich separating Hurface, 
It to 1>© <vb.^.‘rved that the electric densities p and a- arc the 
I true ♦dcK'tric di.^nsities whn h exist in the form of an electric 

T t charge conveyed to the medium or placed on the surface, and do 

Eletq^riri -vv itwlude ific chjctrilication of the medium in consequence of 

tions. tndttclion. 

We may put the theorem of (10 1 } into words as folhiws. 


If *V,,iVj be the normal force-s at infinitely near {mints 
on opposiUr gifie.^ of the surface of .^{Kiratioti iHjtween 
two i»otro})ic media, each force being reckoned in the 
direction from the surface, A'’,, K^, the H{)ecific inductive 
capacitic.s of the respective intslia, and if there is no 
electric charge on the surface except that due to 
bduction, tiien 

+ ATgiV, » 0. . . . (101 iii) 
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This equation may be written in the form Case of 

+ JV, - W = 0, ... (102) iTeSrii 

where / same 

1 K ^ K 1 K ^ K Field. 

^ 2 * ( 103 ) 


a = 


-iTT 




47r 




and “ Ap- 
rent’* 


This value of cr' is the electric surface density which 
would exist on the separating surface of the media if 
each had unit specific inductive capacity and 
their actual values, and has been called by Maxwell * the 
apparent electric density on the surface. If a distri- 
bution of this density be made over the surface of the 
space occupied by and the specific inductive capa- 
cities Ky, be made each unity, the same electric force 
will be produced at all points internal or external. For 
the distribution if made gives the actual values of N at 
the surface, and equation (99) will plainly be satisfied ; 
and we have seen that under these conditions there can 
be only one value of the potential at any point. 

If this apparent electrification be removed during the 
action of the inducing force by bringing every part of 
the surface to zero potential, say, by passing a flame 
over it, and the inducing force be then removed, there 
will appear a true electrification equal and opposite to 
a. This fact has been used by Sir William Thomson 
to explain the phenomena of pyro-electricity shown by 
certain crystals-f 

We may also write for Poisson’s equation, (99) above, 

0. . . . (104) 


, d^r , d^F , 


^ JSl, and Hag^f vol. L, 2n4 ed., p. 95. 
t IbvL p. 68. 


VOL. L 
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where 


dKdr 

dx dx'^ 


dK dr 
d 'si d} 


dK dr 
ds dz 


+ 4ir(/) - p'K) 


0 . ( 105 ) 


If K 18 constant the last oqtiulion g-ivc.s 


p 


P 

K 


(m 


TliG value of p given by (XOd) is that required in a Held of 
specific inductive <‘apacity unity to pro<luc«» the same f>otential iw 
t* 0 i tlie actual field by the density p. 

of surface of separation is not at right angles tn the line's 

of Force* force, then resolving tlie f»>r»*es at two infinitely near points 
«^n opposite sides of the surface alorig and at riglil angles to the 
normal, we have hy (lOl), if the surface is not electrified* 


K, f > + K\ = 0. 




d¥. 


and since «= / j, at every point of the surface 



where dFid^ denotes rate of variation of fK»tcntial in a direction 
parnllel to the surface of separation, and in the plane of the lino 
of force and the normal. Hence if Pp 6 ^ l»e the angles which 
the line of force iiwkes with the normal in the first and in the 
iw’cond me<iiufn rc»pectiv«dy, w*o havn 


tan 01 - 





tan 03 TO 


df \ jdr^ 

</« / d ¥3 ’ 


and therefore 


tan 



tan 0 ^* 


( 107 ) 


Cm- The line of force Unis undergoes a species of refraction in 
pammi of which the tangents of the angles of incidence and refraction 
are related as are the sines of the' corresponding angles in the 
j4atie and refraction of light It is to bo observed that according to the law 
of refraction of lines of force they can show nothing correspoi[idin|p 
"wirae- optical phenomenon of total refiectioiu This refraction ts 

illustrated in Fig, 26. 
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If the surface of separation between two media be at right 
angles to the ItneH of force in one nie<iiittn^ it is by equation ( 107 ) at 
ri^it angles to the lines of force in the other, that is, the suiface 
is un equipotentiai surface. 

The apparent electrification and the force at any Examples, 
point are ejisily found in the following simple cases, 
whic h it is instructive to consider. 



Fig. 26. 

(1) Two Isotropic media A, B (Fig. 26), of specific (i) »iyo 
inductive capacities K^y K^y have a plane surface of 
separation, and a pointrcharge of amount q is situated 
at a point jP in the medium at a distance d from the 
plane of separation* The normal force due to the cfaaige 

1 2 
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lie 

Two 
Media 
seimrtited 
by Plane 


q is at any point E in the plane, q.djPE^ in the direc- 
tion from A to B. Hence if cr' ho the apparent surfacre 
density at E we have the equations 


But by (103) 

1 i 

Hence wo have 



+w') 

P£^ + 

II 

PE^ 4 ^7r<T . 1 

C,-k\ 

Y - * ^V 

' “ 4w / 

a; • 


. (108) 




= - 


‘2k\ 
A , 4“ A 


V'' V 


2k\ q.l 

k\ + aV vk^ 


( 100 ) 


The f<>rc(? at nr»y [Xiint in the ineiliuin -1 is there- 
fore by the j»rinciple of electric images (p. 8+) that 
which, if and B were repla<;ed by a single inediiini 
of unit sficcific inducti%'e caj»acity, would bt* pnslnccd 
by the charge q at /’, and a charge »>f amount 
9 (A', — A'^i (A", + A'j) at the imago F of P in the plane ; 
and the force at any point in B is that which would 
be produced in the same circumstances by a charge 
2// AT, /(A' -4- A',) at />. 

The directions of the lines of force (or, as they ought 
rather to be called, lines of induction) for the case of 
A'j a» 5, A'l *= 3, are shown in Fig. 20, which represents 
a miction of the electric field made by a plane passing' 
through P and cutting the plane of separation nor- 
mally. The cloaetl curves which surround P are 
secUous of equipoteotial surfaces, and the lines cutting 
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them at right angles are the lines of induction. The Two 
equipotcntial surface nearest P in the diagram is a 
sphere, and the surfaces interior to it are omitted. byPlaoe 
The distances between successive equipotential surfaces 
on the left show how the electric induction K^F varies 
from })oint to pjint in the medium, and tlie lines of 
induction are s<> drawn that if tlie diagram were rotated 
about the line PP the. field on the left of the plane 
of separation would be divided by the equipotential 
surtaces, and those generated by tlie lines of induction, 
into cellular spaces each containing the same amount 
of the eU'i'irieal energy, considered, as in p. 34 above, 
as having its seat in the medium. 

On the right of the separating line the curves are 
the continuations <»f tho^e on the left into the second 
medium. The equijiotential surfaces are here spherical 
sui faces with P as centre, and the lines of induction 
straight lines radiating from P. 

The apparent density for any given electric system 
is of course obtained by superimposing the densities 
thus found for the seveml elements of the system. 

(2) It is easy to apply the principle of images to find (2) Two 
the force and potential at any point, and the density of 
the apparent electrification, in certain simple cases of by a Plane 
three or more media occupying different regions of the * 

electric field. For iastance, let the infinite planes AB 
(Fig. 27) bi^ surfaces of separation of three dielectrics 
which completely occupy the field, and let the electric 
system be a |)oint-charge at P in the medium between 
the planes. Let the specific inductive capacity of the 
medium to the left of .4 be denoted by jST^ of the 
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i*c« right of B by A'o, and that of the 

sepsTiited riiedium betAveen the planes by A' ami write for 

+ ^'y t 

tiiini, parent electrifications of the pianos A, B, can be built 
iindt^r 


of Point. 

Charge in 
oii<r 

i 

Oi 


'4 i; i. ff 

! ^ 1 
i i 


A 

1 * 
1 

\ 

\ii 


( K i 

t Iff 


Fi<;. 


Up by consiilering the ap|mront elech ifii ation on A *luo 
directly to the clnirge q at /*, then the appiirent electri- 
fication of B due to y Hi P and tin* eU ciriticatit^n of 
A iilready found, then the ehx’trifiration of A due u> 
the eieetrification of B already found, and S 4 > on. \W 
get in this manner the result that the potential, and 
therefore the force at any |x>itit whatever, proiltice^l by 
the apparent electrification, is that rlue to a series of 
chaiges of the amounts and in the positions specifie<i in 
the following table : — 
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Charges equivalent to Apparent Electrification. Apparent 



L— Plane A, 

Electri- 
fication of 
Planea — 
<1) When 


Positions (Fig. 27). 

Charge is 
in Middle 
Stratum : 

Por/,. 

f/j or /«, e/g *^3 



Cliarges. 

^2?. &C- 



Distances from plane A. 
a + 3a + 2/3, 3a + 4/9, &c. 



Totiil cliurgc on plane A ^ ^2^ ?. 

The S:c,A here indicate that the series are to be 
contimie<l to infinitv acconlinsr to the law indicated. 

U.— Plane /?. 

The swime tfihle witli / written for Jy J for /, for 
/ijr, and fij for /Xj, a fur and for a throughout^ 

In these Dibles alternative positions are given for the 
charges. Of those the first in each case in the first 
table and the second in each case in the second table, 
or vice versd^ are to be used in calculating the potential 
( Vx or at any point according as the point is on the 
left of A or the right of B, and the second in each dase 
in both tables in calculating the potential (V) at any 
point between A and B. If Q be any point, we have Set 
the potential in each of the three cases the vahiee*^. 



m 

Apimrent 

ifteatloii of 
Flmietg-- 
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) 


f (110) 




'/, ^ (ji, " V/, 


+ Ax 




(2) Wlion 
Ctisrge w 
in oiM) of 
tho 8kJi? 
J>i«l«ctnc9u 


The expression for J'j is <»btaintHl frfmi F, by writing 
fi, for /t.j, /Xj for /i,, and / for J throughout. 

Let the }s>8ition of the charge, lie in the tnediiun 
to the left of j4, and let in thi.s cast; A' A'|, A'!, denote 



e F 

c fi. 


'J 



A 


$ 



^2 


FfC. 28. 


the speofic inductive capacities of the media in the order 
from left to rigbL We have the following table in 

which (iir-A'j)/(Ar+ Ar,),/*,-(A;- jQ/CA' 
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Charges equivalent to Apparent Electrification. 
Planf A. 

Positions (Fig. 28). 

/i or P, Ji or I,, J 2 or J^, J.^ or 


Apparent 
Eteetrlfi- 
cation of 
Planes— 
when 
Charge is 
in one of 
the side 
Dielec- 
trics. 


Clrargps. 

Di.stances from plane A. 

a. 2/8 — a, 4,8 — 3a, 6/8 — 5a, &c. 

Total ehatge on piano A ^ ^ 


Plane B. 

Positions (Fig. 28). 

P or Ji, I, or «/,, /a or Jy I ^ or &c. 

Charges. 

(1 -(1+Mi)Mj»' 2*2- (l+f*i)/*iVi’2.-(l+/h>iV.&c- 

Di.stances from plane B. 

3/8 -2a, 5/8 -4a, 7/8 - 6a, &c. 

Total charge on plane B » 

If V, V‘^, r, be aa before the potentials at a pomt Q 
in the media of specific inductive capacitiee £ 1 , 
respectively, we have — 
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V ^ n (\ 4- I ^ 4- _ &£. 

Ml ^.„V 

Vj' 

The apparent density at any ])oint on either plane is 
eaiiily found fniin the charges and their distancfjs in the 
nmimer shown in pp. 84, 80 above, 
trie OV The following ciw^e is of great importance in tlm 
IfuaWm” thetiry of magnetism and of practical interest in the 
Field, exjjerimental determination of s|>ecific inductive cai)a- 
cities. A spherical js.>rtion of an isotropic dielectric 
m^sliutn in which tlie electric force has everywhere the 
s<ame magnitude and direction, that i.s, in which there is 
a nnifonn field of is rephice^d by an etpial spheriad 
portion of another isotropic dielectric. It is retjuirt^l to 
find the apjmrent electrification, and thence the force at 
any jioint without or within the sphere. 

Let A'l, be the spedfic inductive cajj^ficities of the 
siirrounding incsliara and the sphere respectively, i’the 
unifonn electric force in the first medium pro<luced 
independently of the apparent electrification, Af,, jV^ tlie 
external and internal normal comjx)nent forces at any 
point due to the apparent electrification, <r' the surface 



DIELECTRIC SPHERE IN UNIFORM FIELD. 


m 


density of the apparent electrification at tliat point of 
the separating surface, and d the angle which a radius 
drawn to the jxiint makes with the positive direction 
of f\ Taking iV,, in the direction from the surface 
on both sides we get by (101 bin) and ( 102 ) 

Feme + (- FcosO + 0 

or 

"'-Sr 

'“"i + . (112) 

This is the surfac-e characteristic o<iuation. The dis- 
tribution supiwscd formed in the following manner 



satisfies this equation at the surface, and Laplace’s 
equation at every internal and external point, and 
gives therefore the apparent surface density for the 
case. Two equal spherical volume distributions of 
electricity of uniform density p, one positive, the other 
negative, and of the same radius as the sphere, are 
placed in coincidence ; then, according as is greater 
or less tlron iTi, the positive or the negative distributioB 


Condition 
satiafied 
by Normal 
Forces at 
Surface. 


Apparent 
Density 
given by 
“Couches 
de Glisse- 
ment.“ 



3il 
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of 

iK^nsity. 


Force at 
•iiy 

ruteraal 
Toiiit *lw« 
to 

hutioa. 


Iiitemtl 

Fkld 

Uftifomt 


is displaced, Fig, 29, in the direction of F through a 
finite distance a less than the sum of the nulii. A 
positive volume distribution of meniscus shape is thus 
formed on one shle, a negative distribution preiasely 
similar on the other, and in the sj>ace occupied by the 
a>ineideut parts of the distributions tln^re is iiero eledric 
density. Now let the clistanee a l)e diminished in<lefi- 
nitely and the density of the voinrne distribution p 
increased so that prt remains equal to its liiriner value. 
Drawing tlien any ratlins making an angh* 0 with tlie 
ilirection of I\ we have fur the thickness of the stnitum 
ill the direction of the radius the value a . cos 0. Henc<‘, 
writing for up, the surface density at the extremity 
of the radius is <r\yCi>s0. Its value is a* or — cr^ 
according as 0 « iK or 1<S0'. 

Tlu? force at any internal [w>int J* due to the distri- 
bution is plainly the resultant of the two fouvR due to 
the two spherical jHirtions of the volume distrihutious 
w hich liave V, C' as centres and P a common ]>oint on 
their surfaces. These forces are in magnitude re* 
sjieciively 4/3.irp.f7\ 4;3.7rp.C7', and act in the 
directions shown in the figun?, and therefore tludr 
resultant acts in the dinM^^tiori UC\ Putting Ji for 
this resultant tiiken |Kisiuve in the direction of F, 
we have 

/; « _ f ,rp CC ^ . (118) 

It is therefore constant in magnitude. The total 
forr^e, F q- H, within the sphere, is therefore also constant 
in magnitude and direction 
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By (113), 

4 4 

JVJj « g cos ^ 'rrar\ 


iBtemal 

Field 

Umibm* 

which gives by substitution in (112) 



a == 

3 Ka A ^ ^ ^ 

•Ftt 2A'i + A'^ F ( os e cosd. 

(114) 


Therefore 



and 

~ + K, 

(115) 




(110) 

Kesultant 

Internal 

Force. 



Fio 30 


Henco according aa A", is greater or less than the 
force within the sphere is less or greater than the force 
F mthouL 

The directions of the lines of force outside and 
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R^itulunt inside the sphere are shown in Fig. 30* for the case 
of « 2*8A^j, and radius of sphere = liu ; in Fig. 31 
for A'g == and radius of sphere = 1*34^^ 



Fio. sr 


Caws of 
iag 

la 

trnllr»nB 

Fkld. 


If the sph#?re is of comlurting material, A ’2 « oc , and 
A-f-iJaaO, as it ought to Ik?. In this case also we 
have 


3 

47r 


F cos 0. 


(H?) 


'Dm? dirt*rti«»ns of tho lines of force for the ciwe of the 
comlucting spliore are aliown in Fig, 32.* The radius 
of the sphere is o/Vs = ■JVhx. 


( W — |i*/ “ *** J • 

Th. ««i«, of th, tiKle i, tt. ^ ^ ^ ^ 
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Tlie potential energy of the dielectric sphere in the Potential 
uniform field is found simply by calculating the work 



Fic. S2. 

done by electric forces in the relative displacement of ^herein 
the imaginary volume distributions. If r be the radius pieW. 

cufta U a Atniight lin<% ik tlio axis of In Figs. 30 and 32, y- is 
everywhere Ie.s5 than ; in Fig, .31, y® is everywhere greater than 
Kach set of curves is drawn for a constant aaluo of a which ia indicated 
below the diagram, and vahifts of b equal to 0, •2a, '4a, •6a, .... l*6a, 

III Figj*, SO and 02, the ctirre for b - a - l *875a is drawn. 

This curve )ta« a pair of double points through which the circle In 
Fig. S2 passes : in Fig. SO these points fall within the circle and are 
not shown. In Fig. 82 the circle has radius « a/^2 ~ ^79ia and 
outs ftHh ogo nelly all the curvesi except that on which are the double 
points : in Ftgi. 80 and 31 the mdti of the circles are l/!a and l*84a 
lei^tifety. (See Sir^W. Thimiion'a i&jwetU qf Pupwe m EMrth 
p. I02| flrom which these Figures are taken*] 
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Potential of the sphere, the total quantity of electricity in the 
P<^sitive volume distribution is 4/3 . Trpr^. The work 
done by electric forces in displacing this through a dis- 
Field, tance a is 4/3 . Trpr® . Fa. Hence, if E be the energy of 
the sphere in the fields 

J -m^F.pa = I irFFa'^ 


Fore^ in 
Variable 
Field: 
(1) on 
Hkleotrie 
Sphere ; 


- r- 




(118) 


2A' + A', • ' • ■ ■ 

This expression has been obtaine<l for a uniform 
field, but it will also hold for a variable field if r be so 
small that tlio value of F is sensibly constant in magni- 
tude and direction at every’ |x>int of the sphere. 

On this .sup|>osition, the rate of diminution of E in 
any direction p in n variable field is given by the 
equation 

_ dE _ , A\ d{F^ 

iip ^ 2A"j f Kij dp 


(119) 


^S) OB 

Conduct^ 

ftphtre. 


and this must be the total tdeotric forcre on the sphere. 

Writing y, z respectively for p in this formula we 
get X, Y, Z the component forces in the direction of 
these variables. The din*ction of the resultant force on 
the sphere is that for which d (F^/dp is a maximum, 
and in which F* increases. The direction therefore in 
which the sphere tends to move is towards a place of 
maximum value of F ' ; that is, in which the value of F is 
numerically greatest without distinction of sign. 

For a caodocting sphere (119) becomes 

dp dp 


. . (120) 
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ami the sphere tends to move in the same direction as Force in 
the dielectric spliere. ^Fieldl'' 

Since, as we have seen, there is no place of maximum (2) on Con- 
or minimum potential in space not occupied by any Sphere? 
part of the electrification, a point-charge, or small spheie 
supposed urjifonniy electrified, would nowhere be in 
stable ecpiilibrium except in contact with some part of 
the electrification ; and the proposition may be extended 
to any eh*ctrified body. lienee in the cases here con- 
sidered the spliei't^s move along the line of greatest 
variation of foret* to\\ards a place whore the force is 
numerically greatest. Generally, this is the direction 
in which all Iwlic^s of small dimensions, placed in the 
oleetrh* field without charge, tend to move. 

By (1 IDj and (liJO) — A"j) v-A'j -f- is tlie ratio 
of th(* force on a dielectric sphere of sj>ecific inductive 
capacity K., to the force on a conducting sphere of the 
same ratlins plac(‘d at exa<‘tly the same place in the 
field of siH'cific imluctivo cajiacity Ky 
This relation has bt en used bv Boltzmann for the 


determination of specific inductive capacities (see 
t:bap. VU.). 

We shall now aj>ply the results stated above to one or 
two important cases : — 

(1) An electric field consists of two regions, one Tacmim 
bounded by cMjuipoUmtial surfaces, and filled with a 
dielectric of specific inductive capacity K the same in all DieltH?tric 
directions, and tlic other, the remainder of the space 
within the zero equipotential surface, occupied by a Cap. K, 
dielectric of unit specific inductive capacity. It is 
instntetivo to refer this example directly to tlie thermal 
vot. L K 
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Theniial 

Aaitloifqo, 


4>f 

Liy«r in 
of 


analogy. The analogue of the electnfieJ system is a 
geometrically correspoiuling system of hoat-sources anil 
isothernnil surfaces in a ineilium of conductivity every- 
where unity, v^xoept in a region l)ounded by isothermal 
surfaces, where the conductivity is k\ Supjwso the 
whole laodium at first of unit conductivity, and 
that then a medium of condiwtivity k is substituted 
for the formc'r medium in the space rt ferred to, while 
everything cNe remains unaltered. The etTt»ct of in- 
trcxluciug the medium of (say) highcT (‘on«iu«‘tivity is t(» 
diminish tht? ditVoreuce of temperature between tlie 
inner and outer surfaces of the new medium in thc^ 
ratio of 1 to since everywhere in that niediurn the 
flux along a line of lluw becomes - which, as 

the gemmation of heat is unc hanged, imist be equal to 
the former value of — Hence also tin* flux at every 

fxiint which is not in the new medium is um lmngc'd. 
and we have therefor*.? at every such j)oint the samegra- 
client i#f t*uujH*ralure Ixfor**. ami therefore ai.so the 
same dirtVriujce of torn}K*rature as Wfon*, h«*tween any 
j>v»int of the .system of sources and the inner surface of 
the new mo*lium, and between any jKunt in the outer rcur- 
face of the new medium and the surface of zero temjxua- 
Itire, If then the k*m{K?rature of the inner surface was 
formerly r, and fliat of the out«*r stirface r\ the 
tiiro of any pi>irit of the source has lieen loweml hy the 
Introduction of the medium of conductivity k by an 
amount {t vyk — 1)/1\ 

In pn^ei«i?iy the same way in the electrical problem, 
if the electric charges are kept the aame, the electric 
force at every point inride or outside the now medium 
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is unaltered, and, at every point within the substance 
of the medium itself is changed from its former value 
F to FjK, and the [x>tential of any part of the electrified 
system is lowered by the amount (F— F')(ir— 1)/A", 
wdiere V and V* are the respective potentials of the 
inner and outer sepaniting surfaces of the media. 

If the new medium fill the whole space between the Capacity 
electrmed system and tlic surface of zero potential ilciiM-r 
V’ = 0, the potential I^of any part of the system has 
been diminished in the ratio of 1 to and the 
(jliarge <»f the whole system necessary to prcxliiee a 
given potential at any part of it lias therefore been 
increased in tlie ratio of A"" to 1 ; that is, the electro- 
static capacity of the system has been increased in this 
ratio. 

The same results would be obtained by imagining 
the medium of inductive capacity JC replaced by a eriuivalcnt 
medium of unit inductive ca|mcity, and the internal 
and external surfaces of the region electrified so 
that the surface density at any }K)int of the inner tricity, 
surface is 

dr 

^ 47r dp 

and at any point of the outer surfiice 

47r dp 

where dVjdv is the rate of variation outwards along a 
line of force passing through the point taken in the 
first case just inside^ in the second case just outside, the 

K 2 
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ixf i.-iy» ?!4 

fit 'flittmnt 
Dielectrics 


region in question. Theiswtj being equilibrium distri- 
butions would not alter the nctual distribution, niul 
the force inside and outside the n*gion at any jX)int 
would bet the same as before* while within the region 
it would bo diminished at any point in the ratio of 
1 to A" 

We see in the same way that if the s|H.‘eirie inductive 
capacities, instead of lx*ing 1 and A" were rt\HjK‘r(ively 
A'j and A\, the tlitlerence of j>otentiul iH^twt rn the two 
sides of the layer A', wtiiild be less than its valu*^ for 
the same space occupied by the medium A'j in the 
ratio of A'j to A",, and the deiisity of the imaginary 
distribution described in the last paragraph would 
Ik* 

^ a;- A' jr 

4‘rr (Iv 

fnt the inner surface, and f»»r the outer surfaee 

iTT th 

(2} The same inethcxl applies to the case of a 
fiehl comjK>sed nf diele<‘tri<‘s of intluctiv*^ capacities 
A^, Ac,, each l>ounded by eqnipotenlial surfaces, 
and arrang<sl in this order outward.s from the electrified 
system* which we supjios#^ in the me<lium Led. V 
be the [potential of any part of the electrified system, 
F^ the |K>tential of the outer surface of A"| and the 
imi«*r surface of A^'jj, Vg the potential of the outer 
surface of and the inner surface of A^, and so on. 
Then if ifj alone were replaced by vacuum, T — F, 
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would become Ki( V — Vj) the other differences of Condenser 
jx)tential remaining the suime as before; if were 
then replaced by vacuum, Fj — would become ofdiiterent 
“^ 2(^1 ^ 2 )* Hence, if all the media were 

replaced by vacuum, the potential of any part of the 
electrified system would be changed from F to 

F,) + &c. 

lle)ic«% if 0 Ikj the new^ value of the electrostatic 
capacity of the sy.stcin and C its former value, 
wo ha\'e 

z= ^ fl21) 

cr A',. /' t\) + ~ F,; -f A:c; 


Maxwell* has considered a dielectric medium sur- MaxwelKs 
niding an olcctritiod system as in a state of strain st'j'tlsin 
er stresses consisting of a tension (as in a stretched 
t or cord) acting at each point along the direction Medium, 
he tdi'ctrie fon e, and an equal pressure at the same 
it in all directions at right angles to that of the 
trie force. The amount of the tension and pressure 
h taken in units of force per unit of area) at any 
nt at which the eh'otric fon c is A’ in a medium of 
icific inductive capacity Jv is A'A’^Htt; that is, equals 
34 abf)ve) the (‘lootric energy of the medium per 
it of volume at that ixnnt. 

Further, he has regarded the (dectric charge of the **EWtriG 
tern as the surface manifestation of a change Avhich 
>k place in the medium when the electrification Was 
• up. This change he has called Electric Ei^placemmit, 

Eh and vol. i., sec. e<L. 50---6f and 153—156. 
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nrul eoDsLsLs in a jm^sago, across overv siirfaco drawn in 
the inedium so as to enclose the (*lectrified system, of a 
^Electric <juantity of electricity equal to the <^hargo on the system, 
jMait' so that the introduction of a charged system within a 
closed space does not pro<luce any change in the total 
quantity of electricity within the space. Thus when 
one coating of a condenser is chargt‘d p^^sitively an 
equal quantity of jKxsitive electricity pit^scs t‘>\vurds 
the other coating across every ififennetiiatt* surface, 
and the cliarges on tin* coatings are to be n garded as 
the charges of the surfaces td the separating tliehH:tric. 
If any change take place in the charg»\ a c‘/rresponding 
('hange takes place in the dis|dactuue!iL IIcm\‘ when 
a quantity of electricity is transferred fnan t/ne c«>ating, 
to the other, //. as when ch{ir4e or discharge takes 
place along a wire comucting them, an ocpial <pi:intity 
of tdectricity crosses c‘very s<*cf.ion <d' di(‘l<‘ctrie from 
II towards A, If therefore wa* regard tint proc<*ss of dis- 
placement as an electric cun*cnt, tlm dicdeefibr and the 
win? constitute a eh>s»>d ciicuit round which a eurrenl 
so long as any change in the elctdric stati! of the 
system is taking phu^e. 

Surf* . The nmgnitadt? of the electric displacement is AT Itt, 

* ^ and tin? displacement acroas any ehunerit c>t of a surface 

drawn everywhere at right angles to tlio lines of 
induction is The integral of this expression 

taken over the surface is the whole quantity of eleetrioity 
in the ftmn of a charge within the stirface. 

The ratio liv/AT of the electric force bi the electric 
displacement Maxwell haa called by analogy the 
of Ekxirw Eladieil^ of the medium, lu 
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'irtue of the electric elasticity a force opposing the 
lisplacenient is set up which restores the medium to 
ts former state when the electric force is removed. 
M a conducting wire this elastic force is continually 
jiving way, and being restored by the displacement 
jontiuually going on, which tlierefore constitutes an 
dectric cunent. 


Electric 

Elaiiticity. 



CHAPTER II. 

THEOnY OF FLOIY OF ELECTRICITY, 
Skction I. 

GESBRA L COStHDERA TJOXA, STEAE Y FLO lY. 


Hitherto we have been iiealing with the .statical 
phenouiena of electricity : it is necessary now, l)efore 
entering on the subject of even purely statical measure* 
inents, to briefly consider some of the phouoiuena and 
laws of current electricity. We shall not, however, here 
deal with any part of the great subject of electro- 
magnetism, but reserve that for a special chapter pre- 
liminary to an account of eicctrotnagnetic ineasurements. 
Phciio- When two c^mductors arc brought into contact either 
attending directly, or by moans of an interjx^sed conductor in 
contact with both, there ensues in all caises in which 
the two conductors are of the same material (if not in 
Klectnc d,ll cases whatever) an oc|uali%ation of their potentials. 
System. This equalization does not take place instantaneously, 
although for most practical purpoi^s the time dunng 
wlijch the change takes place may be regarded as 


infimtely short. 

eveiry such case there Is a diminution of the 
eleetaric eneigy of ^ the conductor which is at the higher 
potential accompanied by a fall of its potenlialt an 
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increase of the electric energy of the other conductor Dmfau- 
with a rise of its potential, and a diminution of the m^c 
electric energy of the whole system. To estimate these Enewof 
changes in a specific case we shall suppose that the 
conductors are brought, without any change of position, 
into contact by means of a thin conducting wire such 
that its capacity may be neglected in comparison with 
that of either of the conductors connected. After con- 
tact therefore these may be regarded as one conductor 
with charge equal to the sum of the separate charges 
before contact, and cajmcity equal to the sum of the 
separate capacities Let then (^i, Q^, be the charges of 
the conductors befoie contact, A',, their capacities. 

The energy before contact was -t- 

after contact it is + A'j). The diminu- 

tion of energy is therefore given by the expicssion 

Qi (Q^ CV/’ ) = /<?! - Q. 

* I A\ ^ A', “ A', + A', / ^A\ A', (AT, 

which is essentially positive 

The eneigy represented by this expression is trans- ^^l^**** 
formed into heat which, when no magnetic or chemical Lost*” 
work is done, takes the form of heat given out partly 
in the intermediate conductor, partly in the conductors 
themselves, and parti \ in a spark when the contact 
is made. 

The passage to the new state of equilibrium may 
be made to occupy a longer or a shorter time «>• idonta 
cording to the arrangement adopted. For examj^, if 
the conductors he the opposite plates of a 
and the joining conductor be a long thin wire wolunl 
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iato a helix containing an iron core, the timo taken to 
annul a given difference of potential between the con- 
<luotors may be made so long as to be capable of exact 
measurement. 

Eleetric During the time of transition there is a flow of elec- 
Correut jjjjg conductor to another, and this is what 

is called an Electric Current. 

HeMnre of The average Strenffth of Current over any cross-section 
of the conducting wire is measured by the limit towards 
which the ratio of the quantity of electricity, which passes 
the cross-section in a small interval of time, to the mag- 
nitude of the interval approaches as the interval is made 
smaller and smaller ; that is, it is the time-rate of flow 
of electricity across the section. Hence, in all cases in 
which the current may bo regarded as having the same 
value at any one instant over every cross-section, the 
time-rate at which one conductor loses and at which 
the other gains charge is equal to the current We 
shall see later how current-strengths may be measured 
experimentally. , 

The current has the same value at every cross- 
of Steady . , , ■ n , . i . 

Comot. section when the capacity of the connecting conductor is 

negligible in comparison with that of each of tho con- 
ductors connected, and also when the current is kmlf ; 
that is, when its value for any one cross-scction does 
not vary with the time ; but in many cases of currents 
of very short duration the assumption of the fulfilment 
of this condition must be regatded as giving results . 
which are only approximately true, and in other cases, 
for exunple that of a submarine cable, cannot be made 
at all. 
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When, however, this condition is fulfilled, we see that 
an electric current may be compared to a current of an 
incompressible fluid between two vessels communicating 
by a rigid canal, which opens only into the vessels and 
is kept full by the current. The difierence of potentials 
between the conductors is analogous to the difference 
of pressures between the two vessels, and the current 
across any section of the conductor to the time-rate of 
flow of the fluid across any section of the channel. 
Since the fluid is incompressible and the channel is 
kept full and unaltered in dimensions, the time-rate of 
flow, however it may vary with the time, will have at 
any one instant the same value at every cross-sectioaa. 

The time-rate of loss of energy at any instant is 
pbinly equal to the product of the current and the 4if- 
ference of potentials between the conductors. Denoting 
the potentials of the conductors by and Fj, and the 
current or time-rate of loss of charge by 7, and using A 
to denote time-rate of working, or Activity, we have for 
this case 

= r,)7. (2) 

This expression is of course precisely similar to that 
which in the hydrokinetic analogy expresses the rate of 
working of the current of fluid. 

The flow of electricity in bodies is also exactly analo- 
gous to the conduction of heat and to the difibsion of 
Uquids and gases, and the mathematical theory common 
to these two classes of phenomena may be used ako to 
give Finite in the electrical problem. Wo shall see 
below that the amount of flow depends on the nature 
of the substance exactly as the flow of beat depends on 
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conductivity bf the substance. In fact, if 
TheinMl we take a difference of temperature as the analogue of 
a difference of potentials, rate of flow of heat across an 
area' as the analogue of an electric current, and con- 
ductivity of a substance for heat (taken as independent 
of temperature according to Fourier’s supposition) as 
the analogue of a quantity which we call the Specific 
Electric Conrluctmty of a substance, we may transfer the 
equations of heat conduction bodily to the theory of flow 
of electricity. For example, the theory given in Section 
V., Chapter I., for electrostatic induction in different 
media, can beat once translated into a theory of electric 
flow, or, as it i.s also called, conduction of electricity, in 
different media; and we shall see Irelow that the results 
of that section are .available without modification. 

The analogies we have referred to are only some of 
those which exist between the mathematical theories of 


Electric 
RemUmce 
of a 
LiiMar 
CoadaetcT. 


electricity and magnetism, the motion of fluids (in- 
cluding- diffusion), and the conduction of heat ; and it 
seems highly probivble that some of these analogies /ire 
consequences of hitherto undiscovered mutual relations 
of the phenomena. 

It is found experimentally by measuring with a deli- 
cate electrometer, that between any two cross-sections 
A and J? of a homogeneous wire, which is not in motion 
in a miignetic field, and along which a steady current 
of electricity is kept flowing by any means, there 


exists a difference of potentials, and that if the wire 
be of nniform section throughout, the difference of 
potentials » in direct proportion to the length of^^ire 
^ between the cross-sections. It is found, further, that if 
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the difference of potentials between A and £ is kept 
constant, and the length of wire between them is altered, 
the strength of the current varies inversely as the length 
of the wire. Again, if the length of wire and the dif- 
ference of potentials between A and £ be kept the same 
while the cross-sectional area of the wire is increased or 
diminished, the current is incretised or diminished in 
the same ratio. Hence the wire is said to oppose to the 
current a renistawe which is directly proportional to the 
length of wire between the two cross-sections, an<l 
inversely proportional to the cross-sectional area of 
the wire. 

If fur any particular w'ire measurements of the current 
strength in it be made for various measured differences 
of potentials between two cross-sections, the current 
strengths are found to depend only on, and to be in 
simple proportion to, the differences of potential so long 
as there is no sensible heating of the wire. 

If 7 be put for the strength of the current flowing in 
a wire of resistance R between two cross-sections at 
potentials V^, respectively, these results are all ex- 
pressed, and unit resistance is defined, by the equation 
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Ohm’s 

Law. 



This is equivalent to a relation given by G. S. Ohm,* 
and is hence called Ohm’s Law. Ohm used the expres- Fowa 
sion “Qeialle der Elektricitiit ” for a quanti^ which, 4*®“^ 
in the earlier work$ which appeared after the publicatitm 
of h& essay, was called “ Difference of Tensions,” but 


* Ute Oahttni0ekt K«Ut vuxlkmatitck BerHn, tSS?, 
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which is now recognized as proportional to Fj— 
and it is still usual to give a special name to difference 
of |X)tentiaIs when considered in connection with the 
flow of electricity. Thus the name Ehrirmvolkc Fc>rce 
is frequently given to the difference of potentials between 
two points or two eqnipotential surfaces in a homo- 
geneous conductor, w’hen thus considered with reference 
to flow of electricity from one to the other, and in 
acconlance with custom and autliority the term may be 
thus employed. A somewhat more general sense in 
wlilch the term is used wdll presently be explained. 
It is to be carefully remembered, bowevur, that electro- 
motive force is not a/wr; the two words must be taken 
tof]^'ther as a single term having tlio meaning assigned 
to it in its definition. 

A constant difference of potentials may bo main- 
tained between the extremities of a homog<»ne(ms 
conductor, and therefore also a current maintained in 
the conductor, in .several different ways: for example, 
by a voltaic battery, a thermo-electric pile, or a dynamo- 
electric or magneto-electric machine. Particulars re- 
garding different forms of voltaic batteries, and the 
practical con.struction of other electric generators, are 
given in varioms treati.sos ; at present we deal only with 
principles whicli are generally applicable, reserving for 
consideration later their applications in particular 
cases. 

Equation (3) is not fulfilled in general by a con- 
ductor made up of different homogeneous portions, put 
end to end, or by a conductor moving across the lines of 
force of a magnetic field. For such chsen 
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7 = 


V ^ V 

12 

JC 



(3a) 


where F,, denote as before the potentials at the 
extremities of the conductor, and E the sum of the 
resistances of the homogeneous portions of the conductor 
in the former case, or the actual resistance of the con- 
ductor in the latter. The conductor in such cases is 
said to contain, or to be the scat of, an electromotive 
force Ey or (as frequently in what follows) an electro- 
motive force E is said to be in the conductor. The total 
electromotive force producing a current in the conductor 
is now — Fo 4* E. Since in a heterogeneous conductor 
(3) applies in the first case to every part, except any, 
however small, which includes a surface of discontinuity, 
the electromotive force is said to have its seat at the 
surface or surfaces of discontinuity. In the other case 
electromotive force has its seat in every part of the 
conductor moving in the field, according to a law which 
we shall afterwards discuss. 

In a circuit composed of different homogeneous con- 
ductors let adjacent points be taken on opposite sides of 
each surface of continuity, and let the difference of 
potentials between the pair of points in each conductor 
be measured; the sum of these differences taken in 
order round the circuit is equal to the sum of the parts 
of E contributed by the discontinuities. For going 
round in the direction of the current from a point (not 
in a surface of discontinuity) to the same point again 
we have F, « F, and 
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But denoting the successive homogeneous conductors in 

their order round the circuit by the suffixes 1, 2, n, 

and the differences between their extremities by 

^1- F,- r,,.... Vn- vi 

and the corresponding resistances by . . . • we 

have 


7 = 


A 



r„-v\ liv-r) 
K'' n 


Hence 

( 4 ) 

E is called the total electromotive force in the circuit, 
or simply the electromotive force of the circuit. 

In Chapter VIII. will be found an account of experi- 
mental methods used for the verification of Ohm's Law, 
and details as to its application to chains of conductors 
of different substances. We will consider here as an 
example of the principles just stated its application to 
the case of a simple voltaic cell composed of two plates of 
dissimilar metals connected by a liquid, for example, 
copper and zinc immersed in hydrochloric acid, and 
connected externally by a copper wire. 

Let c and z denote the copper and zinc plates, I the 
liquid between them. By the theory of the voltaic 
cell now generally adopted, there is a certain finite 
difference of potential on the two sides of the junction 
of the dissimilar metals, and on the two sides of each 
junction of a metal with the liquid. We may suppose 
for simplicity the plates to be such that they add no 
sensible resistance to the circuit, and that therefore the 
potential may be taken as the same at every point 
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of each. Let Va denote the potential of the copper 
plate ; Vh the potential of the copper wire close to its 
junction with the zinc plate ; Vu the potential of the 
stratum of the liquid close to the zinc plate; and 
Vip the potential of the stratum of the liquid close to 
the copper plate. The difference of potentials between 
two points in the copper conductor near its ends is 
therefore Va — Vb, and that between the two isdes of 
the liquid is Vu --Vic. Both of these differences are 
positive, and the current flows from the copper plate to 
the zinc plate through the wire, and from the zinc plate 
to the copper through the liquid. Further it is an 
experimental fact, as we shall see later, that the current 
across any cross-section is the same at every part of the 
circuit. Calling B the resistance of the copper con- 
ductor joining the plates, and r the resistance of the 
liquid of the cell, we have by (3) 

Va - n Vu - Vu 

'i=- -JR— = — 
and therefore also 

K - - n 

But F» — Vie is the finite difference between the 
potential of the copper plate and that of the liquid in 
contact with it, and Vie — is similarly the difference 
between the potential of the liquid in contact with the 
zinc plate and that of the extremity of the copper wire 
adjacent to the zinc plate, and the sum of these two 
VOL. I. L 
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differences constitutes what is called the Eleetromotim 
Force of the cell. Calling this E, we have 


7 


E 

B + r 



Any other case, however more complicated, might be 
treated in a similar manner. 

Djstriba If V be the difference of potentials between any two 
•PotOTtial points in the copper wire, B the resistance of the wire 
in Circuit, between these two points, and r the remainder of the 
resistance in circuit, we have from the equations 


the result 


V E 
B~ B~+t 


r= 


E 


B 

B + r 


Activity 
in Circuit. 


The activity in the wire is by (2) 


A = 



( 6 ) 


• ( 7 ) 


and for the whole circuit 

V2 

^ = -S'7 = ^ (7M 

By (7) the activity in any wire not containing an 
electromotive force can always be found, whatever be 
the arrangement of which it forms part. The activities 
in the different parts of more complicated circuits con- 
taining electromotive forces of different kinds will • 
be considered in the chapter on the Measurement of 
Electric Energy. 



ELECTROMOTIVE FORCE OF VOLTAIC BATTERY. 


147 


If instead of a single cell we have a battery of several Electro- 
cells, its electromotive force is found in exactly the same }fOTce^ and 
manner by summing all the finite differences of poten- 
tial at the surfaces of separation of dissimilar substances Battery ; 
in the circuit. Hence if there be n cells in the battery 
joined in series, that is to say the zinc plate of the first Arrange- 
cell joined to the copper plate of the second cell, the 
zinc plate of the second to the copper plate of the third, 
and so on to the last cell, the total electromotive force 
of tbe arrangement, if the cells have each the electro- 
motive force E, is nE, If the copper plate of the first 
cell and the zinc plate of the last be joined by a wire, 
and R denote as before its resistance, r the internal 
resistance of each cell, a current of strength y given by 
the equation 


n E 

/jj 4- nr 


. ( 8 ) 


will flow in the wire. This equation may be written 


E 



n 


which shows that when n is so great that Rjn is small 
in comparison with r, little is added to tbe value 
of 7 by further increisi^g the number of cells in the 
battery. 

The method of joining single cells in series is advan- (g) 
tageous when B is large, but when B is comparatively 
small it fails as shown above, and it is necessary then to Multiplo 
diminish r as much as possible. The value of r is, for 
cells in which, as is generally the case, each plate nearly 

L 2 
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covers the cross-section of the liquid, nearly in the 
inverse ratio of the area of the plates, an<l directly as 
the distance between them. Hence, by increasing the 
area of the plates and placing them as close together as 
possible, the resistance may be diminished. One large 
cell of small resistance may be formed of several small 
cells by putting all the copper plates into metallic con- 
nection with one another, hikI similarly all the zinc 
plates. Several comjX)und cells of largo siuiiu'e thus 
made may be joined in series. Tlic idectromotive force 
of each coinpouiid cell will be E as in a simple cell, but 
if m cells be joined so as to form one compound cell 
its resistance will be If 7i of these compound cells 

be joined in series, we have, calling the total external 
resistance 

n E m n E 

7 = - = /.» 7 .... ( 9 ) 


ni 


m 11 -f a r 


Conjlitiou jf great, and wo have a proper number 

Maximum of cclls, it is pos.sible to arrange the battery so that y 
thmagh ^ maximum value. There being ra n cells 

given in the battery tlie numerator of the above value of y 
docs not change when the arrangement of cells is varied, 
and therefore, in order that 7 may have its greatest 
possible value, m. iU + n r must be made as small as 
possible. But identically, 

m J{^ nr ^ {y/ mJS fJnrY mn Rr^ 

As the last term on the right-hand side does not vary 
with the arrangement of the battery, it is plain that 
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mB-i-nr will have its smallest value when JinE ~ i/nr 
vanishes, that is when mBssurotBs- »r/»i,or,in words, 
when the total external resistance of the circuit is equal 
to the internal resistance of the battery. It may not 
be possible in practice so to join a given battery as to 
fulfil this condition, but if the strongest possible current 
is required it should be fulfilled as nearly as possible. 

This inethoil of arranging the battery is called joining 
it in muHiplf arc. 

It is to be carefully obs;crved that this theorem applies Condition 
only to the case in which we have a given battery and M aJim nm 
have to arrange it so as to produce the greatest current 
through a git eii external resistance It ; .and the fallacy . for 
is to be avoided of supposing that of two hatteries of 
equal electromotive force, but one having a high, the 
other a low, rc.sisfance, the former is better adapted for 
working through a high external resistance. Nor is 
this method of using the battery to be confounded with 
the most economical method. By this arrangement the 
greatest rate of W'orking in the external part of the 
cii'cuit is obtained; for by (7 bis) the total rate of 
working is nEy, fmd the part of this which belongs 
to the external conductor is mnEyBj(mB + nr), which 
is a maximum under the same conditions as y. As 
much energy is thus given out in the battery itself as in 
the external resistance, and it is plain that for economy 
as little as possible of the energy of the battery must 
be spent in the battery itself, and as much as possible in 
the working part of the circuit. Hence for economical 
working the internal resistance of the battery and the 
resistance of the wires connecting the battery with the 
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working part of the circuit must l)e made as* small as 
possible. We shiUl return to this question in a later 
chapter. 

We shall now consider shortly the theory of a 
system of linear conductors (homogeneous wires of 
uniform section) in which steady currents are 
flowing. 



.stated above that when a steady current 
tinnity. is kept flow'ing across any cross-section of a conductor, 
the current strength is the same across every other 
section of the conductor ; or, in other w'ords, that the 
flow of electricity at any instant into atiy portion of 
the conductor is equal to the flow out of the .same por- 
tion. This is w'hat is called the principle of continiiih/ 
as applied to the case of a ukatly flow of electricity. 
By the same principle we have, in the case in which 
steady currents arc maintained in the various parts 
of a network of conductors, the theorem that the 
total flow of electricity towards the point at which 
several wires meet is etiual to the total flow from 
that point. Thus the current arriving at A (Fig. 33) 
by the main conductor is equal to the sum of the 
currents which flow from A by the arcs which connect 
it with B. 
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By Ohm's law, if two points A and B, between which Ecjui- 
a difference of potentials V is maintained, be connected Resistance 
by two wires of resistances and the current in that 
of resistance will be V/r^axid in the other Vlr^. But Arc. 
if y be the whole cuiTent flowing in the circuit we have 
by the principle of continuity 


V V V 



where 72 is the resistance of a wire which might be sub- 
stituted for the double arc between A and B without 
altering the current, in tlie circuit. Hence, 


and 


1 

n 72 


72 = 


ll^2. 

'/’i -4- ^2 


( 10 ) 


The reciprocal of the resistance B of a wire, that is, 1/72, Definition 
is called its comlucHvif tj. Equation (0) therefore afiirms 
that the conductivity of a wire, the substitution of which 
for and between A and 7?, would not affect the 
current in the circuit, is equal to the sum of the con- 
ductivities of the wires and From equation (10) 
we see that the resistance E of this equivalent wire is 
equal to the product of the resistances of the two wires 
divided by their sum. 

If for we were to substitute two wires having an 
equivalent resistance, so that A and B should be con* 
nected, as in Fig. 33, by three separate wires of resistances 
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^ 2 » ^s» should have in the same manner for the 
current in r^, F/r^ ; in VJr^ ; in Vlr^, and 




R 


h 4 - ^2 


^3 + r. r. 


. ( 11 ) 


Generally, if two points A and B are connected by a 
multiple arc consisting of n separate wires, the conduc- 
tivity of the wire equivalent to the mulfiple arc connec- 
tion is equal to the sum of the conductivities of the n 
connecting wires; and its resistance is ecpial to the 
product of the n resistances divided by the sum of all 
the diffrrent pro<]ucts which can be formed from the n 
resistances by taking them » — 1 at a time. 

As a simple example, we may take the case of a 
number n of incandescence lamps joined in multiple arc. 
If the resistance of each lamp and its connections be r, 
the equivalent resistance between the main conductors, 
the resistance due to the latter being neglected, is by 
(11) = r/n. Thus if r be 60 ohms when the 

lamp is incandescent, and there be twenty lamps, their 
resistance to the current will be 3 ohms. 

By the considerations stated above, we at once deduce 
from Ohm's law the following important theorem.^ In 
any closed cijrctiit of conductors forming part of any 
linear system, the sum of the products obtained by mul- 
tiplying the current in each part, taken ih order round 

• This dMOf«m and Ute tppHcsnoa cf the prineiple of eoatimiity 
were im atOed expUeitly bf KiioiUwfl; Fw -dan. B<L 72, 1847. idm 
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the circuit by its resistance, is equal to the sum of the 
electromotive forces in the circuit. This follows at once 
by an application of Ohm’s law to each part of the 
circuit, exactly as in the investigation in p. 145 above of 
the electromotive force of the circuit composed of a 
cell and a single conductor. 

As an example of a circuit containing no electro- 
motive forces, consider the circuit formed by the two Examplea 
wires (Fig. 33) of resistances joining AB, We 
have, for the current flowing from A to B through r^, 
the value V/r^; the product of this by is F; for the 
current flowing from BioA through we have — F/Vg, 
and the product of this by rg is — F: the sum is 
F - F or zero. As another example, consider the 


c 



diagram, Fig. 34, of resistances between 

the two points A and B. By what we have seen, if 
F^ Vs, Fd, be the potentials at A, J5, <7, J9, 
respectively; the current fSrom to C is (F«— V^jr^, 
Irom &om Z? to (F, - F^/fir’ 

Hoqco, tnkioi; the of the of i|ieeej^|ii|rrmBt 
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strengths by the corresponding resistances for the circuit 
ACDA, we get 

n - r, + r, ^ Fa - 0. . . (12) 

To illustrate the use of the principles which have 
Points been established, we may apply them to find the 
current strength in (Fig. 34) when contains a batteiy 
of Five of electromotive force JR Let be the resistance of the 
d^ton. battery and the wires connecting it with A and JB, and 
let 7p 72, &c., be the strengths of the currents flowing 
in the resistances n, &c,, respectively, in the directions 
indicated by the arrows. By the principle of continuity 
we get 

74 ==72 + 7,w- 03) 

76 = 7i + 72 ' 

Applying the second principle to the circuits BACB^ 
ACDA, CBDC, QXiii using equation (12), we obtain the 
three equations, 


7i ('•i + ^» + + 72’*6 - 75»*3 = ) 

7i ^1 -72>2 + 7ii»'s =0 W14) 

7l - 72 '*4 - 75 (^3 + »'4 + '‘ 5 ) = 0 ) 

Eliminating 7^ and 73, we find 


where 


76=^ 


^ (»'2 5^3 - ^•4) 

i) 


. . (15) 


I>=‘r^r^ (r^ + r, + r, + (r, + (r* + rj + 

U (^i + *'2) (»*3 + rj + r^r, (r, + r J (r, + r,) . . ( 16 ) 
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By substituting for 7 ^ in the second and third of 
equations (14) its value 7 ^ — 71 , we get, 

7i + ^• 2 ) + - 76 ’•e = 0 j 

7i (» 3 + ’’i) - 76 i^s + n + ’’e) - 76 ^4 “ 0 J 
From these we obtain by eliminating 

„ = 7«.(»V’-3-5^) 

® rj (/‘i + + rs + rj + (rj + (r^ + r J 

By means of equations (15) and (18) we can very easily 
solve the problem of finding the equivalent resistance 
of the system of five resistances To, &c., between A 
and B, For let It be this equivalent resistance, since 
% is the current flowing through the battery, we have 
7 q =r BKtq + Ji). Substituting this value of Jq in (18), 
equating the values of given by (15) and (18), and 
solving for /i, we get 

jt = Zih ± O (r? ,+ ’■4).+ ri rs ih±. do) 

^5 (n + + »3 + »’4) + (»*1 + ■'•2) (»3 -)■ »4) 

It follows from Ohm’s law, and the theorems which 
have been deduced from it, that any two states of a 
system of conductors may be superimposed; that is, 
the resulting potential at any jwint is the sum of 
the potentials at the point, the current in any con- 
ductor the sum of the currents in the conductor, and 
the electromotive force in any circuit the sum of the 
electromotive forces in the circuit, in the two states of 
the system. 

The following result, which is a direct inference from 


(17) 

(18) 
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the foregoing principles, and can be verified by experi- 
ment, will be of use in what immediately follows. 

Result of Any two points in a linear circuit which are at 
different potentials may be joined by a wire without 
altering in any way the state of the system, provided 
the wire contains an electromotive force c<jual and 
opposite to the difference of potential between the two 
points. For the wire before being joined wdll in con- 
sequence of the electromotive force have tlie same 
difference of potentials between its extiemities as there 
is between the two points, and if the end of the wire 
which is at the lower ixitential be joined tf) the point 
of lower iX)tential it will have the potential of that 
point, anti no change will take place in tlie system. The 
other end will then be at the potential of the other 
point, anti may be snp}X)sed coincident with that point, 
without change in the state of the system. The new 
system thus obtained plainly satisfies the principle of 
continuity, and the theorem of p. 152 above, and is there- 
fore possible ; and it can be proved that it is the only 
possible arrangement under the condition that the state 
of the original system shall remain unaltered. 

As a particular case of this result any two points in 
a linear circuit which are at the same potential may 
be connected, either directly or by a wire of any resist- 
ance, without altering the state of the system. 

Further, it follows that if an electromotive force in one 
conductor, Jl, of a linear system can produce no current 
in another conductor, B, of the system, either con- 
ductor may be removed without altering the current in 
tjie other. For let the conductor, j4, be removed : the 
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potentials at the points of the system at which it was 
attached will in general then be altered. And since 
any two points in a linear system between which there 
is a difference of potentials may, without altering the 
state of the system in any way, be joined by a wire 
which contains an electromotive force equal and opposite 
to the difference of potentials, we may suppose the 
conductor replaced with an electromotive force in it 
equal to the difference of potentials now existing 
between the two points, and its presence or removal 
will not affect the current in any part of the system. 
But the same result may be attained, of course, without 
removing the conductor, by simply placing within it 
the required electromotive force, and this by hypo- 
thesis does not affect the current in the other conductor. 


Result of 
Foregoing 
l^rinciples. 


Hence the removal of the conductor, A, does not affect 
the current in the other. Again, by the first reciprocal 
relation below (p. 159), if an electromotive force in A 
can proiliice no current in B, an electromotive force in 
B can produce no current in A, Hence the same proof 
shows that B may be removed without affecting the 
current in A. 

If A, B, 0, D be four points of meeting in a net- Theorems 
work of linear conductors, in one wire of which joining J 
AB there is an electromotive force, while CD is con- of Con- 
nected by one or more separate wires, the network can 
be reduced to a system of six conductors arranged as 
in Fig, 34, and such that the wires AB, CD, the currents 
in them, and the potentials at their extremities remain 
unchanged. For currents will enter any one mesh of 
the network at certain points and leave it at oer^m 
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Thetnrems other points. One of the former points must be the 

a 'K^o^ point of maximum potential in the mesh, one of the 

of Con- latter the point of minimum potential. The circuit of 
dactors. * . * . . . , 

the mesh, therefore, consists of two parts joining these 

two points, anti to any point in one of the parts will 

correspond a point of the same potential in the other 

part. We may therefore suppose every point in one 

in coincidence with points of the same potential in the 

other ; that is, the mesh replaced by a single wire joining 

the two points, and such that the currents entering or 

leaving it by wires joining it to the rest of the system, 

and the iwtentials at the points of junction, are not 

altered. 

Since the only electromotive force is in the wire AB, 
the current must enter the network at one of its 
extremities. A, say, and leave at the other extremity, B. 
A and B are therefore the points of maximum and 
minimum potential of the network. Hence we can 
replace the me-shes of the system one by one by single 
wires, keeping CD unaltered until we have reduced the 
network to two meshes, one on each side of CD, con* 
nected by single wires to A and B respectively. Each 
mesh ami connecting-wire can be replaced by two wires 
joining ul' and B Jrespectively with OD,mA thus the 
whole system is reduced to an equivalent system of the 
form shown in Fig. 34. We can now deduce from this 
simple system relations for the currents and potentials 
in the conductors AB, CD, which will hold for these, 
conductors in the more complex system. 

let the electromotive force hitherto supposed acting 
in AB be transferred to CD, while the resistances 
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rj, rg are maintained unaltered. The value of 7^ will 
be obtained from ( 15 ) by retaining the numerator un- 
altered and interchanging and and -f- rj, 

rj + and 4- r^ in D: But these interchanges 
will not effect any alteration in the value of D, and 
hence the new value of 7, is equal to the former value 
of 75. Hence the theorem: — An electromotive force 
which, placed in any conductor Ci of a linear system, 
causes a current to flow" in any other Cp would, if 
placed in Cp, cause an equal current to flow in Ci. 

If the arrangement is such that when the electro- 
motive force is in Cj the current in Cm is zero, the current 
in Ct will be zero when the electromotive force is in 
Cm\ and no electromotive force in one will produce 
a current in the other. The two conductors are in 
this case said to bo conjugate. 

We can easily obtain another important theorem. 
The five conductors liC, AD, BC, BD, CD, in Fig. 34 
may be regarded as the reduced equivalent of a network 
of conductors, at one point of which, a current of 
amount enters, and at another point of which, B, 
the same current leaves. Multiplying the ebtpression 
for 75 by rj, we get for the difference of potentials 
between C and D the value 

« - nO /OAX 

* ® + »’8 + ’’*) H- (»'l + '■2)(^S + O’ ‘ ^ ^ 

But the resistance of the system of five conductors, 
between the points CD, is 

On + 0(^8 + O , 

On + n + n + n) + (n + 0(n + O 
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and if a current of amount 7 , enter at C and leave at 
dueton. difference of potentials between 0 and J) will 

be equal to this expression multiplied by 7 g. The 
product multiplied by rj/frj + is the difference of 
potentials between C and A, and multiplied by 
rj(r^ + is the difference of potentials between 
C and B. Hence tlie difference of potentials between 
A and B is the difference of these proilucts, or 

ZL.V3) 

+ >2 + ^3 + ^^+ (»’l + ^2)(^» + U)’ 

the same value as that given in ( 20 ) for the difference 
Second potentials between C and B. Hence the theorem ; — 
Reciprocal If to a current entering at one point j 4 of a linear 
Rektion. gystem and leaving at another point B, there correspond 
a certain difference of potentials between two other 
points C and D, then to an equal, current entering the 
system at C and leaving at B there will correspond 
the same difference of potentials between A and B.* 
.Motion following result is easily proved, and is frequently 

of a Single useful. If the potentials at two points A, B, of a linear 
system, of conductors containing any electromotive forces. 
System, be V, V respectively, and B be the equivalent resistance 
of the qrstem between these two points, then if a wire 
of resistance, r, be added, joining AB, the current in 
the wire will be ( F — V’)I(B + r). In other words the 
linear i^stem, so &r as the production of a current in 

The tbeoTvaujvat proved have be«B obtained in diflforent ways by 
Kiichhoff (iPopp. Jitm, Bd. 73, 1847, and Ott. AWumi. p. 22). and 
Maxwell {El. and Mag. voL i., p. >71} from a eonsidetation of the 
general theory of a linear ajaUm. 
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the added wire is concerned, may be regarded as a single £fo^ of 
conductor of resistance JR connecting the points AB and 
containing an electromotive force of amount V — V\ 

For let the’ points A and B be connected by a wire System, 
of resistance r, containing an electromotive force of 
amount V ^ V* opposed to the difference of potentials 
between A and B, no current will be produced in the 
wire, and no change will take place in the system of con- 
ductors. Now imagine another state of this latter system 
of conductors in which an equal and opposite electro- 
motive force acts in the wire between A and B, and 
there is no electromotive force in any other part of the 
system. A current of amount (F— -f r) will 

flow in the wire. Now let this state be superimposed 
on the former state, the two electromotive forces in the 
wire will annul one another, and the cuitent will be 
unchanged. The potentials at different points, and the 
currents in different parts, of the system, will be the 
sum of the corresponding potentials and currents in the 
two states, and will therefore, in general, differ from 
those which existed before the addition of the wdre. 

So far we have considered only cases of steady flow in con- Steady 
ductors which are called linear — that is, conductors for whicli it is Flow in 
convenient to consider the total current flowing from one equi- Non* 
potential surface to another, and when no electromotive force has Linear 
its seat in this position of the conductor, to take the ratio of the Condno- 
difierence of the potentials of the surfaces to this total current as tors, 
the resistance between the surfaces. It is of importance, how- 
ever, for the comparison of experiment with tlieory, to consider 
the distribution of the flow throughout conductors, and the 
forms of the equipotential surfaces in diflerent cases, and for 
this purpose it is necessary to And tbe differential equation of 
the potential for the case of steady flow in any one medium, and 
from one medium to another. We shall consider only isotropic 

VOL. I. II 
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media* The theory given above (pp. 103 *-I 06 ) for the flow of 
heat » directly applicable. 

Ohm’s ABStimiiig what is the fundamental principle of the theory of 
Law; Kon- Ohm, that the rate of flow of electricity at any point, ar, jr, a, in any 
laiiear direction Ms directly proportional to the gradient of potential at 
O^dne- tthat point and in that direction, we have for the flow or electricity 
per unit of time per unit of area in each of three mutually 
rectangular directions in an isotropic medium the values 


- k 


dr 

dx 





since the flow takes place in the direction in which V diminishes. 
The coefficient k is the Specific Conductivity of the material, and is 
measured by the reciprocal of the resistance between two opposite 
faces of a centimetre cube of the substance. 

Considering now an elementary rectangular parallelepiped 
having edges of lengths dx^ tiy, dz^ and its centre at jr, y, and 
containing within it no electromotive force, we get for the flow in 
the direction of x into tlie element tlie value 



and for the flow out of the element across the opposite face 


Proceeding in the same wi^ for the other two pairs of faces, we 
get for the total excess of inflow above outflow 




^ ^ 
rfjr* ' rf** 




If the flow is steady this must be zero, and we have 


d*r d»r ^ 
~d^ + V + dx 


0 


( 21 ) 


flvribee 

Obaiaetar' 

istie 

X^nethni. 




that is, Laplace’s equation holds for this cai,. 

density is therefore tero in the interior of such a conductor. 

At any point of a suilace which separates a medium of con** 
ductiirity from one of condnetsvity kf, we have the equation 




dus 


m 


wlieredF7<^,dr/df^, are the rates of variation outwards from tUa 
inifrce along normals pg, drawn from the point Into the madia. 
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Patting ^2 » 0. we get for the equation at the surface separating 
a conducting medium from one of ssero conductivity 


dF 

dp 


(23) 


or the component of flow at right angles to the surface is zero 
at every point on the surface. 

If on the surface of separation between the media there be an 
electromotive force £ acting from the medium of conductivity 
to that of conductivity ii, we have besides (22) the equation 


Tj P; -- i? = 0 (24) 

where Pi, are the potential^ at the point but on opposite sides 
of the surface of separation. 

These difEerential equations are precisely similar to the equa- 
tions obtained ^pp. 102 et seq,) for electrostatic phenomena from 
the thermal analogy, and the solutions are, with the substitution 
simply of the analogues of certain quantities, at once interpretable 
for flow of electricity. These substitutions are specific con- 
ductivity for specific inductive capacity, flow of electricity per 
unit of area per unit of time for electrostatic induction, and line 
or tube of flow, for line or tube of force. 

We shall consider in addition one or two simple and interesting 
cases. 

1. An annular space contained within two cylindric surfaces is 
filled with a conducting liquid, and the inner and outer sur- 
faces are maintained at given potentials ; it is required to find 
the resistance of tlie liquid for conduction between these two 
surfaces. 

Let the inner and outer radii of the space be denoted by rj, 
and the distance of any point from the common azis by r. We 
may take the flow as everywhere radial between the two cylinders. 
Laplace's equation (21 ) becomes 


(^F l^dF 

dr^ ^ f dr 


0, 


(25) 


By integration this gives 

dF 



•nd r=^logr+J? (27) 

Bence if P]^, be the inner and outer potentiate we have by (27} 
Fy^m A log r, + By 
F2^Alo$r2 + B; 

u 2 
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(28) 


But if I he the length of the cylinder, T, the greater potential, 
and k the epecific conductivity of the liquid, the total current 
is - tnklr,dFldr or - 2nklA, Hence we have 


-- 'ZwklA 2jr>^r®«ri 


m 


The expression on the right is the total resistance of the liquid 
for conduction between the two cylinders, and depends only on the 
ratio of the two radii, and not on their absolute amounts. This 
is the case of tlie column of liquid between two coaxial cylindric 
plates in a voltaic cell. This result might have been obtained 
by interpretation from the equation for K, p. 56 above. 

Small 2. Two small highly conducting spherical electrodes kept at 
pherical different potentials are buried in an infinitely extending con- 
l^trodes ductor of comparatively much lower specific conductivity ki 
it is required to find the resistance between the spheres. 

The potential of each sphere must be nearly the same through- 
Meaiimi. mass, and if the distance apart be great in comparison 

with the potential at any point in the neighbourhood of either, 
will be nearly in inverse proportion to the distance of the point 
from the centre of the sphere. Thus if be the potentials 
of the spheres in order of magnitude, and r,, r, the radii, the 
potential at such a point will be FJr in one case and FJr in the 
other if r be the distance of the point from the sphere in ques- 
tion ; and the corresponding outward gradients of potential 
dFjdr^ dVfdr will bo - FJA This gives at the surfaces 

of the electrodes the values - and - FJr^. The outward 

flow from tlie sphere of higher potential is therefore AftkF^^ and 
the inward flow over the other — AvkF^. Hence if y be the total 
current, we have 


y « 2nk{F, - F^\ ' 


For the total resistance R to conduction from one sphere to the 
other we get 



a result independent of the radii of the^ spheres and of the 
distance between thorn. The result is of interest in connection 
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with the ** earthing” of telegraph-wires and other conductors, for 
we infer that the resistance between two electrodes buried in the 
earth is practically independent of their distance apart 

If the conductor were separated into two parts by a plane 
passing through the centres of the spheres, the resistance between 
the hemispherical electrodes in each part would be double that 
given by, (30), or \\Ttk, 

3. The* same case as in 2, except that the electrodes are circu- 
lar discs. Supposing, as before, the electrodes to be at a distance 
great in comparison with either disc, the distribution of potential 
in the medium surrounding either is the same approximately as 
it would be if the electrode were alone and charged in an infinite 
medium. Letr^, be the radii of the discs, Fi, their potentials 
in order of magnitude. If <r be the electric surface density at any 
point on the surface of the disc at potential then the outward 
normal component of electric force — dVjdp = 47r<r. Hence inte- 
grating over the whole disc (both faces), and putting § for the 

whole charge, -^Jds. dFj dv—AnQ» But the total outward flow 

is y = J di, dVjdv » ^nrlcQ = [by (55) p. 53 above]. In 
the same way from the other disc y = Hence 


Since Fifi 


F^/R 

-’F^r^ this gives 




(31) 


We infer that the ports of E due to the respective discs 
are l/8Arr. and 

If the discs lie in the bounding surface conduction takes place 
from only one face of each, and the value of E is twice that just 
obtained. 

This result gives an inferior limit to the correction to be made 
on the resistance of a cylindrical wire which is joined to a large 
mass of metal,* Let the junction be made by a thin disc of 
perfectly conducting matter. The end of the wire will be brought 
to one potential, and therefore its conducting power up to the 
disc fully made use of. Hence an inferior limit to the correction 
is an addition of l/4A:r, to the resistance, or if F be the conduc- 
tivity of the wire, of tr^V/4Af to the length. Lord Rayleigh has 
given *8242 Fr/k as a superior limit to the addition to the length. 


* See Maxwell, EL and Mag, voL i pp. 896, 897 (sea ed.)^ 
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VARIABLE FLOW. 


Variable HlTHEltTO we have been dealing with cases in which the time* 
Flow of Tate of variation of the electric flow is zero, and have seen that 
lectrldty the theory of such cases is analogous to that of the steady flow 
of heat We shall now consider cases of variable flow under 
the conditions stated above that no effect of electromagnetic or 
peristaltic induction is taken into account Tlie theory of such 
cases is also analogous to that of the flow of heat, in fact we 
have only to modify Fourier’s solutions for the variable flow of 
heat to suit the particular electrical problems which it is most 
important to solve. The justiflcation of this process is of course, 
as in other cases, to be found in the agreement of the results with 
tliose of experiment. 

Problem of We consider first the following problem, which is that of a 
Single- single-wire telegraph cable : — A homogeneous wire of uniform 
wire sub- cross-section, covered uniformly with a coating of material of 
terrene or comparatively small conductivity the external surface of which 
submarine fg kept at zero potential, has one end brought to a potential 
fulfilling some specified law of variation and existing for a stated 
interval of time, while the other end is maintained at zero 
potential ; it is required to find the potential and current at any 
point in the wire at any specified instant.* 

Janear equipotenlial surfaces in the wire, it is evident, will not 

Flow. differ sensibly from planes at right angles to the axis, and we 
may therefore take the potential as having the same value at 
every point of any such cross-section, Ohm's Law the flux 
of electricity across a cross-section at winch the potential is V 
Is (p. 162 above) - kdVjdx. Let C he three cross- 

sections in tlie wire in the order from left to right, and let the 
distance of B from A^ and of Cfrom B. be very small and equal 
to jdjr, so that Ar is the distance of C from A. If dVjdx be the 
gradient of potential at B the gradient at A or at Cie given by 


dr 

di 




d*F 




* The electrical constants of the sending and receiving apparatus ate 
here neglected. In practice, except in the case of a long cable, these 
constants must be taken into account. Some fhrther treatment of 
this subject will be given in a later chapter. 
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according as the upper or lower sign is taken. Taking now 
for convenience h as the conductivity of the conductor per unit 
of length, we have by Ohm^s law for the flow towards tne right 
across A and C respectively the expressions 



The flow across the outer surface is proportional to the l^eaka^e 
difference of potentials between the wire and the external 
surface of the coating, that is to V, If we denote by h tilie Lateral 
conductivity of unit length of the coating, the time-rate of loss Surface, 
of charge across the lateral surface of the portion between A and 
C is hVbx, The total rate of loss of charge from this portion of 
the wire is equal to the excess of the rate of loss across C and 
the lateral surface above the rate of gain across A, and is 
therefore 

^ + hFbx. 


The effect of loss of charge must be to lower the potential of 
the element between A and f?, and the rate of fall of potential 
must be equal to the last expression divided by the electrostatic 
capacity of the element By (60), p. 66, the capacity of the wire 
per unit of length, if of circular section and covered with a coaxial 
insulating coating also of circular section, is 1/2 log(^/«), where a 
is the interna), b the external radius of the covering. 

Denoting this by c, we have for the capacity of the element Diffaren. 
c»bx. Dividing the rate of loss of charge by this number, and 
equating the result to - dVjdty the time-rate of fall of potential, jESqnation 
We get the differential equation w Poten* 


dj ^ k d^r h ^ 
dt c dj^ c ' 


tial, cem* 

( 3 % 


Flow and 

This is precisely the same as the equation of the linear motion Leakage^ 
of heat given by Fourier,* and bis solutions are immediately 
applicable* It is of course for A «» 0 a particular case of (^7), 
p* 106 above* 


fhdorU Aml^iqvA de la ChaUur^ Chap. 11. Arti 106. 
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This equation may be simplified by writing F 
it becomes 

^ h 

li c 


§-rht/ep^ when 


(32^>) 


Cable of 
Finite 
Length. 
Integral 
for one end 
. ateonetaiit 
potential* 
and the 
other 
at aero 
potential. 


which is the differentia! equation for A « 0 or the ca^ of zero 
leakage. A solution for the latter case can be converted into 
one for any value of A by simply multiplying the potential found 
by 

Sir William Thomson has given the name iliffauvity to the 
quantity A/c, and denotes it by a. The quantity A corresponds to 
what for thermal radiation he has called emissivity* 

To integrate (32) for the case proposed above, let first the 
end, ar = 0, of the cable, to which the battery is applied, be 
brought suddenly at time f = 0 to potential Fq and kept at that 
potential ever after. Let x be measured from that end, nnd let 
f be the length of the cable. The potential for x Hh likewise 
always zero; and there is a continual approach with lapse of 
time to a state of uniform variation of potential with resistance 
from one end to the other. These conditions are fulfilled and the 
differential equation satisfied by the solution 








+ ^ Ait “ Bin . (33) 

<=1 

where # is any integer, and « is written for A/c. 

It only remains to detennine the constant Ai, so that when / is 
only infinitesimally greater than 0, ^ ^ 

for every oUier value of x. Putting f a» 0 in (33) we get the 
equation 

S . . inx 

I - r-jv'vw 

wbioh muBt hold for overjr Tains of. « greater titan zero. 
|f nitiplying both sides by sin {Jwt/fyh, where j is any integer^ 
and integrtting from « 0 to z I, we get on tfie left (wnco 

• ‘jBmjwJ. JML, Art »• Heot” i 71. 
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every term vanishes e:8:cept that for which J » ») Ji» 1/2 ; 
and on the right - i7rKic/{t^KC + A/*). Hence (33) becomes 


4^1 ^at)^ hi*c — f —(I — tey^h/KC 


r© - 




4=00 


- 2/V-*'/« ^ 




- t-th*Kt/P sin ‘5^. 
iVkc + /}/* I 


Potential 
at distance 
X from 


(34) 


end. 


The series on the right is convergent, and admits of easy numerical 
evaluation. 

If the leakage is inconsiderable, that is, if A may be taken as 
/erO^ the equation reduces to 

<=00 

r ^ vj - *-<»»».</» sin , (35) 

I tTf I 

<=1 


Fiote this we obtain the current y at distance x from the end Current at 
X SB 0|the sending end) by tinding - kd^/dx. We thus get dktancea? 


y = r 

NKC 

<=09 

2*^0 


Me 


^ •y [y *£ cos * 

^ I ^ Me + I 

<=1 


When 4? ■* / and 5 = 0, Uiis becomes 


<=00 

y = I 1 + 2 ^ (- 1)< I, . 

^ ' <=1 ' 


sending 

•end. 


(36) 


(37) 


a rapidly converg^ent series which gives the current at the end 
X sa I (the receiving end) when the leakage is zero. 

The ordinates of ctirve Pig. 36, calculated from (37), give 
ti&e values of y for different values of t as abscissas. The final 
value of the current is taken as unity; and *' 0 , the unit of the 
fltpale of abscissie. is for the reason stated below made to represent 
i 2/*/ir*a , log gs The sum of the series on the right approaches 
g as f is made more and more nearly zero. Hence the current at 
the end of the cable is, as was to be expected, zero immediately 
after the first contact. It does not tnfier sensibly limm aero 
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the first term of the series is greater than J, that is until i 
taoa of is greater than logf. This value of ( has been called by 
Signals. Sir William Thomson the retardation of the cable. After the 
interval of retardation has elapsed tlie current increases, as is 
shown in the diamm, rapldlv at first and more and more 
Gradually afterwaras towards tne value kFjlf which it reaches 
when i ^ 00 . This agrees with what we ongU to expect, as kjl 
is the resistance of the whole cable and Tq the difference of 
potential between its extremities : the state of the cable ap- 
proaches a uniform gradient of potential from end to end. . 



Giaphie Curve (1) gives the current at the receiving end, for different 
Solu&os values of f as abscissie, in the case in which tiie sending end is 
hidHftfent brought suddenly to poteniiai and maintained at that noten- 
esses, tial m an interval of time or twice the retardation, and then 
brought suddenly to zero potential and kept so ever after. It 
has been constmcted by compounding with A the same curve as 
Adrawn on the opposite side of the line of abseisi^aDdbe^liniiig 
at a distattce to the right of zero. Curves (2) and ^ g^fe 
similarly the currenta for £e caaes of contact at the same constant 
potential lasting int^rvalsi respectively, four times and sig times 
the retardation. 




CONDITION OF SIMILARITY OF TWO CABLES. 


171 


Curve (B) gives the current for the case of contact of duration Graphic 
r infinitely short. The equation or a finite value of r is Solutiouft 
evidently indifferent 

» = y« - (38) 

where denotes the current at time t due to + Fi established 
at the origin when f = 0, and Fif-r the current due to ~ Fq 
alone established at time t => t. But if r is very small we may 
write 


u «* 



^isseo 

(_ 1)<+1 , (39) 

<=1 


This curve coincides with the other curves from f = 0 to / = tf/2, 
and rises rapidly to a maximum which it reaches when tr**^//* is 
(J)* nearly. 

Considering the distribution of potential in two cables of Conditions 
lengths /| F with the same potential at the sending ends, we see of simi- 
that points sr, of, fulfilling the condition xjl = will be at the larity in 
same potential for the same value of t if ic//^ = icV/'*, that is, the 
two cables will have the same retardation only if the diffusivities ^ 
are as the squares of the lengths of the cables. But diffusivity 
n Uje //rc, where r is the resistance of unit length of the 
cable ; hence in order that the retardation at distances x varying 
as the lengths of the different cables, or at the receiving ends, 
may remain constant rc must vary inversely as the square of the 
length of the cable. This means practically that the diameter of 
the conductor and the external and internal diameters of the 
covering must be doubled when the cable is doubled in length in 
order that the speed of signalling may remain unchanged.’* 


* This conclusion was given by Sir William Thomson in the early 
days of Submarine Telegraphy, when the first Atlantic cable was being 
protected, and the recognition of its validity by those interested iu 
such undertakings, led to the adoption of Conner of the highest 
possible oonductmty for the conductors of the cables, and of xnaterial 
oombiuing low specific inductive capacity with high resistance for the 

covering* This has given^ rise to a new industi^, the manufacture 
OB a commercial scale of practically pure copper, now carried on to an 
enormous extent The scientific experiments made in order to find 
sultahle materials have added greatly to knowledge of electrical 
parties of bodies. 



172 


VARIABLE FLOW. 


The same conclusion, it is to be remarked, may be derived from 
the differential equation directly. For the two equations 

^ _ 1 _ 1 d^r 

M “■ 7c If “ #V 


are identical if « tr^djfrc ; in other words two cables are at 
eoual potentials at similarly situated points, (that is points for 
which ir/y «///'), at the same time, if (rc. This holds also 

in the case of leakage if the further relation /*//'* « A/ A' is fuliilied. 
• Velocitf It will be observed that there is properly speaking no velocity 
of Elec* of propagation of electricity through a cable. In the examples 
given above (p. 170) as soon as contact is made at the sending end 
the potential at distance x begins to rise, inhnitely slowly at first, 
but with gradually increasing rapidity until after a certain interval 
of time has elapsed the potential has risen to a specified fraction 
of its maxiiiiuDi amount. This interval of time depends as we 
have seen, p. 170, on the nature of the cable.* 

In the case, however, of an impressed potential at the sending 
end, varying as a simple harmonic function of the time, there is 
a definite rate of propagation of the electrio impulses through the 
cable. This case we shall consider later. 


lafiiiitely 

Jicaig 

Cable; 


Beiivatioii 
of Solution 
hem that 
for Finite 
CMe. 


Equations (34) . . . (39) contain the complete solution of the pro- 
blem proposed for tlie different circiiinatances considered ; and from 
this solution we can easily obtain the solution of related probleius 
of great interest We shall consider first the case of an infinitely 
long cable, or which is the same, a cable whose length / is great 
in comparison with the distance x of any section considered ; and 
we shall assume first that there is no leakage. From the solution 
on this supposition we can easily pass, as shown above, to Uiat 
for an infinitely long cable with a covering of uniform conductivity 
A per unit of length. 

Assuming that / is very great in comparison with x we may 
write in (^) a for inx/L da for war//, and the sign of integration 
for that Of suinnialion. Thus we obtain 


r. - 


sin a da 


This integral may be simplified as follows. It is proved in works 
on Integnil Calculus that 

j f *• cos nada 


* Velod^ of Electricity/ Maih, md Phyc, Paperc, bv 
W. Thomson. Vol ii p. lai. ^ 
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Multiplying both sides of this equation by dn and integrating 
with respect to n between the limits 0 and 1 (on the left within 
the sign of integration), we get 

f tf— sin a = \/rr f 2€*’^** = Vrr f </y. 

Jo a Jo Jo 

Writing the last integral in the form f €-«* dz, and putting 

J 0 

gt ^ at the superior limit we have 


r= ToO .... (41) 

*dir J 0 

It has been shown by Sir William Thomson * that 

,-*« = L'f? V «-( 24 +l>t 5 / 4 (i* cos + JJ, 

a ^ a 

i =:0 

where i is an integer, and U a quantity which is insensible if a 
is so large that to the degree of accuracy to which tlie value of 
is desired €-«V4 may be neglected. 

By multiplying both sides of this equation by /{z)dz and 

integrating between 0 and z we can evaluate i €'~^'^f{z)dz in 


any case in which j 
Putting f{z) « 1 we get 


cos (tnzia ) . dz can be easily calculated. 


r ds = - - - , 5! sin + S, 

jo + ** 


where S is insensible if a fulfils the condition already stated. 
The series is rapidly conveigent, and a very few terms suffice 
to give the numerical value of the integral to a high degree of 
accuracy. 

Calculating thus the values of V for different values of f and 
a single value of Xt and plotting the results with values of i as 
abscissas and the corresponding values of V as ordinates we get 


* Maih, and Phyz. Papers^ vol. ii. p. 53, * On the Calcuktion of 

Tianacendenta of the form '“** f (») dxj 


Numerical 
Calcula- 
tion of 
Potentials. 
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the curve Pi|f. 36, which therefore represents the rise of 
potential at tlie distance ar from the origin after the establishment 
of potential Ao at the origin. 

Oimphie ^ fbe potential at the origin bo maintained at for an interval 
Sc^tkms of time r, and be then brought to zero and kept so ever after, the 
fur Short potential at any section at distance x may be supposed produced 
Ccmtacts. by supposing impressed ah the origin a potential /q from f a» 0 
to f w= r, and a potential from f = r to f =» od . This may 
be supposed done by connecting for an interval r, at the end, 
JT ss 0; of the cable one terminal of a suitable battery whose 



resistance is small compared with that of the cable, while the 
other temunal is connected with the earth, then disconnecting 
the battery and keeping both ends of tlie cable in contact with , 
the earth. The curve of potential for the former of these li 
that for the latter is simply A drawn on the opposite side of the 
line of absctsm and beginning at a distance r to the right of 
aero. The resultant obtained by compounding these two curves 
shews for the case considered the variation of potential at dbhttice 
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arfrom the origin. Potential curves drawn in this manner are Granhio 
given in Pig. 36, (1) for t « a?*/4ic, (2) for r » 2jr®/4ie, (3) for Solutions 
r « that is for values of r respectively a, 2a, 3a on the for Short 

scale of the diagram. ^ Contacts. 

Curves can be drawn in a similar manner for other cases ; for 
example Uie case of potential at the origin + Fq for an interval 
Sa, then - for an equal interval, then + Fq for an interval a, 
and zero potential ever after. This curve would bh drawn by 
compounding with the curve J, Fig. 36, three other curves, as 
follows, — a negative curve with ordinates double those of A for 
the same abscissas, and starting at ^ ~ Ba, a positive curve 
precisely the same as the last in ordinates and abscissae, and 
starting at ^ = 6a, and lastly, a negative curve precisely the 
same as A starting from / » 7a, Another important case is 
that in which the potential at the origin is F 0 for say Ba, then 
- Fq for 2a and zero ever after. The curve for this case would 
be drawn by omitting the last curve of the previous example, 
and making the positive curve start at ^ 6a, instead of at 

f « 6a, 

These examples are of interest as illustrating what is called Curb- 
‘‘curb-signalling” through telegraph cables. When to produce Signalling, 
a signal the batterv is applied at the sending end of the cable for 
any interval, and that end then placed in contact with the earth 
as in ordinary uncurbed signalling, the potential at a distance x 
rapidly rises and then slowly falls. To more rapidly discharge 
the cable so as to bring the effect of one signal to zero before 
another is begun, and thus render tlie signals sharper and more 
distinct, the operator, instead of putting the cable to earth after 
the first application of the battery, reverses the battery on the 
cable, generally for a shorter interval, as in the second case just 
described, and then connects to the earth before beginning the 
next signal. This has been called signalling witli aingle-curb. 

Instead however of thus dividing the signal into two parts, a 
psitive and a negative, the operator may arrange to divide it 
Into three parts, a positive, a negative and a positive, of suitable 
durations, say 2a, 2a, a, or Ba, 2a, a, and then connects to earth. 

The effect of the positive third part is to render the potential of 
the cable more nearly zero throughout at the end of tlie signal. 

This has been called signalling with double-curb,* Curve (a) 

Fig. 35 shows the current in the cable for the case of curb- 

* An instrument by which the signals are made and the curb, either 
sittgie or double, in any required proportions, is applied automatically, 
has been Invented by Sir William Thomson. For description see 
n mU cf ih$ MUy cf Teleyroiph Snginme for 1876. 
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signalling in which the positive pole of the battery Is applied for 
an interval 3a/2, the negative for an equal interval, and lastly 
the pisitive for an interval tf/3L 

Analytical The equations of the curves (1), (2), (3) of Fig. 36 are easily 
Sedation obtained from (41 ) above. For lot Fi-*T denote tlie potential at 
<li«tance jr from the origin due to potential Fq established At the 
when =* r, and U the potential at x after time due to 
+ ^0 established at the origin when / « 0 willi Fk superim- 
Contact* posed when ^ = r. We have 


n - Ft^r (42) 


If T be small we may write this equation 


** fiF dF (h 

U ^ T ** T . - -- . 

ai dz dt 


Using this in (41) we get 




If the interval r be finite then plainly 


ij = Zf- 


V- 




( 43 ) 


(44) 


where B is any value of / less than r. 

In actual practice the value of the potential at the origin is 
not constant throughout the whole interval during whtcli the 
battery is applied hut varies with the time. Hence the potenUal 
at the origin after the interval has elapsed from the instant at 
which the batterv is anplicd may be denoted by F(^. This 
substituted in (43) for Fq gives 


and (44) becomes 


V ^ 


2s4ic4 


xr{e)r 


2wlic*(t ~ 0)% 
fr Hi 

J9 (i - 


*-4(1/4,# 


0)9 


m 


(46) 


It is to be noted that only values of f which are greater than 
r can be tised in the evaluated Integrals of (44) and (46), 

The ctirteni y at time i and distance s from the origin cm bo 
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found in every case by calculating ~ h.dVldx, For example 
from (41) we get 


y 


dz dx 


* kr^ 




. (47) 


which gives the current at distance x from^tlie sending end in a 
cable which is so long that hV^l is negligible. The value of y 
in this case is a maximum for i » and gradually falls to 

zero for / =» od . 

]f / be not so great that hVJl can be neglected, the term 
must be restored to equation (41) before differentiation. 
The current in this case, at distance x small in comparison 
with /, is 







. . (48) 


Calcula- 
tion of 
Ctunent 
for Long 
Contact. 


and continually approaches the value The character of 

the curve is tlie same as that of Fig. 35, above. 

The equation for y in the case of an infinitely short contact is 
obtained from (43) as before by calculating — k.dUfdx, We get 


Current in 
case of 
Infinitely 
Short 
Contact. 


This has a maximum for t ^ x^jVlmt^ is zero for t « a:®/2#c and 
negative for greater values of and gradually approaches zero as 
i increases to co . 

In practice the speed of signalling is increased by the use of Signalling 
condensers, so that the conductor of the cable is kept insulated, by Oon^ 
One terminal of the battery is connected to earth, the other to densers, 
one surface ^ of a large condenser, the other surface of which 
B is joined with the near end of the cable. The farther end of tlie 
€^ble is in contact with one surface of another large condenser 
of which the other surface At' is connected to earth. The surface 
A comes rapidly after contact to the full potential which can be 
produced by the battery, and the surface B becomes oppositely 
charged wmle the surfaces B and A* at the farther end become 
electrified in the manner of A and B respectively. There is thim 
a (positive or negative) flow of electricity from the battery to A^ 
from B to B in the cable and from A' to earth, and this instead 
of continuing and a|mn>aching a steady state, as in the cases 
already consioered, while the battery contact is maintained, folia 
off towatds zero os the cable approaches a uniform potential 
throughout. The signals are thereby, when Hie operations 

YOL. I. K 
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dwiibed abov'e are performed at which is now the send* 
ing end) rendered sharper and a higher speed of si^fnalling is 
obtainable. 

Tnois* We shall oonclude this part of the subioct with the solution 
utscdon of for an infinitely long) well insulated submarine cable with a 
^^tiie potential at the origin varying acconiing to a simple hannonic 
Wave ihnction of the time. Let the potential be /o s*® 2«/, then the 
potential at distance jr from the origin and time t measured 
** xrom any instant at which the potential at the origin was isero 

will be given by the equation 

F sin (2^/ - s^mIk), 

for this value of V satisfies the differential equation and all the 
other required conditions. 

•Tlie interval between the time of any particular phase at the 
origin and tliat of the corresponding pnuses at distance x is 
jr/2 Vs* and the corresponding value of V is diminished in the 
ratio of 1 to An electric pulse or wave of potentialf of 

amplitude diminishing per unit of distance travelled in the 
geometrical ratio is thus propagated along tl»e cable with 

velocity 2 that is the velocity of propagation is directly as 
the square root of the product of the frequency (s/v) of tlie 
oscillation and tlie conductivity of the cable, and inversely os 
tbe electrostatic capacity per unit of length. 

ITse of Bucb a liarmonlc variation of potential could be produced at 
Tel^hono the sending end by a telephone responding to a musical note of 
(^ble. definite pitch. If the note have a frequency of 100, tliat is to 
say a period of 1/100 of a second, and the cable have a copper 
oonductor of resistance of 5 ohms (5 X 10~ti C.G.S. electro* 
static units) per knot, and an electrostatic capacity of *3 micro* 
farad per knot (3 X 10* C.G.S. electrostatic units) the velocity of 
propagation of the.note will be about 930 knots par second ; and 
the amplitude will be diminished to | its initial value in traversing 
about o2 knots and to ^ in traversing about 96 knots. In tbe 
case of a telephone responding to notes of different pitches pro* 
dtteed nmultaneously, the pulses corresponding to tlie higher 
notes would be transmitted witli the grea^ velocities, and would 
be received In order of pitch beginning with the highest'*^ 

* The snbjeet the Transmission of Klectrical Waves along a Wire^ 
hess only toueiied upon under limitations, has been more rally dis* 
oiissed by Professor J. J. Thowsoti, Prac. Xoadoa ifatk. JSoe* voj. xM, 
Koa 272, 273 ; and bv Mr. Oliver Hesvyde, na Mag, Feb. im. 
See also Sh WiUiatt llmiiisoB's <19^ 



CHAPTER IlL 

UNITS AND DIMENSIONS. 

A PHYSICAL quantity is expressed numerically in Two 
terms of some convenient magnitude of the same kind e^reSou 
taken as unit and compared with it. The expression of 
the quantity consists essentially of two factors, a Quaati^. 
numeric* and the unit with which the quantity Numeric 
measured is compared ; and the numeric is the ratio of 
the quantity measured to the quantity chosen as unit. 

Thus when a certain distance is said to be 25 yards, 
what is meant is that the distance has by some process 

* The term numeric has been introduced by Prof. James Thomson 
(Ihomson's ** Arithmetic,” Ed. LXXII., p. 4) as an abbreviation of 
** numerical expression.” It denotes a number, or a proper fraction, or , 
an improper fraction, or an incommensurable ratio. We shall find it 
convenient to emxdoy it here where we wish to lay stress on the fact 
that we are dealing with what are essentially numerical expressions. 

Of courae what is actually meant by the conveniently brief expressions 
^"almigth, Z,” “amass, if,” “ a force, JP*/* and the like, is simply that 
Xft Jf, F, Ac., denote the numerics which express the respective quan* . 
tides in teitns of tiie units chosen, that is, are, as we shall say below, 
the numeriee €f the ptantUUa in terms of those units. Further iu such 
phrasesas “theproductof mass and velocity,** or “the product of chatge 
and potential,** and so on, the product (or whatever other iiinoUon is 
apedfted) of the numerics Uof course what is intended. If all such 
pmdons were made verbally unexceptionable, the resulting ptolhdl^ , 
would ho intolerable. 

H 2 
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Nnneric been compared with the length, under specified con> 
Unit ditions, of a certain standard rod (which length is 
defined as a yard) and the ratio of the former to the 
latter found to be 25. 

The unit of measurement is of course itself capable 
of being expressed numerically in terms of any unit of 
the same kind, and in the same way therefore its fail 
expression consists of a numeric and the new unit. 
Hence if be the numeric of any physical quantity in 
terms of the unit, N' in terms of another unit, and n 
che numeric of the first unit in terms of the second, we 
have 

N’^n.N ( 1 ) 

ClisBgf- In order therefore to find the expression If of the 

******* quantity in terms of the second unit from its expression 
2i in terms of the first we have to multiply by n, the 
ratio of the first unit to the second. This numeric has 
been appropriately called the change-ratio for the 
change from the first unit to the second. 

ArUtnojr The changO from N \jo N' cannot be made unless 
the change-ratio «, is known. Each unit may have 
been ariritrariiy chosen without reference to any other 
unit, mtd n determined by some process of measure- 
ment; or the units may have been derived from certun 
chosen fundamental anits» and the ratio deduced from 
the relation of one system of fondamental units to 
the other. the measurements described in this, 
work the linits employed are entirely of the seccaid 
kind here referred to. 

In the early days of electrical measurements the units 
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in use mrere most of them thus arbitrarily chosen, each Arbitnuj 
without reference to other physical quantities; and 
further each investigator had his own standards, 
adopted to suit his own convenience, by which he 
tested the electrical qualities of the substances he 
employed. The great inconvenience, loss, and un- 
certainty caused by this want of a common system of 
measurement became intolerable when practical appli- 
cations of electricity like those of submarine telegraphy 
began to be proposed and undertaken, and led to the 
adoption of so-called absoliUe units, that is, derived “aIwo- 
units depending on a system of fundamental units in 
no way affected by locality or other conditions of 
experimenting, or related to the instruments and 
materials of any investigator. 

The system chosen is one which was suggested first Ostua’s 
by Qauss, and carried out by him to some extent for 
dynamical and for electric and magnetic quantities, 
extended and developed first by Wilhelm Weber, and 
then by Thomson, Maxwell, and others who formed the 
B. A. Committee on Electrical Standards, and gradually ewtied 
adopted, until finally, at the Congresses of Electricians 
'held at Paris in 1881, 1882, and 1884, electric units nUttee. 
founded on it were chosen for use by the whole civilised 
world. In this system the units of length, mass, and 
lime are defined and taken as fundamental units, and 
from these, units for the measurement of all phymcal 
quantities are derived in the manner explained beknr. 

It is to be noticed that although this system is m 
'^absdute** system in the sense just stided, it is only^ 
one of eeveral systems ali^lttte in the same sena^whieh;. 
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might be constructed. It has, however, the great ad- 
vsmtage that the fundamental units adopted are units 
of those physical quantities which are measured con- 
tinually in the ordinary business of life, as thus all the 
derived physical units are brought into direct comparison 
with the standards of length and mass in the comparison 
and reproduction of which so much scientific labour 
has been expended, and with the elaborately-accurate 
measurements of time furnished by the astronomical 
observatories of the world. 

The task before us is to determine the manner in 
which the various derived units involve the fundamental 
units, that is, we have to determine for each quantity 
(p. 180 above) the change-ratio n in terms of the funda- 
mental units. The formula which expresses n for a 
unit of measurement of any quantity we shall call tl^e 
Formula of JHmtTmons or the Dimenswml Formula of 
the quantity. To prevent the necessity for the constant 
repetition of these terms we shall denote the dimensional 
formula of any quantity, of which the numeric is de- 
noted by any particular symbol, by the same symbol 
indosed in square brackets. Thus we denote the dimen- 
sional formula of the quantity Q by the symbol [$]. 

Examples of the values of [G] will be found in deal- 
ing with the various units to which we now proceed. 
We shall firet consider the definitions and relations of 
the fundamental units in common use and the deriva- 
tion from them of the units of other physical quantities. 
In doing so we shall find the dimensional formula in 
each case and its numerical valu^ for certain changw 
of nnita: 



DBI-INITION OF THE METEl. 

Ftthdamintal Units. 

(1) Length. The standard unit of length in Great 
Britain is defined by Act of Parliament in the following 
terms : * “ The straight line or distance between the 
centres of the transverse lines in the two gold plugs in 
the bronze bar deposited- in the Office of the Exchequer 
shall be the genuine standard of length at 62° F., and 
if lost it shall be replaced by means of its copies.” 

Authorised copies are preserved at the Royal Mint, 
the Royal Society of London, the Royal Observatory at 
Greenwich, and the New Palace of Westminster. The 
comparison of the length of the standard with the 
lengths of its copies has been effected with the utmost 
scientific accuracy, and formed a most elaborate and 
important scientific investigation. 

The length of a simple pendulum which beats 
seconds has been determined for several places by 
means of very careful observations, and repeated 
pendulum experiments at these places would in the 
event of the destruction of the standard and all its 
copies give a means of accurately renewing them. 

In France and in most Continental countries the 
standard of length is the Metre. This is defined as the 
distance.between the extremities of a certain platinum 
bar when the whole is at the temperature 0° of the 
Centigrade scale. This rod was m^e of platinum by 
33oida, and is prerorved in the national archives eA 
France. As in the case of the yard, authorised ec^es 
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♦ 1$ and 19 Viet c* 1% July 90, tBM. 
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whose lengths have been carefully ^mpared with the 
standard are preserved in various places. 

IMstkoof The metre was constructed in accordance with a 
decree the French Bepnblic passed in 1795,* which 
enacted, on the recommendation of a Committee of the 
French Academy of Sciences, consisting of Laplace, 
Delambre, Botda, and others, that the unit of length 
should be one ten-millionth part of the distance, 
measured along the meridian passing through Paris, 
from the Equator to the North Pole. The arc of that 
meridian extending between Dunkirk and Barcelona 
was measured by Delambre and M4chain, and from their 
results the standard metre was realised in platinum 
by Borda. The metre, it is to be observed, is not now 
defined in relation to the earth's dimensions, and later 
and mote accurate results of geodesy have therefore not 
affected the length of the metre, but are themselves 
expressed in terms of the length which Borda’s rod has 
at (PC. 

Deebml In the French system the decimal mode of reckoning 
has been adopted for multiples and sub-multiples of all 
Maltiptes the units. Thus the metre is divided into ten equal 
"^****”‘ parts each called a decimetre, the decimetre into ten 
parts each called a centimetre, and the centimetre into 
ten parts each called a milUmetre. Again, a length of 
ten metres is called a decinnetre,of one hundred metres 
a hectometre, and one thousand metres a kilometre, t 
Of these, in accordance with the prevailing practice eff 
scientific experimenters who adopted the suiOKCStioiu 


* L(ri da 18 gnrmiaal, aa UL 
f 8 m Tsbk) «t Msi of tlds ?«)«&•. 
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the B. A. Cotnmi^e, the ceotimetre has been very 
generally chosen as the unit of length for the expression 
of scientific results, and on it as unit of length the 
electric and magnetic units approved by the Inter- 
national Congress of Electricians held at Paris in 1882 
have been founded. The reason for this choice will 


appear when we consider the unit of mass. 

We shall denote the numeric of a length by L. The Dimem 
dimensional formula is therefore [Z]. Fom^a 

For example, if we wish to find from the numeric of ^ length 
a length in terms of the yard as unit the numeric of the 
same length in terms of the metre as unit, we have 
[A] = *91439, the ratio of one yard to one metre; and 
this of course is equal to 36/39'3704, or 91*439/100, &c., 
the ratios of the numerics of the two units directly 
obtained according as the inch, or the centimetre, &c., is 
taken as unit of comparison. Similarly the value of 
[Zj for a change from the foot as unit to the centimetre 
as unit is 30*47945. 

(2) M(m. The legal standard of mass in Great Stsndud 
Britain is the Imperial standard pound avoirdupois, a 
piece of platinum marked “ P. S. 1844, 1 lb.,” preserved 


in the Exchequer Office. In the Act of Parliament 
(the Act already referred to) which gives authority to 
the standard, it is called the “legal and genuine 
standard of weight;” and the Act provides that if the 
standard is lost or destroyed it may be replaced by 
means of authorised copies, which are kept in the same 
national repositenes as the copies of the standard of 


length. . 

' It is to be ndt^ that the 'word “ *weight ” nsed.itt the 
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Ambi- Act, is one which is constantly used in two distinct 
senaes : (1) as here, to signify the quantity of matter in 
“Wei^t.” a body; (2) in its proper sense, to signify the downward 
force of gravity on the body. It is evident.that these 
two senses are distinct. The quantity of matter in a 
body is invariable ; the force of gravity upon the body 
depends on the situation of the body, and may even be 
zero. At a given place the forces of gravity on 
different bodies are, as was proved by Newton by 
pendulum experiments, proportional to their masses, 
and thus a comparison of the weights of different bodies 
gives a direct comparison of their masses. 

The pound has been generally used in Great Britain 
as the unit of mass for the expression of dynamical 
results, but in engineering and the arts, larger units, 
for example, the ton, or mass of 2240 Ibst., and the 
hundred-weight, or mass of 112 lbs., are frequently 
employed. 

Kilo- The French standard of mass is a piece of platinum 
called the Kilogravime dfs Arrhive*, mmle also by 
Borda in accordance with the decree of the Republic 
mentioned above. It was connected with the standard 
of length by being made a mass as nearly as possible 
equal to that contained in a cubic decimetre of distilled 
water at the temperature of maximum density, 4" C. 
The comparison was of course made by weighing, and 
so far as this procem was Concerned it was possible to 
obtain great accuracy, but the density of water is some* 
what difficult to determine with exactness, and is stiU 
in a small degree uncertain. The relaUou between tin 
standards is, however, so neaxfy that stated above 



DEFIKITIOK OF THE GRAMME 


187 


fot practical purposes, the error may be neglected. But 
on account of this uncertainty it is important to re- 
member that the standard is defined as the kilogramme 
made by Borda, and not as the mass of a cubic decimetre 
of distilled water at 4® C., which it approximately equals. 

A comparison between the French and British 
standards of mass made by Professor W. H. Miller 
gave the mass of the 'Kilogramme des Archives as 
15432*34874 grains. 

The gramme, defined as 1/1 000 of the Kilogramme des 
Archives, and approximately equal to the mass of one 
cubic centimetre of water at 4® C., was recommended 
by the B. A. Committee as the unit of mass for the 
expression of experimental results generally, and this 
choice has now been ratified by the general practice of 
scientific men. The convenience of the adoption of 
this unit of mass lies in the fact that it is approxi- 
mately the mass of unit volume of the substance, (water 
at its temperature of maximum density), usually taken 
as standard of comparison in the estimation of specific 
gravities of bodies, which therefore become in this case 
the same numbers as the densities of the bodies. 

The multiples and sub-multiples of the gramme 
proceed decimally, and are distinguished by the same 
prefixes as those of the metre.* 

We shall denote the numeric of a mass by andi 
hence its dimensional formula by [M\ 

Tbe value of [if] for a reduction from the pound as 
unit ^ the gramme as unit is 453*593, for a reduction 
the grain as unit to the gramme as unit 15*^432. 

* Ssft Tsidb at of tUs volnm. 


Relation 
of French 
Standard 
of Mass to 
Standard 
of Length. 


fdOIMl 
FtHnsmli 
of Hm 
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(3) Twne. The definition of equal intervaJa of tame 
belongs to dynamics and cannot here be entered on, 
bat according to it the times in which the earth turns 
through equal angles about its axis are to a very high 
degree of approximation equal. These intervals cor- 
respond to equal intervals of time shown by a correct 
clock, and if the clock just goes twenty-four hoars in 
the time of an exact revolution of the earth about its 
axis (or, which is the same, the interval between two 
successive passages of a fixed star in the same direction 
across the meridian of any place), showing Oh. Om. Os. 
each time a certain point of the heavens called the 
First Point of Aries crosses the meridian in the same 
direction, it is said to show sidereal time. 

Though sidereal time is used in astronomical obser- 
vatories, it is more convenient in ordinary civil affaire 
to use solar time; but as the actual solar day, the 
interval between two successive transits of the sun 
across the meridian of any place, varies in lengtli 
during the year, the standard interval is the mean of 
such intervals, and is called a mean sohir day. On 
account of the orbital motion of the earth the mean 
solar day is about 3m. 55'9s. longer than the sidereal 
day. 

The mean solar second, defined as 1/86400 part of 
■usu^i the mean solar day, is taken as the unit of time for the 
expression of idl scientific r^nlta 
. We have seen that the choice of the fnndammitsl 
^ts is entirely arbitrary, and there is nothing in their 
nature which mstitles them in any just sense to the 
maw. term " absolute.” The unit of time, which is besed on 
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the period of rotation of the earth, is, we have reason to Other 
believe, subject to a slow progressive lengthening, due 
to tidal retardation of the earth’s rotation, and possibly of Length, 
also to frictional resistance of the surrounding medium ; 
and as a matter of definition, without reference in all 
cases to realisation, it would be easy to find many much 
more satisfactory standards. Thus it has been suggested 
by Sir William Thomson * that the period of vibration 
of a metallic spring, and kept in a hermetically sealed 
exhausted chamber at a constant temperature, or the 
period of a particular mode of vibration of a quartz 
crystal (or other crystal of definite composition) of a 
S2)ecified size and shape and at a given temperature, 
would be theoretically preferable to the mean solar 
second, as fulfilling with a much nearer approach to 
perfection the condition of constancy. Clerk Maxwell f 
has also suggested as units of time the period of 
vibration of a gaseous atom of a widely diffused sub- 
stance easily procurable in a pure form ; or the period 
of revolution of an infinitesimal satellite close to the 
surface of a globe of matter at the standard density, 
which may be any density determined by a definite 
physical condition of any substance, for example the 
maximum density of water. This period is independent 
of the size of the globe $ and it has been pointed out 
that this advantage would also be obtained by founding 

• MketrkUff ami Magwtim, vol. i. p. 8 ; Thmonson and Tait, Wat. 

Ph#. vid. i. part L 287 (second edition). 

t mi 

t Fm wat«r at tlw tempeiatuM of m a x im u m densitFi it i# appwoi- 
nutt^y KAt. Sm. 
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Other the Qoit of time on the period of a small simple hanaonic 
vibration of a globe of standard density. 

® gaseous atom, for example that of a 
T^. sodium or hydrogen atom, and the wave-length of a 
definite line in the spectrum of an easily obtainable 
substance, for example the D lines in the spectrum of 
sodium, might be chosen as the units of .mass and 
length. These units would be quite definite since, 
according to the kinetic theory of gases, the atoms of 


any one substance are undistinguishable from one 


another by any physical test. 


Derived Units. 


Dinen. I,et US suppose that the numeric N oi & physical 

Famula quantity is given by the equation, 
d 


Derived 

Unite, 


= &c.. 


where L^, Z,, &c., if,, M^, &c., T.^, &c., are numerics 

of different lengtlis, masses, and times in terms of a 
certain chosen unit for each, and (7 is a numerical 
multiplier (generally equal to unity) which does not 
depend on the units adopted. Now let other units of 
length, mass, and time be chosen and let N' be the 
numeric of the same quantity in terms of these unite* 
and &C., ifj, Jf j, & 0 ., Ti, Ac., those ‘of 

the lengths, masses, and rimes. Then we have 


JH' - OX\^U'r T ,* . Z7 if7 r/ . &a . (8) 
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But by equation (1) [Z]*, if" =» if* and 

so on. Hence (3) becomes, 

Zr'»C'.Z,*ifi"r,". X/if/Z/.&c. [£]*+!’+**• 

+ , + jjj» + r + ac. ... (4) 


By equation (1) therefore the dimensional formula [iV] 
of the quantity is [i]'+'+*“. [if]-+«+*®-. [7’]“+'+*®- 
In accordance with the- notation [JV], we shall denote 
this in future by the more convenient expression 

j-2[|l+p4*0. jii^+j-Htc j^+r+«rc.j 


The numerics I +p + &c., &c , correspond to what 
Fourier* called les exposants des dhnetisions of the 
quantities which entered into his analysis, and it is 
these numerics, not the dimensional formulas, which 
are properly the “dimensions” of the units. It was 
pointed out by Fourier that in equations involving the 
numerics of physical quantities every term must be of 
the same dimensions in each unit, otherwise some error 
must have been made in the analysis. This consideration 
affords in physical mathematics a valuable check on the 
accuracy of algebraic work. 

It is obvious from equations (1) or (4) that the dimen- 
sional formula of the product of any number of numerics 
jV,, JVj of different physical quantities is the product 
dimensional formulas, and more 
generally that the dimensional formula of the product 
flV’i'**. iV’,''*.] &c., of any powers whatever of these ex- 
pressions, is the p^uct of the same powers of the 
ojnrespondiDg dimensional formulas. 


IS! 

Dimen* 
sional 
Fonnnln 
of Derived 
Unite. 


Dimcn* 
sione of 
Units. 


^ Tkkrk AmAftiiqm de id Chakwr^ Ch»p. IL Seet IX. 
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XMtaM- We are now i^iepared to find ibe dimensional foramI%B 
nSty ci the various derived units. The process will consist 
in finding for each quantity the formula corresponding 
to the right-hand side of (2), and thence deriving 
according to (4) the proper formula of dimensions. We 
shall consider first the units of Area, Volume, mui 
Density; then the various dynamical units which are 
involved in those of electrical and magnetic quantities. 

Area. Aren, The general formula for the area of any sur&ce 
can be put in the finm CZ*, where Z is a numeric 
expressing a length, and Cis& numeric which does not 
change with the units. Hence by (4) the formula of 
dimensions for area is [Z*]. 

Yoltime. Volume. Similarly the fonnula for the numeric of 
a volume can be written CL*, and the formula of 
dimensions is [Z*]. 

Dea^y. DetuUy. The Denary of a body is expressed by the 
numeric of the mass per unit of volume. We shall 
denote it by the symbol D. 

If the body be of uniform density, the numeric is 
obtained by finding the mass contained in any given 
volume of the body : the ratio of the numeric of the 
mnsa to the numeric of volume is the density. 

If the body be of varying density, the density at any 
point is the limit towards which the ratio of the numeric 
of the mass contained in an element of volume including 
the point, to the numeric of the volume, aj^uoaches as 
the element is ttdten smallor and smaller. Thus if fiK 
be an element of volume indinding a point at which the 
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densitj is D, and hM be the mass of the element, we Densii^, 
have 



In either case we have for the numeric of the volume 
taken and for that of the mass contained in it M. 

Hence 

[ 2 >] = 

The Specific Gravity of a body is the ratio of the density Specific 
of the body to the density of the standard substance, 
and is therefore a numerical ratio independent of the 
system of units adopted, that is, its dimensional formula 
is 1. If G denote the specific gravity of a body whose 
density is D, and D, be the density of the standard 
substance, 

T) = G.D,. 

In the French system of units 2>, is taken as unity 
and we have D==G. This is one great convenience of 
the French units of length and mass ; but it is to be 
remembered that Density and Specific Gravity are 
essentially different ideas, and only coincide in numerical 
value when D, — 1. 

DTNaMicAL Units. 

VdoeUy. The velocity of a body is measure! by the y«loeity.. 
numeric of the length described per unit of time. Its 
specification involves direction as well as magnitude; 
but in dealing with the dimensions of velocity we are 
only concerned with the latter element, 
vw. J. 


O 
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If the velocity is uniform, its numeric is the ratio of 
the numeric L of any distance traversed to the numeric 
T of the time in which it is described. 

Valoci^. If the velocity is variable, its numeric y at any 
instant is the value towards which the ratio of the 
numeric hL of the distance traversed in an interval 
of time including the instant, to the numeric hT of the 
interval, approaches as the interval is taken smaller and 
smaller. Hence 


dL • 

0 

where £ denotes in Newton's fluxional notation the time- 
rate of variation of L. We shall use this symbol for 
velocity. 

We see that the numeric of a velocity is the ratio of 
the numeric of a length tu the numeric of a time- 
interval, and therefore wo have 

[L] = 

As multiplier for a change from mile-minute units to 
centimetre-second units we have 

n = 5280 X 30-4707/60 » 2682-2136. 

In statements of amounts of velocities there ought 
clearly to be a distinct reference to the unit of time : 
thus the expressions one mile per minute, 88 feet 
per second, 2682-2136 centimetres per second, are per- 
fectly definite, and express the same velocity, while 
such a statement as a ** velocity of 88 feet ” i« deroid 
of meaning. 
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Acceleration. The acceleration of a body is expressed Acwkfv 
by the numeric of the change of .velocity per unit of time. 

Like velocity, acceleration involves in its signification 
the idea of direction as well as of magnitude ; and it is 
through a want of clear apprehension of this fact that 
diflSculty is found by students in the theory of curvi- 
linear motion. 

Let BL be the velocity given in direction and magni- 
tude which compounded with the velocity L which a 
particle possesses at the beginning of an interval of 
time BT would give the velocity in direction and mag- 
nitude at the end of that interval, then BLjBT is the 
average acceleration during that interval, and the limit 
towards which this ratio approaches as BT is made 
smaller and smaller is the true value of the acceleration 
at the beginning of the interval That is, we have 


Acceleration = = L, 


where L denotes in the fluxional notation the time-rate 
of variation of A, that is, of velocity. 

We shall use this symbol for acceleration, and the 
two dots above the L will serve to recall the double 
reference to time which is plainly involved in the notion 
of acceleration. This should be clearly expressed in 
statements of amounts of acceleration. Thus such a 
statement as an acceleration of 981 centimetres per 
second per second, or 32 feet per second per second, 
is perfectly definite, while such phrases as an **aocele^ 
ration of 981 centimetres ’’ or " an acceleratiim of 32fi»6t 
pto second,” which are often used, are meanioi^tesa, 

oS 
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The dimensional formula is 

[Z] = 

For a change from mile-minute units to centimetre- 
second units, 

n = 5280 X 30-4797/603 =r 447 0356. 

Momen- Momentum. Taking for simplicity the case of a rigid 
body moving without rotation, that is, so that each 
particle of the body has the same velocity at the some 
instant, the momentum of the body is expressed as the 
product of the numerics of the mass of the body and its 
velocity. Hence it is expressed symbolically by ML. 
The dimensional formula is therefore 

[J/i] = [MLT-'l 

Rate of Time-Bate of Change of Momentum. If the momentum 

of the body be not constant, then, since we suppose 

tam. the mass constant, we must have for the time-rate of 
variation the expression ML, that is, the product of the 
numerics of the mass and the acceleration. The 
dimensional formula is therefore 

[ML\ = [MLT-^l 

Fonse. Fone (F). A force acting on a body is proportional to 
the time-rate of change of momentum. Hence the 
dimensional formula just found is that of force. 

According to the system suggested 1^ Gauss, a force 
is measured by the time-rate of change of momentum, 
that is, the constmat, C, of equation (3) is in this case, as 
in the other cases we have considered, taken equid to 
unity. Unit force is therefore that force which a^ia^ 
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for unit of time .on unit mass produces unit change 
of velocity, or simply that which produces unit 
acceleration in unit mass. 

When the unit of mass is one pound, the unit of 
length one foot, and the unit of time one second, then 
unit force is that force which acting for one second on 
a pound of matter generates a velocity of one foot per 
second. This unit force has been called a poundal. 

The unit force in the C.G.S. system, is that force 
which, acting for one second on one gramme of matter, 
generates a velocity of one centimetre per second. To 
this unit force the name dyne has been given. 

This method (sometimes called the kinetic method) 
of measuring forces has now superseded, for scientific 
purposes, the gravitation system formerly in use. In 
that system the unit of force is the force of gravity 
on the unit of mass, and has, therefore, different 
values at different places on the earth’s surface, and 
at different vertical distances from the mean surface 
level. This substitution of an invariable unit of force, 
depending only on the standards adopted for length, 
mass, and time, instead of the former variable unit, is 
at the foundation of the system of units of measure* 
ment established by Gauss. It is to express this fimt 
of invariability with locality and other circumstances 
that, as already explained, the term “absolute” is '^sed 
for the unit of force and other derived units in this 
system. 

Work ( W). In dynamics vmk is said to be done 
a force when the place of application of the force 
receives a component displacement «n dvruHcn ht 


Kinetic 
Unit of 
Force. 


UG.S. 
Unit of 
Force, 
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Wort which the force acts, and the woik done by it is equal 
to the product of the force and the distance through 
which the place of application of the force has moved 
in that direction. The time-rate at which work is 
done by a force at any instant is therefore equal to the 
jH*oduct of the force and the component of velocity in 
the direction of the force at that instant. The work 
done in overcoming a resistance through a certain distance 
is equal by this definition to the product of the resist- 
ance and the distance through which it is overcome. 
Among engineers in this country the unit of work gene- 
rally used is one foot-pound, that is, an amount of work 
equal to that done in lifting a pound vertically against 
gravity through a distance of one foot. The weight of a 
pound of matter being generally different at different 
plaecs, this unit of work is a variable one, and is not used 
in thcoi-etical dynamics. In the absolute C.G.S. system 
of units, the unit of work is the work done in over- 
coming a force of one dyne through a distance of one 
centimetre, and is called one centimetre-dync or one ng. 

In practical electricity 10’’ ergs is frequently used as 
unit of work, and is called a Joule. 

If .P denote the numeric of a force and L the numeric 
of the space through which it has acted, the numeric 
of the work done is FL. Hence we have 

[W} - iFL\ = 

Mnkf. Activity (A). The single word Activity has been 
used by Sir William Thomson as equivalent in meaning 
to “ time-rate of doing work,** or the rate per unit of time 
at which energy is given out by a wmkiig ; and 
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to avoid circumlocot^ns in what follows we shall 
frequently use the term in that sense. Among engineers 
in this country the unit rate of working is om horse- 
power, that is 33,000 foot-pounds per minute. 

Unit Activity in the C.G.S. system is one erg per Unit 
second. In practical electricity an activity of lO'^ ergs 
per second is frequently employed as unit. This unit 
has been called a Wait.' 

Since Activity is measured by the numeric of the work 
done per unit of time, its dimensional formula is given by 

[A] = 

Energy (E). When a material system in virtue of Energy, 
stresses between its own parts and those of bodies 
external to it does work or has work done upon it, in 
passing from one state to another, it is said to give out 
or to gain energy. The energy given out or gained is 
measured by the work so done. 

If the change he a change of motion, then, according 
as energy is given out or gained by the system, it is 
said to lose or gain Tdnctie energy. If the change be of 
any other kind, which can be classed under change of 
configuration, then, according as the system gives out 
or gains energy, it is in general said to lose or gain 
poiemiiaX energy. 

When we consider the work done by mutual forces 
between different parts of the same system, a loss of 
kinetic energy in. the system is accompanied by an 
equal gain of potential energy, and vice versd, so that the 
iotal energy of the system remains unchanged in amount. 

This is the principle called the Coimrvaiion qfj&UT0, 
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Energy is measured by the same units as work, and 
its dimmisional formula is the same as that of work, 
that is 

[£] = [MZ'T-*]. 

We shall here, for the sake of illustration, give three 
examples of the application of dimensional formulas to 
the solution of problems regarding units. The problems 
are taken from Professor Everett’s Units and Physical 
Constants. 

Ex. 1. If the unit of time be the second, the unit 
PntUMns density 162 lbs. per cubic foot, and the unit of force 
in Units, jjjg of an ounce at a place where the change of 

velocity g produced by gravity in one second is 32 feet 
per second, what is the unit of length ? 

Here the change-ratio by which we must multiply 
the numeric of the density of a body in the system 
of units proposed, to find its density in terms of the 
pound as unit of mass, and the foot as unit of length, is 
162. We have therefore, omitting the brackets in the 
dimensional formulas, 

ML-* - 162, 

where M is the number of pounds equivalent to the 
unit of mass, and L the number of feet equivalent to 
the unit of length. Also, it is plain that the unit of 
force in the proposed ^tem is two foot-pound-second 
units. Hence we have also, since T 1, 

By tfivinon therefore wh get X* aAl/81 drXnl/8. The 
unit of 1«^^ is diorefore 4 incbes. 
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Ex. 2. The number of seconds in the unit of time Izuraies 
is equal to the number ef feet in the unit of length, the problems 
unit of force is 750 lbs. weight {g being 32), and a in Units, 
cubic foot of the substance of unit density contains 
13,500 ounces. Find the unit of time. 

Using M and X as in the last problem, and putting 
T for the number of seconds equivalent to the unit of 
time, we have plainly 


and 


i/X-« 


13500 

10 “ 


MLT-^ s= 760 X 32. 


Therefore by dividing, and remembering that X 
we get 



^ X 750 X 16 
13500 


I®* 

3 * 


T, 


That is the unit of time is 5^ seconds. 

' £k. 3. When an inch is the unit of length and T 
seconds the unit of time, the numeric of a certain 
acceleration is a; when 5 feet and 1 minute are the 
units of length and time respectively, the numeric of 
the same acceleration is 10a. Find T. 

The change-ratio or value of XT'* for reduction to 
foot-second units is plainly in the first case 2’~V112, in 
the second 5/3600. We get therefore 

■S'- ■ 

3600 ^ 

or ^ 
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Derived Electrical Units, Electrostatic System. 

Quantity of Electricity [§']. In wbat is called the 
trici^. electrostatic system of units, wliicb we here consider, 
and which is most convenient when electrostatic results 
independently of their bearing on electromagnetic 
phenomena only are required, the units of all the 
other quantities are founded on the definition of unit 
quantity of electricity given above (p. 3). This defini- 
tion is, as we shall see, precisely similar to the definition 
of magnetic pole which forms the basis of another 
system of units called the electromagnetic system, of 
much wider and more important application than 
the electrostatic. Hence by Coulomb's law (p. 2) that 
electric attractions and repuhsions are directly as the 
product of (the numerics of) the attracting or repelling 
quantities, and inversely as the second power of (the 
numeric of) the distance between them, if a quantity 
of positive electricity expressed by j be placed at a 
point distant L units from an equal quantity of positive 
electricity, the numeric F of the force between them is 
(fllf- We have therefore the equation = FL^, and 
therefore [q] is [F^L] or 

ETcetrie BleetrU Surface Density [«r]. The density of an 
elecbic charge is (p, 7) measured by the quantity of 
electricity per unit of area. Therefore [<r] is [qL~*\ or 

ElcoMe Eledric Foru and Intensity of Electric FUld [»]. The 
Foree. electaic force at any point in an electric field is (p. 6) 
the force with which a nnit of positive electricity would 
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be acted on if placed at tbe point. Hence if tbe numeric Field 
of the quantity of electricity at a point P be y, and that 
of the electric force at that point be i, the numeric 
F of the force on the electricity is gi, and we have 
the equation i = Fq~^. Therefore [«] is [Pj"*] or 

The intensity of an electric field at any point is 
measured by the electric force at that point, and there- 
fore has the same dimensional formula. 

Elf civic Potential (V). The difierence of potential Electric 
between two points is (p. 7) measured by the work 
which would be done if a unit of positive electricity 
were placed at the point of higher potential and made 
to pass by electric forces to the point of lower potential. 

Hence in transferring g units of electricity through a 
difierenco of potentials expressed by F, an amount of 
work is done of which the numeric W is gV. We 
have therefore V = Wq~^, and hence [F] is [1Fg~^] or 

Capacity of a Cotuluctor (K). The capacity of an Capacity, 
insulated conductor is the quantity of electricity 
required to charge the conductor to unit potential, all 
other conductm^ in the field being supposed at zero 
potential. Hence, denoting the numeric of the capacity 
of a given conductor by C, those of its charge and 
potential by Q and F respectively, we have C » QV-\ 
and for [(?] therefore [QV~^], that is [i]. The unit 
of capacity has therefore the same dimensions as the 
nnit of length ; and the capacity of a conductor is 
properly expreMed in C.Q.S. electrostatic units as so 
many centimetres. 
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Spoeifie Spedfichidu^iw Capacity [K^. The specific inductive 
capacity of a dielectric is (Chap. L, Section V.) the ratio 
of the capacity of a condenser, the space between the 
plates of which is filled with the dielectric, to the 
capacity of a precisely similar condenser with vacuum as 
dielectric ; or, according to Maxwell’s Theory of Electric 
Displacement (p. S 3 ), it is defined as the ratio of the 
electric displacement produced in the dielectric to the 
electric displacement produced in vacuum by the same 
electromotive force. It is therefore in the electrostatic 
system simply a numerical coefficient which does not 
change with the units. Hence [AT] = 1. 

Electric Current [7]. An electric current in a con- 
ducting wire is measured by the quantity which passes 
across a given cross-section per unit of time. If j be 
the numeric of the quantity which has passed in a 
time of which the numeric is T, then denoting the 
numeric of the current by 7, we have 7 =* qjT, and [7] is 
[2T"‘] or [M^L^T-% 

Beoatence. Ecsistance [r]. By Ohm’s law the resistance of a 
conductor is expressed by the ratio of the numeric r of 
the difference of potentials between its extremities to 
the numeric 7 of the current flowing through it We 
have therefore r ** v/y, and [r] is [t>7~'] or [X~'T]. 

Condvc- CoTidudwity.* The change-ratio of conductivity is 
plainly [XT"*]. The change-ratio for conductivity in 
electrostatic measure is thus the same as that for 

* Ur. Oliver Heevitride 1ms proposed to nso the term Cornfaetesee, io 
tile sesse here given to CondutUMiy, of the ndproeel of e inrfstenoe. 
If this term, as seems desimble, be adopted, the term Condnetivifyin^t 
be appropriately reserved for what has bem ealled Sfteifie CimiMeiMt) 
(Chap. T. below)i 
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velocity. Hence a conductivity in electrostatic C.G.S. 
units is properly expressed in centimetres per second. 

The following illustration of this result has been 
given by Sir William Thomson. Suppose a spherical 
conductor charged to a potential v to be connected to 
the earth by a long thin wire, of which the capacity 
may be neglected ; and let r be the resistance of this 
wire in electrostatic measure. The current in the wire 
at the instant of contact is f/r. Now let the sphere 
diminish in radius at such a constant rate that the 
potential remains v. The current remains t’/r, and the 
quantity of electricity which flows out in t seconds will 
be vHf. If the radius be initially a:, and in i seconds has 
diminished to a;', the diminution of capacity is a; — x\ 
Hence the loss of charge is v{x — and we get 
t?//r « v{x — x), or 1/r = (x - x')/t But (x — x^t is the 
velocity with wliich the radius of the sphere diminishes. 
The conductivity Ijr of the wire is therefore measured 
numerically by the velocity with which the surface of 
the sphere must approach the centre, in order that its 
potential may remain constant when the surface is 
connected to the earth through the wire. 


Illustra- 
tion of 
Conduc- 

tivit3r as 
Velocity. 



CIIAM'ER IV. 

OEKERAl PlirsICAL MEASUREMENTS, 

Section I. 

MEASUREMENT OF ANGULAR DEFLECTIONS, 

It will save digressions and inti^rniptious in what 
follows to give here some account of measurements 
which, although not themselves of an electric or 
magnetic nature, have constiintly to be made in ajil 
electric or magnetic observations. The most important 
of these are: (1) The Measurement of Angular Deflec* 
tions ; (2) Measurements of Oscillations, including 
Determinations of Period, Amplitude, and Rate of 
Diminution of Amplitude of Vibrations; (3) Deter- 
minations of Couples and Moments of Inertia. There 
are other processes, such as weighing and the measure- 
ment and comparison of lengths ; but these are described 
more fully than are the others in treatises on general 
physical manipulation, and are supposed to be known 
to a greater or less degree to the experimental student. 
Special methods or precautions necessary in particular 
cases will be indicated as they occur. 

Angles of deHeetion are measured by the dikplac^ 
n^nt of some form of index taming with the b|pdy 
deflected, and showing the magnitude of the deflectioii 
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on a properly arranged and fixed graduated scale. In Ordmarjr 
the simplest arrangement the index is a thin material 
rod turning round an axis, and showing the deflections 
on a graduated circular arc, the centre of which is as 
nearly as possible in the axis. The scale is graduated 
to degrees, or, if it is of large radius, to some aliquot 
part of a degree as smallest scale division. The initial 
and deflected positions of the index relatively to the 
scale are read olf, and their difference gives the 
deflection. 

For convenience of adjustment and accuracy in read- Adjust- 
ing, the scale should be a complete circle, and the “*"**• 
index extend across that circle, so that readings may be 
taken of the po.sitions of both ends. The instrument 
should first be tested to see that the centre of the 
circular scale is accurately in the axis of rotation, and 
that the axis is at right angles to the plane of the circle, 
and in plane with and perpendicular to the index. 

The index is generally set at right angles to the axis 
with sufficient accuracy by the instrument-maker, and 
the adjustment in this respect can be tested by ob- 
serving whether the index when turning round the 
axis remains in one plane. If readings are not to be 
taken with both ends of the index, it is not necessary 
that the index should be accurately at right angles to 
the axis. The point of the index in that case should 
turn in the plane of the scale. The axis can generally be 
set accurately at right angles to the plane of the circle, 
by changing the level of the apparatus. The index 
generally terminates in two sharp points, or bears two 
fine marks at its ends by whidh the readings are taken, 



208 

At^ust- 

ments. 


Obser- 
Tation of 
Deflec- 
tionff. 


GENERAL PHYSICAL MEASUREMENTS. 

We shall call these the extremities of the index. The 
farther adjustment consists in placing the extremities 
of the index and the axis in one plane, and causing the 
axis to pass accurately through the centre of the circle. 
Supposing the adjustment to have been approximately 
made, the index is made to play round the graduated 
circle, and the pairs of points on the scale which mark 
the positions of the extremities of the index for differ- 
ent deflections are carefully noted. When each line 
joining a pair of points passes through the centre of 
the circle the adjustments have been properly made. If 
the lines all pass through one point which is not the 
centre, the axis is in plane with the extremities, but 
does not pass through the centre ; if the lines are all at 
the same perpendicular distance from the centre, the 
axis passes tlirough the centre, but the extremities of 
the index arc not in plane wdth the centre. 

Indexes in electrical instruments are frequently thin 
glass tulKJS filled with some dark opaque substance; but 
an excellent index, thin, rigid, and light, is furnished by 
a fine tube of aluminium. This index can be handled 
and adjusted with ease, and its uso avoids the danger of 
breakage w^hich exists in the case of glass fibres. 

In considering how the adjustments are to be tested, 
we have supposed that the deflections can be accurately 
observed ; and the usefulness of the apparatus for exact 
measurements depends on the means provided for that 
purpose. In many instruments the index is so long 
and so mounted that its extremities project over the 
divisions of the scale, and the deflections are simply 
read by the observer looking: as nearly as he can normallv 
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at the plane of the circle. Unless, however, the index 
is very close to the scale, this process introduces a 
liability to error from parallax, that is, different readings 
are obtained according to the direction in which the 
scale is viewed. To prevent this source of error, the Avoidance 
scale is frequently engraved on silvered glass, or is 
surrounded by a slip of silvered glass, in which the 
extremities of the index are seen by reflection, and the 
readings arc taken always when the scale is so viewed 
that the extremities and their image in the silvered 
surface seem in coincidence. 

For many purposes sufficient accuracy can be obtained Movable 
by making each exti'cmity of the index carry a small 



Fu4. 37 . 


vernier. In the case of an aluminium index the ends 
can be two horizontal flat pieces on which the vernier 
is engraved. The middle line of division of the vernier 
is the zero (which contains an even number of divisions, 
as, for example, 10 corresponding to 9 of the scale), and 
the divisions are marked so as to read from 0 to 5 on the 
right, and from 5 to 10 (which coincides with zero) on 
the left, as shown in the diagram. The vernier carries 
at one end a projecting point, the image of which is 
seen in the silver^ glass on which the scale is engraved, 
VOL. L > ' 
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or iu a piece of silvered glass surrounding the scale, and 
thus parallax is avoided. 

In some cases parallax is avoided by having the scale 
circle in relief, so that the index can be made to move 
neaidy in the plane of the scale, and with its extremities 
close to it. The positions of the extremities may be 
read either with or without a vernier. If a finely- 
divided vernier and scale are used, the readings may 
be taken by a microscope or a magnifying glass, since 
both graduations are in focus at once. 

In some instruments, as in the Dip Circle, the index 
is a metal arm moving round a finely-divided circle, 
and carrying at its extremities verniers, the remlings of 
which can be obtained by microsco|)es. The amount of 
accuracy obtainable here, all otlier adjustments being 
supposed correctly made, depends upon the fineness 
of the graduation and the precision with whi<’h the 
zero of the vernier can be placed in the desired 
]K>sition. Thus, for a vernier and scale which can be 
read to say lU"' of angle, the error of estimation of 
j>osition must be les.s than 10' or the fineness of 
the graduation i.s not taken advantage of. The reading 
inicro.scope must of course be of sufficient j)ower to 
take full advantage of any given degree of fineness of 
grarluation. 

Angular deflections are, however, generally measured 
in ordinary electric measurements by what is called the 
mirror method. A plane mirror or a concave spherical 
mirror is mounted so that the axis round which the rota- 
tion takes place is in the reflecting surface of the mirror 
if that is plane, or is a tangent to the reflecting surface 
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at its centre if the mirror is concave. The angle of 
rotation is measured by observing the angular distance 
between the positions of the image of a luminous object 
placed in front of the mirror. The index here is a ray 
of reflected light. 

In the ordinary or projection method this object is Ordinary 
a short narrow slit, with its length parallel to the axis, 
made in an opaque diaphragm in front of a source of ments 
light, or, better, a somewhat large illuminated opening Ctmcave 
in the diaphragm, with a thin opaque wire or hair Mirror. 



Fig. 38. 


stretched across it parallel to the axis. We shall 
suppose first that the mirror is concave. The image of 
this slit or wire is received on a screen placed in the 
focal plane conjugate to that of the slit or wire. On 
this screen is ruled a scale, generally to half-millimetre 
divisions, by which the deflections can be measured. 
For considerable deflections the screen may be a 
graduated scale, with its length at right angles to the 
axis of rotation on a concave cylindric surface, the axis 
of which coincides with that of rotation. For example, 
Fig. 88 shows a plan of such an arrangement in a plane 
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Amnge- perpendicular to the axis. 0 is the opening bisected by 
the opaque wire, M the mirror in its deflected position, 
shown by the line UN, Pj, Pj the positions of the im^ 
on the scale SS corresponding to the undisturbed and 
deflected positions of the mirror. The illuminated open- 
ing and the scale are placed on opposite sides of a plane 
normal to the axis through the centre of the mirror, in 
order that the scale may not intercept the light. The 
method has the drawback that it is generally necessary 
to darken the scale, so that the illumination produced 
by the reflected ray may be distinctly visible. This 
is accomplished sometimes by placing the whole 
apparatus in an alcove with curtains, and sometimes by 
turning the back of the scale to the general light of the 
room, and shading the front above and at the ends with 
a projecting hood of dull black material, 
of Well ^aduated paper scales arc easily obtained, and 
®®*^**' when properly mounted, and aftmcardu compared with 
a standard scale are quite reliable. They should be 
well glued to a backing of hard thoroughly seasoned 
wood, and the rest of the wood and the scale itself well 
covered with spirit varnish to prevent the absorption of 
moisture. When it is convenient to use a straight 
scale, one graduated on glass or ivory is preferable, and 
the former can be easily made by the experimenter 
himself by copying the graduation from a standard 
scale. Scales graduated on glass roughened so as to be 
semi-opaque are very convenient, as the image of ^ 
hair or wire and the divisions can be seen, and the 
deflection read from behind the scale. 

If accurate readings for large deflections are required, 
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the scale cannot be made circular, but must be so curved 
that, for the distances P-^M, OM chosen, a distinct 
image of the wire may be formed on the scale for all 
deflections. The graduation of the scale, if previously 
made in equal divisions, must then be compared with a 
circular scale, in order that the deflections may be 
reduced to angle. 

If « be the number of equal degree divisions which 
measures the distance P^P^ on the scale, if that is 
circular, or the corresponding number on a circular to Radian 
scale of radios MP-y, r the distance MPy, also in scale ^®*®*“*’ 
divisions, 6 the deflection of the mirror in radian 
measure, then since PyMP^ = 2^ = njr, we have 


In an arrangement commonly used the slit or wire 
and the scale are nearly at the same distance from the 
mirror. The distance of the scale is then twice the 
focal distance of the mirror. 

Instead of a concave mirror an equivalent arrange- Arrange- 
ment is sometimes adopted, consisting of a plane mirror o^^e 
with a convergent lens placed close in front of it. With Mirror 
the reversal of the ray by reflection, 0 and jP^ are now 
conjugate foci of a system of lenses each identical 
with that used, having a distance between their optical 
centres equal to twice the distance of the optical centre 
of the lens from the mirror. The arrangement may be 
made conveniently in some cas6s silvering the phme 
face of a plano-convex lens, and is then optically equi- 
valent to two similar plano-convex lenses pla(^ with 
their plane faces in contact. 
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straight 


A straight scale placed at right angles to the axis, round 
which the mirror turns, is frequently used. Let a be the 
angle which the reflected ray in the undisturbed position 
of the mirror makes with a plane at right angles to the 
scale and passing through the centre of the mirror, 7i the 
corresponding distance on the scale, a and the cor- 
responding quantities for a deflected position, r the 
perpendicular distance of the scale from the mirror, 0 
the angular deflection of the mirror, then 
tan a' — tan a 


tan 20 ~ 


n — w 


1 -h tan a tan a ^ -1- 


and 


0 = 5 tan - * r . 

2 — 7m 


• ( 2 ) 


Dedaetioii 
of angtUar 
Heflectioii 
from 

Brings. 


If n is zero w’e have 

« = ( 3 ) 


If »' be small in comparison with r we have approxi- 
mately from (2) 


and from (3) 


- 1 n'- 71 

^ = ~. . . 

... (4) 

II 

. . . (6) 


For more exact measurementa when the deflections 
are small, Poggendorff's arrangement of telescope and 
scale is xised with a plane mirror. The telescope has a 
positive eyepiece with two mutaaQy rectangular inter- 
sectmg cross-wires at its focus. Its line of collimation 

* The line joiaiiig the optiesl centre fif the ot{feot glut erith the. 
iatenectiim of the enu vfnc. 
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is arranged to be nearly in plane with and at right Telescon 
angles to the axis. In most cases in which the telescope Method, 
is used, the axis is vertical, and we will for definiteness 
assume that this is the case. One of the cross-wires is 
then in a vertical, the other in a horizontal, plane. The 
scale is straight and the numbers on it are engraved in 
such a manner that they appear erect, and are read 
firom left to right when seen through the telescope. 

The scale must be well illuminated, and the method 
has the advantage that in general this is suflSciently 


M 


scale if it 

is placed 






Fio. 39. 


well-lighted room ; and the local darkening required in 
the ordinary projection mirror method is thus avoided. 
Glass scales, constructed either by graduation on the 
surface of transparent glass, or on a silvered surface, 
may be used with convenience. The scales are illumi- 
nated by light from behind ; and in the former case the 
divisions appear dark on a bright ground, in the latter 
shine out brilliantly on a dark ground. The room 
plainly must be darkened if such scales are used. 

The arrangement of the apparatus is shown in tihe 
^eteh, Fig. 39. , T is the telesco^, 88 the scale, if the’ 
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A^ist* mirror. The telescope as a whole is moTable for adjust* 

■ isent both in a horizontal and in a vertical plane. The 
parts are set up and adjusted as follows. The . 
telescope eye-piece is adjusted so that distinct vision of 
the cross-wires is obtained. The eye-piece as a 'whole 
is then moved until an object, at a distance ^ual to 
twice that at which the telescope is to be placed from 
the mirror, is distinctly seen without parallax at the 
%ro8S-wires. A plummet is hung below the object-glass 
by a fine wire in a vertical plane through the centre of 
the object-glass. The telescope is then placed in front 
of the mirror, supposed at rest in the undisturbed posi- 
tion, and is moved about until the plummet wire is seen 
by reflection in the mirror. The scale, which is usually 
supported by an adjustable holder carried by the tele- 
scope stand, is placed in position below the object- 
glass, so that the plummet wire is seen in the telescope 
coincident with the middle division of the scale. The 
scale is levelled, and adjusted by direct measurement, 
so that any two points at equal distances on opposite 
.sides of the middle division are at equal distances from 
the centre of the mirror. The final adjustment of the 
telescope for parallax and distinct vision is now made. 

In order that any accidental disturbance of the 
telescope may be rectified with certaipty, a fixed mirror 
is set up close to the movable one, and the part of the 
scale seen at the intersection of cross-wires by reflection 
from this mirror is lead off and Horded. 

If the adjus^ents have been properly made, the 
divMons on the scale are now ^n clearly In the mirtor ; 
and this distinctness is fnaetic^y the jttme for ajl parts 
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df a scale of ordinary length placed at tlie usual distwce Dediu»ti<«i 
from the mirror. A deflection of the mirror teuses the 
. divisions of the scale to pass -across the field of view of p«rfl^eetim 
the telescope ; and if the mirror comes to rest in a new 
position, the angle of deflection can be obtained by 
comparing with the initial reading the new reading, 
which coincides with the vertical cross-wire. Let » ^ 
the deflection measured along the scale in terms of a 
scale division as unit, r the distance of the scale from 
the mirror in terms of the same unit, 0 the angle of 
deflection of the mirror in radian measure; then as 
in (3) 

0 — \ tan “ 1 ™ 

2 r 

If the jais round which the mirror turns is not in the 
reflecting surface, but at a distance S from it, we have 
plainly 

0 = |tan-»— ^ .... (6) 

^ cost/ 


Since S is in general small, tliis may be calculated witfe 
sufficient accuracy by finding 0 from the previotw 
formula, and using its value in the calculation of ibe 
corrected value from the right-hand* side of (6). If, 
however, 0 be very small, c<» 0 on the right may be 
taken as unity, and we have 


0m 


1 n 



In order that a point in the middle of poi^n 
0lt0 ioale seen in the telescope may have the 
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possible illumination, it is necessary that the mirror 
should be at least so broad that for the positions of 
telescope and scale adopted the pencil of rays from the 
point should fill the horizontal diameter of the -object- 
glass. Honcc if r, / be the distances of the scale and 
telescope respectively from tho mirror, 8 the diameter 
of the object-glass, the minimum breadth of the mirror 
is r8/(r -f /). 

The portion of the scale visible in the telescope may 
be defined as that from no point of which the part of 
the pencil received by tho eye-glass fills less than a 
certain fraction of the diameter of the object-glass. If 
we define it by half the diameter we get when the 
breadth of the mirror is h, (if the real optical extent 
of field of view of the telescope be not exceeded) for the 
length visible i(r -f r');r'. The pencil receive<l from 
either extremity of this space covers the object-glass as 
far as its centre. With tho above minimum breadth 
of mirror, the extent of the field of view is r8/r', which 
is greater the smaller is r‘ in comparison with r. If, as 
usually is the case, r — r' nearly, it is simply equal to 
the diameter of the object-glass. 

The precision of the readings with this arrangement 
depends upon the angle of deflection which corresponds 
to the smallest visual angle visible in the telescope. 
Calling this angle y, the corresponding length of scale 
is ) 7 (r + r'), and the angle which this subtends at the . 
mimor is ij(r + i'){r. The smallest angle of turning of 
the mirror visible is therefore -f- #'')/2r. The smaller 


/ is in comparison with r the smaller is this angle ; 
hence the sensibility is increased by placing the scale at 
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a greater distance from the mirror than the telescope. 

The minimum breadth of mirror becomes as r' is 
diminished more and more nearly equal to the diameter 
of the object-glass ; hence if a mirror of sufficient size 
is available, and it is convenient to construct and well 
illuminate a long scale, the distance of the scale may 
with advantage be made considerably greater than that 
of the telescope. 

A telescope may bo used with a concave mirror (or Telescope 
the equivalent arrangement of plane min-or and con- 
vergent lens placed close to it) and cur\’^ed scale as Minor, 
described above. All that is necessary is to substitute 
the telescope for the slit or illuminated wire, and arrange Minor 
it for distinct vision of the scale wthout parallax at 
the cross-wires. The best arrangement, however, is 
now to place the scale at a distance from the mirror 
equal to the principal focal distance of the mirror, 
or the corresponding distance in the case of the lens 
and plane mirror. If the radius of curvature of the 
mirror be B, this distance is IE. For the lens, if / be 
its principal focal distance and S the distance of its 
optical centre from the mirror, the distance is by the 
theory of lenses /(/ — 2S)j2(/ — S) + 8 = i(/ + 8) 

— 8*/2(/ — 8). Hence if 8 is small in comparison with/, 
the distance is approximately |(/ + 8). If the lens be 
plano-convex and silvered on its plane face, 8 is zero and 
the distance is |/. 

Since the rays of hght received by the telescope are TkiUI« 
parallel, the telescope has only to be adjusted for 
distinct vision of a distant object, and may be plaoed at 
any distance from the miifor, with no other alteration 
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than a change in the extent of scale seen in the field of 
view. For a spherical mirror of radius R, the length of 
scale visible with a mirror of breadth i in a telescope 
with object-glass at distance r^is plainly bRj^'. In the 
case of the lens, if & be its diameter, the length df scale 
visible is practically bflr". 

Plainly in order that the whole power of the telescope 
may be utilised, the parallel beam from the mirror or 
from the lens due to a point in the middle of the portion 
of the scale visible must fill the object-gla.ss, that is, the 
mirror or lens must be at least equal in diameter to the 
object-gla.ss. The smallest angular deflection observable 
is then obviously half the smallest visual angle observ- 
able in the tele.scope, that is, half its space-penetrating 
power. This power varies directly as the diameter of 
the object glass, and it has been found that an object 
glass of 15 centimetres diameter is necessary to sepa- 
rate two objects which subtend an angle of 1' at its 
centre. 


Section II. 

MEASUREMENTS OF OSCILLATIONS. 

VtiUty of The most important species of oscillations for us to 
consider are oscillations of a body round an axis, such 
oscillations for example as are performed by a body 
suspended by an elastic wire under the influence of 
torrion, or the vibrations of a magnet in a magnerio 
field, with or without the damping actipn of induced 
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currents, or of frictional resistance proportional to the 
velocity. A determination of the period and rate of 
subsidence of the oscillations, with a knowledge of the 
moment of inertia of the vibrating body round the axis 
of rotation, gives a means of calculating the moving and 
resisting forces acting on the body. 


For simple harmonic oscillations of diminishing range the 
equation oi motion is 




( 8 ) 


where B is thef angular deflection at time L For the criterion of 
simple bannonic motion of constant range is that the body should 
be acted on by a system of forces or couples proportional to the 
displacement and acting towards the equilibrium position. The 
moment of the couple-system in the present case is LB, Besides 
tliis system of couples we suppose a retarding system of forces 
to act on the body with a moment round the axis proportional 
at every instant to tlie angular velocity, and equal to 2fikdBldL 
where /jl is the moment of inertia of the moving system round 
the axis, and k a constant. Equating the rate of diminution 
of moment of momentum - fifPBjdi^ to the sum of moments 
2iikdBldt + LB we get the equation of motion (8). 

The general solution of (8) is, writing »* for X/p, 


Equation 
of Motion 
for Simple 
Harmonic 
Oscil- 
lations. 


B ~ * 4 “ 


(9) 


Exp^isii- 

tial 

SolutlOD. 


where jfj, are constants, and Wj, are the roots of the 
quadratic equation 

-f- *2km -f a* =s 0, 

that is, e - it + Vifc* - — k - - n\ These Reali^ 

roots are imaginary if a* > if*, and in this case the solution takes Sotoioa 
the form 


B ^ f-W((7co8 ^a* - + C'sin sin* - i^t), (10) 

AnxUibfy 

If i be reckoned from the instant of greatest elongation O in Quad* 

the positive direction (10) becomes 

. . or Simple 

+ • . (U> gSS?* 
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The motion is therefore simple harmonic with period 
and amplitude diminishing at logarithmic rate A 
Non- motion is non-oscillatory ; 

that is, any displacement given to the system disajTpears by a 
txay motion of the body towards the position of equilibrium without 
SuM* oscillation about that position. This condition is fulfilled in 
den^ aperiodic or ^‘dead beat” instruments. 

Unresisted When k is so small that the resistance is negligible in com- 
O^lla- parison with the other forces, the equation of motion (8) 
becomes 

~ +«*o = o a 2 ) 

and the solution corresponding to (11) 

d *= esin^ff/ -f (13) 


Ciise of A case which frequently occurs is that in which the motion is 
Forces oscillatory hut not simple harmonic, owing to the fact that the 
iniving as moment of the system of couples is proportional, not to d, but to 
Sine of gjjj 0 ^ Assuming zero or negligible resistance, the equation of 
Displ^- motion is— 
ment. 

Equation , _ + sm ^ ^ (14) 

Ofilotion. 

where i», as before, denotes L/f*. Tliis is the case of which a 
circular pendulum vibrating through a finite arc is the type* 
Denoting the amplitude in radian measure by o, we have, mul- 
tiplying by dB/di and integrating from d « a to d » 0, 


Hence 

di « — “ (cosd ~ cosa)**!^^ * . . • (16) 
v2a 


Galen* 
latl<m of 
Period, 


and the integral of this, taken between the limits 0 and a, ia the 
quarter peri<m « T/i* 

Let 

anf -» 8in|Mn^ 

thou (16) becomes 

rf/«ia - .... (16) 
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Expanding and integrating the series term by term between 
tlie limits 0 and Jit (which correspond to 0 and a), we get — 



The first term of this series 2tr/« is the ordinary simple pen- 
dulum fonnula for an infinitely small amplitude of vibration. 
To find from values of 7* derived from observation of oscillations 
of this kind the corresponding period for infinitely small oscilla- 
tions, it is only necessary to* divide the value of T thus found by 
the value of the series within the brackets. For almost all prac- 
tical purposes it is sufficient to use the approximate equation — 



which, for an amplitude of half a radian (28® 42' nearly), is true 
to 1/50 per cent., and to a higher degree of accuracy for smaller 
amplitudes. 

A table of reducing factors calculated from (17) is given at 
the end of this volume. 


The period of an oscillation is the time-interval 
between two successive passages of the moving body 
through the same position in the same direction. For 
the determination of this a means of observing the 
position of the body and a time measurer are necessary* 
For many physical purposes a fairly accurate clock or 
chronometer beating audibly seconds or half seconds, 
or a good watch is suflScient. In well-equipped 
laboratories, chronographs are available, by which, at 
the successive instants of occurrence of the phenome- 
non observed, marks can be made on a ribbon qf p^per 
or revolving drum kept moving uniformly (checked, of 
course, by a break-contact chronometer or pendulum, 
which, breaks an electric circuit at equal intervals of 
Alld makes a mark en the ribbon at each break) 
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by clockwork at a known rate recorded by die insto*' 
ment itsell We shall suppose that an audibly ticking 
chronometer is used, and it will be easy to modify the 
methods of observation to suit a registering time- 
measnrer. 

Ife&od of Fer observation of the vibrating body, when it is 
^*^^r** necessary to find the instant of passage through a 
Mirror, given position, it is convenient to use a telescope 
focussed so as to give an image of some part of the 
body at the intersection of cross-wires when the body is 
in the position in question. The best position is that 
of the vibrating body when at rest with no forces acting 
upon it. A vertical line is drawn upon the body, and 
focussed at the cross-wires in the usual way by first 
adjusting the eye-lens and cross-wires for distinct vision 
of the latter, and then moving the whole eye-piece until 
distinct vision of the mark is obtained. 

It m however, more generally convenient to mount a 
light mirror on the body and use the arrangement of 
telescope and long circular scale described above. The 
apparatus is adjusted so that the division of the scale in 
the same vertical plane as the centre of the object-glass 
and the centre of the mirror is at the intersection of 
JMmid- er<»s-wire8 when the body is at rest. Or, and preferably, 
where the equilibrium position of the vibrating body is 
SMdibig.*' liable to change, the exact reading of the scale eorre- 
spending to the equilibrium portion, or zero-rtadHtig, as. 
we shall call it, may be obtidned as follows, while ^ 
body is vibrating. The readings of the scale when the 
body is at rest at three eonseentiiye ate 
^t nj, be the readiiii%« ^ zeto-rsading, 
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period (not necessarily known), then for the deflection obserra- 
from the zero in the first case we have d^n^—a, 
and in the second and third cases by (11) above, Zero. 
Wj — « = ng — 0^= e~*'*'d. Hence we get 


a 


< - 
2nj - 


• . (19) 


When does not difler greatly from this equation 
becomes 


a = i(ni + 2»g + »s) . . . . (20) 


If the rate of diminution of amplitude is not great, 
the extreme readings of a greater odd number of 
successive semi-vibrations may be read off. The 
arithmetic means of the readings taken at each side are 
found sei»rately, and the arithmetic mean of the two 
results is the required reading for the middle position. 
Thus let dy, dg, dg, d^ dg be readings of the scale for five 
successive elongations (points of extreme deflection), so 
that dy, dg, dg are the extreme readings for deflection to 
the left, dg, dy for deflection to the right. Then 
(<fj -f d, + ds)/3 is the mean extreme reading on the 
left. Simihtfly (d, + d^l'2 is ibe mean extreme read- 
ing on the right. The zero reading is then approximately 
the mean of these, or (d, + -t d^/Q + (dg 4 dg)/4t. It 

is necessary thus to take one more reading on one ^e 
than on the other in order that in the case of diminish- 
ing amiflitude the.mean for one side may correiqpond to 
that for the other. Thus if three readings,''dg, 
were taken on the nght, the mean 4 dg 4 wpuM 
hft^e mean of readinga taken one by one later thab' 
VOIn I. b 
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those on the other side, and their mean would therefore 
be too small to give accurately the zero reading. 

Obwrva* The instant at wluch the zero reading of the scale 
i>><dces its transit is now observed while the body is 
vibrating. This is done as follows: — The observer 
takes time, say at the end of a minute, and tiien 
listening to the ticking of the clock, counts oh from 
the end of the minute until the middle reading 
passes the intersection of cross-wires. Tlie division 
of the scale at the intersection of cross-wires at the 
beat of the chronometer before and at the boat after 
the instant are, if possible, also observed. From these 
the exact instant of the transit of the zero reading can 
be found by assuming the velocity of transit constant 
between the two beats. If both these readings cannot 
be obtained, that one nearest in time to the transit of 
the zero reading is read off, and from the approximately 
known velocity of transit the interval between the beat 
and the passage can be found. The observer allows the 
vibration to continue, and counts the transits past the 
cross-wires until some convenient number, say 10 or 20, 
have taken place. Before the end of the series, glancing 
at the clock, he takes time, and then counts the ticks 
until the last transit of the series has taken place, and 
makes the same observations as at the beginning of the 
series. He repeats these observations for successive 
series, and thus obtains an approximate measurement 
of the time-interval from the first to the last ritmsit of 
each series. 

From this time-interval for one or more series ^ 

. period of oscillation can be apiH:oximately calculated. . 



OBSERVATIONS OF AMPLITUDE. 

The mean of the periods calculated from each set of 
observatiens will give the average period with accidental 
errors of a particular set more nearly eliminated. 

Each set of determinations of period ought to be 
immediately preceded and followed by observations of 
amplitude. For this it is only necessary to observe 
three elongations or scale -readings at the stationaiy 
points. Thus let three successive scale readings be 
dp dp dp the total range of apparent motion of the scale 
across the field of view is 4 * d^), or the ampli- 

tude of oscillation reckoned on a circle of radius equal 
to that of the scale is -f ^ 3 ). If a denote the 

amplitude in radian measure, and r the radius of the 
scale in degi*ee divisions, then 

a =: .... (21) 

The mean of the two values of the amplitude ob- 
tained at the beginning and end of each series of obser- 
vations may, if the series does not extend over too long 
a time, be taken as the amplitude during the whole 
series, and used, if the oscillations are of the kind which 
require it, for the reduction of the period obtained from 
the series to that which would have been obtained if the 
amplitude had been infinitely small (see p. 223, above). 
The mean value of the periods obtained after all a>r- 
rections from the various series of observations may be 
taken as the period-required. 

In casoi in which the rote of diminution of amplitude 
is small, a lai|^ number of oscillations may be made ht 
a aeries extending over a conaderable time, A 

Q k 




Observa- 
tions ot 
Ampli- 
tuoe. 



S28 


OENEBAL PHYSICAL HEASUBEMENTS. 


Otaem- short series of observations will suffice to give an ap- 
i^ g* pozimate value of the period, and this can be used to 
save the necessity of counting the number of oscillations 
tloiM. in the long series. The times t, t' of the b^inning-and 
end of the long series (with, as before, the amplitude 
before and after) are observed and recorded. Then if 
T' be the rough value of the perioil before obtained, 
which it is known may have an error not greater than 
T» we have for N the number of vibrations in the series 

N = ~ ( 22 ) 

with a possible error of + Nrj T. If t Ls so small that 
Nt is less than half a period, then plainly N is the 
actual number of vibrations made during the interval, 
and the true period T can be at once obtained. 

Definition When the resistance to motion is proportional to the 

eHtlmie amplitude has a constant ratio to the 

Deere- succeeding amplitude, and this ratio is called the 
Logaritkmic Decrement of the motion. 

Its Deter- It is obtained at once from observations of amplitude, 
mination. 2ero reading having been determined, an odd 
number of successive elongations on the same side of 
zero are observed, and the arithmetic mean of tiie 
deflections from zero taken. The result is the ampli- 
tude for the middle vibratioa of the series, ^e 
vibratory motion is allowed to continue undisturbed 
for some time and another series of observations then 
made. Then if we call the semi-period for which the first 
ampUtnde wm determined the mf*, and the seermd 
semi-period to which the second ampUtude ocsrreqmnds 
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be the (m + the time between the two observations Ite Deb 
is « — 1 semi-periods. Hence if \ be the li^arithmic “*“**** 
decrement, 0 m the first amplitude, 0 »h.ii the second, 
then 

0M = X-i 0m+« 

or 


\ = log 

» - 1 ® 


. . (23) 


If 2* denote, as iu (8) above, the ratio of the moment 
of the resistance to the product of the moment of 
inertia and the angular velocity, or, which is the same 
tiling, the ratio of the angular retardation to the 
angular velocity, and T one period, then we see by (H) 
that 

\=^kT. (24) 

When the oscillations are long continued, a short Period, In 
series of observations of an odd number of successive 
elongations, with the time of zero passage for each semi- 
vibration, is made from time to time. The number of ofaaro* 
oscillations which has taken place between every two 
successive series is determined as described in p. 2Z8, 
and the results combined as follows. The int«n^ 
between the time of zero passage in the first semi* 
vibration in the first series and the zero passage in the 
first of the second series divided by the unmber of 
semi-periods gives an average semi-period of vibzatlott; 
in the same vvay the second semi-vibration of ^ Ihst 
seri^ and the second of the second series givea another 
average, and so on. A second set id aveka^ ean he 
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obtained from the second and third short series and 
the interval between them. 

Each successive set of average results (corrected if 
necessary for amplitude) gives a mean result, and these 
agmn a final mean period. In the same way the 
amplitudes may he dealt with and a mean logarithmic 
decrement found. 

The results of observations, and of different sets of 
observations, may be combined by rules derived from 
the theory of Zrosf Sqtiares so as to give the most 
probable values of the quantities sought, and we shall 
state and use such rules when necessary in what follows. 
We have not space here to enter into the subject. 


Section III. 

MEASUREMENT OF COUFLES. 

There are many electric and magnetic instruments 
in which an applied couple or system of couples is 
equilibrated by a reacting couple the moment of which 
therefore measures that of the former. This equilibrating 
couple may be obtained in various ways ; for example, 
by the torsion of an elastic wire or thread ; by means 
of a bifilar suspension; or by the deflection of a magnet 
in a magnetic field. We shall consider shortly the 
measurement of couples produced in the first two 
different ways, deferring the third unril we deid with 
magnetie measuremmits. 



MEA8UEEMENT OP COUPLES* 


m 


When a wire is twisted by taming one end round Definition 
the axis of the wire while the other end is held fixed, 
a resisting couple is set up by elastic reaction in every 
cross-section where twist has been given. The moment 
of this couple at any one section is proportional to the 
tvoist there existing defined as follows : — Let ZB be the 
angle through which one of two normal cross-sections 
at a distance Zl apart along the axis of the wire has 
been turned relatively to the other, then ZBjZl is called 
the average twist over that portion of the wire. Let 
the middle cross-section of this portion of the wire be 
that at which the twist is to be measured, and let Zl bo 
made very small, ZBlZl is then the tvmt required. 

Along a straight homogeneous wire of uniform cross- Torsional 
section, attached at its extremities to two bodies by 
the relative motion of which round the axis of the wire 


the twist is applied, the distribution of twist, except 
near the fastenings at the ends, is uniform. The couple 
of elastic reaction in a particular wire of circular cross- 
section and isotropic material is equal to the product 
of the twist, the rigidity (defined below) of the material, 
and the moment of inertia round the axis of a circular 
disc of diameter equal to that of the wire, and of unit 
mass per unit of area. The product of the last two 
factors is called the Torsional Rigidity or Modulus of 
Torsion, of the wire, and is the elastic couple set up it» 
the wire per unit of twist. This is the constant which 
for wires used as torsional suspensions it is necessary 
to determine. 

The dmple rigidity of the material which &nas omi 
£mtor of the toudonsl rigidity is defined by 
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equal tangential force per unit of area to be applied 
oter four forces of a unit cube so that the forces in each 
act as shown by the arrow-heads in Fig. 40. By 
the action of these forces the cube is distorted so that 
the section in the plane of the paper becomes a rhombus, 
tiiat is, each of one pair of opposite angles becomes less 
than a right angle by a certain amount, and each of 
the other angles greater than a right angle by the same 
amount. The rigidity is the ratio of the tangential 
force per unit area thus applied, to the amount in 



Fio. 40. 


radian measure by which each angle of the section of 
the cube has been changed. 

Hattr- The torsional rigidity of a wire is best determined by 
the method of oscillation. The wire is suspended 
Totriy l vertically from a fixed support which securely holds its 
tipper end from turning, and to the lower is attached 
a ^y of such form that its moment of inertia mnnd 
the axis of tire wire can be readUy determined frmn its 
mesu and dimensions. 

Xhe best form of nbratoir is for seveml reasons a 




measussment oe tobeiokal rigidity. «A 

hollow circular cylinder of brass or copper suspended so Eom ef 
that the axis is in line with that of the wire. In such ^****^' 
a cylinder the thickness of the metal, in most practical 
cases, need not be so great in comparison with either 
radius that defects in homogeneity will seriously affect 
the correctness of the moment of inertia, as deduced 
from the mass and dimensions of the vibrator. Further, 
its form is one for which the motion is but slightly 
affected by the presence of the air in the chamber in 
which the oscillations take place. 

The cylinder is suspended by means of a cross bar of 
the same material and of rectangular section which 
passes through apertures at the opposite extremities of 
a diameter of the cylinder near its upper edge. The 
length of each aperture is exactly equal to the breadth 
of the bar so as to avoid side-shake, but their depths 
may be slightly greater than the thickness of the bar. 
Symmetrically placed with reference to the centre of 
the bar are two notches in its upper surface which 
exactly fit the upper edges of the orifices, so that when 
the whole is suspended by the centre of the bar the 
cylinder rests in these notches with its plane horizontal, 

Uid all is symmetrical about the axis, and practically 
rigpd for motions round it. 

Coincident with the axis is a small hole in the , 
bar, through which the wire can be passed, or in 
which a small vertical wire can be fixed to fit the 
dump with which the lower end of the wire may be 
tenninated. 

If the pbjeoi of the experiment is to determine #e 
toirioaal rij^dity of a partioular wire used inan inatra. 
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Form of ment any tind, and this cannot bo done with the 
wire in position, the wire should have a clamp or 
fastening at each end permanently fixed to it for 
securing it in any new position ; and the total "weight 
on the wire when vibrating should be as nearly as may 
be the same as that home by it when at its proper 
use. 

The period and rate of subsidence of the oscillations 
are observed and the results dealt with in the manner 
already described (pp. 225 — 230 above). 

In the case of a cylimlric vibrator the mirror may be 
dispensed with, and a seal t of equal divisions engraved 
on or cemented round the upper or lower edge of the 
cylinder. This scale is viewed through a telescope 
directly, and as the wire vibrates the divisions pass 
across the field of view, so that the time of passage 
of any one division and the divisions of greatest 
elongation can be observed. 

DedocUon If T denote the torsional rigidity of the wire, « the 

nt iril- fjr rigidity of the material, and a the radius of the wire, 

Trom then, as stated above, p. 231. 

Sttolta. ^ 


T = I ima* 


( 28 ) 


If T denote the period, kT the logarithmic decrement, 
H the moment of inertia of the whole vibrating system, 
a the radios, and I the length of the wire, n is given 
by the equation 


2tt2 /4w* 3 
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or if F" be put for tb^ volume of the wire 
27r/iP [4n^ 

^ — yi 

If k can be neglected (28) becomes 

Stt*/*/* 


n = 


yi j>i 


(27) 


(28) 


a form sometimes used.* 

Since the rigidity modulus thus determined involves 
the fourth power of the radius, and it is difficult to 
obtain a truly cylindric wire, values of n obtained thus 
for wires must in general be taken as only roughly 
approximate. It is, however, generally possible to find 
with accuracy the torsional rigidity t of the wire. This 
is given by the equation 

+ ( 29 ) 


If 9 denote the whole nnple (hrouprh which one end of tJje wire 
Has been turned relatively to the other, *jik1 I the length of the 
wire, then the twist is BjL Now consider two radii in the section 
represented in the diai^ram which are inclined tit an infinitely 
small angle These w^dl intercept between the circles of 
radii r and r + » small square, provided dr « This in 

the unstrained .wire may be regarded as one face of a small cube 
which has two faces in infinitely nearly parallel planes through 
the axis and the two radii, and two other faces tangential to the 
two epriindera of radius r and r + <fr, and the remaining face 
oppoatto to the first in a cross«Bection at a distance ei^uul to dr. 
By tJte strain the angles between the first and last-mentioned 
laces and those in tiie radial plane have been altered by the 
amoubt f0fL Hence tlie bpposite tangential forces required, as 
in Fig. 40, over the faces in the eross sections and on tlie two 
&ees in the radial planes Is for eadb face n.rd^.dr.r$JL 
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* Bee Mpwysf. iMt., Art ** ElasUcity,** by Sir Willimii Thomsen. 
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ItwwMfYof The moment of this round the axis ^ ^r^drdyjt . $ll Hence 
Method* /** 

infuBjl . I f^dt =» \nn€^6jl is the total moment over the cross-* 

JO * . 

section. But this, divided by the twist is the torsional ngidity^ 
Hence (25) above. 

Tiie integral just found is the total moment of the elastic forces 
In each cross-section producing angular acceleration of the whole 
moving system towards the position of equilibrium. Besides 
these forces, the system is acted on by forces of viscous resist* 
ance (that is resisting forces depending on the velocity), partly in 
the wire and partly between the moving system and the air ; and 
these we shall assume as everywhere proportional to the velocityi 
and therefore to have a moment round tne axis directly proper* 
tidnal to the angular velocity dBjdL 



We shall denote tliis moment by ^k^Mjdt, 
of motion is tiien 


tdfl ^ dt lU^ 


The equation 


• m 


the differential equation found on p. 221, above, which, under the 
conditions there stated, denotes simple harmonic oscillations witli 
amplitnde diminishing at logarithmic rate k. From the solution 
tiiere given we have 

r- 


which yields at once (26) and (27). 
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If the wire b# not of truly circular section, r, its torsional Theory of 
rigidity, must be used instead of irna^li in (30) and (31), which Method, 
then ^ve (29) above. 

Since the torsional rigidity of a cylindric wire is as 
the fourth power of its radius, or the square of its area 
of cross-section, it is frequently preferable to use a 
number of wires side by side to support a given load, 
rather than a single wire .of equivalent cross-section. 

Thus such a wire equivalent in cfoss-section to n equal 
wires would not support a greater load, but would 
have approximately n times the torsional rigidity. 

The moment of inertia of the wire is generally so Moments 
small in comparison with that of the vibrator that it *“®rt*®* 
is negligible within the limits of the errors of observa- 
tion. fi is therefore in general the result obtained from 
the known distribution of mass and the dimensions of 
the vibrator. 

The moment of inertia round any axis is by definition 
the sum of the products of the mass of each small 
clement of volume of the body into the square of its 
distance from tho axis, and is therefore obtainable in 
general by integration. The results for the most useful 
cases are contained in the formula : — * 


Moment of inertia of ^ 
a uniform solid round \ 
m axis of symmetry j 


Mass X sum of squares of 
rectangular semi-axes perp. 
to a xis of rot ation 
3, 4, or 


SKXxmiing as the solid is a rectangular parallelepiped, 
or thin elliptic plate (or soUd elliptic cylinder if the 
* Btrath, lUfU JUiftumics, voL i. chap. L 
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axis of tbe solid is the axis of rotatiou),%r an eUi|>soid. 
For the moment of inertia of a right cirt'ular cylinder 
(3 ^todiic **^***® radius r, this formula gives 7ny®/2 : hence 

mwtw? ® hollow cylindric vibrator of externAl radius 

r\ internal radius r, and mass M, is = M (r' + r’*)/2. 
For the bar by which it is suspended, supposed of uni- 
form rectangular section, Ave have, if m be its mass, a 
its length, and h its breadth, »«(«* + i^)/3. From these 
two results the moment of inertia for the cylindric 
vibrator and attached bar can be found. The vibrator 
is weighed and its internal and external radii determined 
by careful measurement. The mass and length and 
breadth of the bar are also found as carefully as possible, 
and allowance made fur the slots in which the cylinder 
rests. 

MetRodby It is possible to avoid the determination of the 
(Uff^ce of inertia of the separate parts of a vibrator 

of two by using an arrangement of masses, the configuration 
mcmmtoof of which can be changed so as to alter the moment of 
Inertia, inertia without altering the mass and therefore also 
without affecting the pull on the wire. 

The periods Ty, of vibration are observed for two 
such different configurations in which the moments of 
inertia and logarithmic decrements arc Aj, re- 
spectively. Then we have from (27) 

« - - A**) + ^ ras’i 

“ ~ - r,* • * W 

This, if hy, k^ be small as is geneitdly the case, depends 
m which can with proper arrangement be 

determined with more ease thw the values of 
separately. 



DETEBMINATION OF MOMENTS OF INERTIA. 

A coavenient arrangement for this purpose is 
Maxwell's Vibration Needle. A straight cylindric tube 
of brass contains four other tubes of brass, each exactly 
i of the length of the outer tube so that they just fill 
up its length. Two of these inner tubes are empty, the 
other two are filled with lead. The vibrator made up 
of these tubes is hung horizontally from the wire by 
means of a straight rigid stem attached at right angles 
to the tube, in line with its centre of inertia. To the 
upper end of this stem the wire is clamped. 

The vibrations are observed first when the solid 
cylinders are in the middle of the case, and the hollow 
(flinders are at the ends, and again when the solid and 
hollow cylinders are interchanged in position. In this 
case, as is easily shown from (32) that, if m be the mass 
of each of the shorter hollow cylinders, m! the mass 
of each of the solid cylinders, and 2r the length of each. 


— /ij = 16 (m — 

The quantities on the right are all easily found, but 
the calculated result can hardly be relied on as very 
accurately the value of on account of possible 

want of uniformity in the cylinders. 

The mmnent of inertia /t of a given vibrator may 
also be determined by first observing the period T, then 
altering the moment of inertia by a known amount v, 
and observing the period T\ If ^ be the same in 
both cases, <» may be neglected, we have 

j/T* 


MsxweB’s 

Tibratioa 

Ne^e. 
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M^well’8 This process is frequently employed when the vibrator 
is of such form or dimensions that its moment of inertia 
cannot be found by calculation. A known mass of 
convenient figure, for example a couple of spheres, is 
made capable of being distributed symmetrically about 
the axis in two different configurations for which the 
difference of moment of inertia can be calculated. If 
change of total mass is of no consequence, a suitable 
known mass can be added to the vibrator in a convenient 
position, and the change of moment of inertia is then 
the moment of inertia thus added. 

The torsional rigidity of a thin wire can also bo 
determined by suspending a magnet of known magnetic 
moment (see below, vol. ii.) by a measured length of 
the wire so that the magnet rests with its length in 
the magnet meridian, and then twisting the upper end 
of the wire through a measured angle 0, which may be 
observed by means of a mirror attached to the magnet. 

If if be the horizontal intensity of the field, M the 
magnetic moment of the magnet, then the couple tend- 
ing to bring the magnet is (by the definitions of M and 
J?) MH sin 0. The couple opposing return to zero 
is T0IL Hence 

T = (34) 

The details of this method must be deferred. 

Impels The torsional rigidity of a wire is, however, apart from 
difficulty of its exact determination, a somewhat 
ElMfieitj. inconvenient means of obtaining an equilibrating couple. 
The zero position is subject to change even for moderate 
amounts of twist, in consequence of the slow working 
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out of a remainder of twist after removal of the deform- 
ing couple. This remainder is greater the longer the 
wire has been kept twisted. From this cause glass 
fibres are very unsuitable. 

The effect of change of temperature for iron, copper, 
and brass has been accurately found by Kohlrausch. f 
Roughly speaking, the rigidity is diminished by ^ per 
cent, for 10® rise of temperatui'e. Change of temperature 
also changes the length of the wire, and thus alters the 
twist for a given angular deflection. I'his alteration 
is, however, only about -jV change of rigidity. 

The torsional rigidity of a metallic wire is slightly 
diminished and its internal viscosity, and therefore the 
rate of subsidence of oscillation, greatly increased by 
what Sir W. Thomson J has called Elastic Fatigue pro- 
duced by continuous or frequent torsional oscillation. 

In most cases it is preferable when possible to produce 
the equilibrating couple by some means independent of 
torsion. The mode of suspension generally adopted 
is by unspun clean silk-fibre, which combines great 
strength with very slight torsional rigidity. A single 
fibre (half of an ordinary cocoon fibre) will bear a 
weight of three or four grammes, and with a large 
margin of safety from half a gramme to one gramme. 
The torsional rigidity of fibres of Japanese silk of 
diameters from *0009 to *0015 centimetre varies 
(when expressed in terms of either force of a couple 

♦ Mr. 0. Y. BoyB(Pkil Mag, June, 1887) recommends fibres of qiiart*. 

t Ser. 3. Bd. cxlx. (1870), p. 481. See also 

BrU. Art. *• Elasticity/* by Sir W. Thomson, § 78. 

t Elasticity and Yiscosity of Metals/* Proe. May 18^ 18C5 
or Mmyel BrU. Art. Elasticity/* g 80. 
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.must be h(l + c). We may suppose the tension 
+ c) to correspond to the vertical height /t(l + e)^ 
then if c be taken positive, e will be a positive or a 
negative quantity according as the greater tension 
corresponds to the greater or to the less vertical height. 
Hence, by the triangle of forces. 

Lip 


BA^h{\+e) 




B'A': 


(35) 


Adding, putting for {BA 4- B'A')p its value 4ff6sin^, 
where 6 is the angle of deflection, and solving for Z, we 
get 

7, - -'{‘"V -p. . . , (36) 

This equation shows that for a given deflection 0, L 
is smaller the smaller a and h, and the greater h, that 
is the sensibility is greater the closer the fibres and the 
greater their lengths. 

In the actual use of the arrangement the lengths of 
the fibres are the same, the fixed points are in a hori- 
zontal plane, and the points of attachment to the 
suspended body are symmetrical with respect to the 
centre of inertia. Hence the pull is the same in both 
fibres, and e and c in (36) are both zero. Accordingly 
(36) reduces to 

L — sin 0 (37) 


The value of h in this case is easily found. We have 
now from the figure IB =* Iff, and AB « A'ff. But 
if 1 be the length of the fibre, 

Aff - tf ® + — 2a& cos ^ a« /* - ft* ; 
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and therefore 


h? = P^ia-Vf- 4«J sin® \e. 

Hence from (37) 

_ _ Mgah sin $ 

~ — (a — 6)® — 4ai sin® 


Case of 
Sym- 
metrif^l 
Arrange- 
ment 


(38) 


If a be nearly equal to 5, (a — lif may be neglected ; and 
if I be very great in comparison with either, both this ’ 
term and 4aisin® |^ may be neglected. Under the 
latter condition 


L = 




sin 0 


(39) 


Of course for small deflections 0 may be put for sin 0 
in all the formulas found for L. 

The accuracy of the adjustment for the fulfllment of Adjust- 
the conditions c = 0, c = 0, may be tested and completed ofKWar. 
as follows : One of the fibres is raised a little relatively 
to the other by inclining the instrument. Supposing 
the adjustment to have been perfectly made, the effect 
of this would be, without sensibly altering e from zero, 
to make c appreciable ; for one fibre being made more 
nearly vertical than the other, and having a horizontal 
component of tension equal to that of the other, 
must have a greater vertical tension. Hence the 
sensibility as measured by the ratio of a deflection 0 
to the opposing couple L will have been increased. 
Supposing the adjustment only nearly made, « will be 
very small, and any increase in the value of c will still 
increase the sensibility. On the other hand, if the effect 
of raising the fibre is to make the weights home by the' 
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two fibres more nearly equal, the result will be a dimi- 
Bifilar. nution of the sensibility. Since the sensibility is 
proportional to the square of the period of vibration, 
any change in it will bo at once shown if a small 
deflection is produced and the period roughly observed. 
If lifting one fibre a small distance diminishes the sen- 
sibility, while lifting the other increases it, more weight 
is borne by the latter than by the former, and the want 
of adjustment is to be remedied by shortening the fibre 
which bears the smaller weight, and lengthening the 
other until raising either fibre as a whole increases the 
sensibility. 

Effect of The total directive couple given by the bifilar is due 
ronioB. Qjjjy ^ raising of the suspended weight in 
consequence of the deflection, but is partly due to 
torsion. The correction i.s made simply by adding tt> 
the value of L already found the torsional couple for 
the two wires. Thus we have for the case of ( 30 ) if t 
be the torsional rigidity of each wire, 

i = ^ sin ^ -f- 2 t 2 • • • • (40) 

Effect of So far no account has been taken of any want of per- 
Ki^Utr. flexibility of the threads, and when the.se are fibres 
of silk, no correction is really necessary. If, however, 
they have sensible flexural rigidity and the extremities 
be so fixed that they remain vertical in all positions of , 
the suspension, each wire is bent into an elastic curve, 
of the shape roughly shown in the figure. The amount 
by which the deflection is diminished by the flexural 
rigidity is approxinmtely the sum of the two small 
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distances A' A and in the figure ; and it is easy to 
show that this is, very nearly, 2d \/BII\/ T, where d 
is the whole horizontal displacement of the low’^er end 
of the fibre, T the vertical tension, and B the flexural 
rigidity of the fibre for bending in its plane.* Hence 
the couple derived from the observed deflection must 
be increased in the ratio of 1 to 1 — 2\/ Bjls/ T ; 
that is, the result is the same as if the length of 
the wire, whatever its amount, were diminished by 
2v/^7r. 


A A C 



For consider one thread of the bihlar. Let the origin be at 
the centre, x bo inensured vertically downwards and y hori- 
zontally, and the tension at the centre be resolved into a vertical 
component T and a horizontal B ; and let the inclination of the 
thread to the vertical be einall. Equating the elastic couple at 
the section of coordinates r, y, which is B x curvature of thread 


* That is, the product of the Young's modulus of the material 
into the moment of inertia of a cross-section (of unit mass per unit of 
area) round an axis through the centre of inertia at right angles to the 
plane in which the bending takes places. 
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EOSnet of to the Bum of the moments of T and P about 

Flexural that cross-sectioTi. we get ^e difierenttal equation 
RIgidityin ** 

Bifilar. 


B 


a? 


te - Par. 


If a be put for T[B the soJution of this equation is 




( 41 ) 


(42) 


Now, approximately or « J/ at the lower extremity, and 
= — 1/ at the upper, and at either difldx = 0. Hence differ* 
eniiating in (42) and substituting we get 

P 1 
Ta 

and tiierefore 

1 

y 


c ^ - c 


?(' 


a -h 


\ 


(43) 


For X = //2 this is 




} 


If the fibre bo long w*e may take as an approximation, 

Hence we have finally 

<? = 2j- = - 2 I), 

the result stated above.^ 

The amount of this correction is not generally 
negligible.f Its amount for a wire oS cm. in 

* Sw also Koblnraach, n^toT. Annatm, Bd. xvU. <1S82), 
f It may ha calculated for a wlce r centlmehr^ In and eariy* 

feg a load of H^gnmmm, hy the formula r* s/Sr Sr, whm ilPla the 

modulus of the material in grammes wefm per so. em. The 

v^ueof £ for co]^ is 1200 x 10 *, for idlr«r 7 $ 6 x 10 *. f<^lrmtS(MI$x 

10 *, for gold for pklimim 1700 x 10 *. 
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radius stretched by a tension of 100 grammes weight 
is '22 cm. for copper, *17 cm. for silver, '18 cm. for gold, 
and ‘26 cm. for platinum. [If only one end of the wire 
be constrained to remain vertical and the other end be 
straight the correction is of course only half of that 
just found.] 

To compare the sensibilities of bifilar and unifilar Com- 
suspensions of the same length and made of wire of o/’u^’lar 
the smallest possible diameter for the weight Mg to be and 
carried, let S be the practical tenacity of the material — 
that is, the greatest weight per unit area which the wire 
will bear without experiencing inconveniently great 
permanent elongation. The least radius which can be 
used for the bifilar is given by the equation r* = Mgj^Sv. 

For the unifilar the least radius possible is given by 
— MgjSir = 2r*, and tlie torsional rigidity is 
lirnr'* = 2vni'*. Hence by (40) for equal sensibility 
of unifilar and bifilar we have 

2'rrnr* = Mgtt~ •+• irnr*. 

Hence we get, putting for Mg, 2Sin^, 



Taking the value of S an only J of the utmost tenacity 
or breaking weight W, we get a/r « 2\/ nl W. The value 
of v'^»/ IF is about 10 for silver, gold, and copper, and 
abatxi 12 for platinum. Hence the bifilar is equal in 
sensibility to the unifilar (under the conditions stated 
as to diameter of wire), when the ratio of the distuace 
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of the wires apart to the diameter of the wire is about 
o iu the case of the first three metals, aud about 6 in 
the case of platinum. 

The torsional term in the bifilar is the less important, 
and as the effect of change of temperature on the 
other term is due to expansion of the wires, the 
correction is very slight. If it were worth while, the 
balance might be compensated for effects of change of 
temperature by attaching the wires to a bar, the expan- 
sion or contraction of which would, by altering the 
rlistance of the wires apart, just annul the effect of 
change of length. 

The directive couple per unit of deflection given by 
the bifilar may be determined by the oscillation of a 
body of known moment of inertia as de.scribed above if 
the deflections are made small. Its determination from 
the dimensions of the apparatus cannot be done with 
accuracy unless the parts are made very large, owing 
to the difficulty of measuring the exact distance of 
the fibres apart. This has, however, been done by 
Kohlrausch in a very large bifilar balance made by him 
and used in an imp^>rtaut series of determinations of 
the earth’s horizontal magnetic force. 

Couples may also be directly determined with suffi- 
cient accuracy for many purposes by means of the 
following arrangement or some modification of it : — The 
suspended body is kept in equilibrium in the proper' 
position by means of a bifilar suspension, or a single 
thread or thin wire under torsion. When a deflecting 

* £oc. eit. and below (vol. ii.) in the chapter "On the DetermiiM- 
tionof/r,” 
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couple acts on the body it is turned round a vertical 
asis, and is brought back to the initial position of 
equilibrium by means of two pendulums, the points of 
suspension of which are on sliding pieces which can be 
moved along horizontal parallel bars fixed above at 
right angles to the plane of the bifilar when in the 
equilibrium position, or to some fixed plane through the 
unifilar. Each 2)endulum cord has attached to it a 
thread which pulls symmetrically on the two sides of 
the suspension. When the body is deflected, the sliding 
pieces are moved in opposite directions, so that, in 
consequence of the opposite inclinations of the pendu- 
lums to the vertical, forces restoring equilibrium are 
applied to the body. Let the deflecting couple be L. 
Supposing the two points of suspension of the pendulums 
to be on one level, and. the points of attachment of the 
pulling threads to the jiendulum cords to be on a level 
lower by a distance of I cm., and at a distance of 
d cm. apart, the distances of the verticals through the 
points of suspension from the corresponding verticals 
through the attachments of the threads to the pendulum 
cords to be d^, d„ cm. for the respective pendulums, and 
the mass of each bob W grammes, we have, for the 
moment of the equilibrating couple, the value 




d. 


Hence, equating moments, wc get 

X- .... (45) 


Direct 
Determi- 
nation of 
Coui»le.s. 



CHAPTER V. 

ELECTnO.\fETEnS, 

Definition An electronoieter has been defined as an instrument 
^^roeter^° for measuring differences of electric potential by means 
of the effects of electrostatic force. It consists essen- 
tially of two conductors, between which is established 
the difference of potentials which it is desired to 
measure. The electrostatic force set up produces 
motion of the parts of one of these condtictors relatively 
to one another, or motion of the conductor as a whole 
relatively to the other conductor; and from this motion, 
or from the mechanical force which must be applied to 
restore and maintain equilibrium in the configuration 
of zero electrification, the difference of potentials is 
inferred. We shall call this conductor the Indimior of 
the instrument. 

AlmoltitD When the instrument contains within itself a means 
mSerT comparing the electric force called into play with 
other forces known in amount, as for example the force 
of gravity on a given mass, or the elastic reaction of 
a stretched spring, it gives directly by its indications 
the value in absolute electrostatic units of the differ- 
ence of potentials measured, and is called an Absolute 
Medromekr, 

When the instrument gives only comparisons of the 
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electrostatic forces with other forces the amount of 
which it does not itself contain any means of deter- 
mining, its indications can only be obtained in absolute 
units by a compaiison with those of an absolute 
electrometer. 

When the mode of variation of these undetermined 
forces is known and remains constant, one such accurate 
comparison is sufficient to allow a coefficient to be 
determined by which results proportional to measured 
differences of potential must be multiplied for reduc- 
tion to absolute measvire. This coefficient is called the 
Constant of the instrument. 

Electrometers have been divided by Sir William 
Thomson into three clas-ses: — 

I. Repulsion Electrometers. 

II. Attracted Disc Electrometers. 

III. Symmetrical Electrometers. 

To the first class belong instruments in which a 
difference of potential between the indicating con- 
ductor and the fixed conductor is shown by relative 
motion of parts of the indicator produced by their 
mutual electric repulsion. In such an instrument, when 
properly constructed, the fixed conductor either is a 
closed or nearly closed conductor, or is in conducting 
contact with and contained within a closed conductor, 
which also contains the indicator. 

Host of the instruments known as electroscopes, for 
example those of Cavallo, Volta, Bennot, and Henley, 
act thus by electric repulsion; but as these cannot, 
hotrever made, be regarded as accurate-measuring 
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instruments, we do not here give any description of 
them. 

Coulomb’s The first accurate repulsion electrometer devjsed was 
Coulomb’s Torsion-Balance, which gave good results in 
the hands of Coulomb himself and of Faraday; but 
tliis instrument has been almost entirely superseded 
by much more delicate and convenient electrometers 
chiefly belonging to the other two clas-ses. Aa, however, 
it is capable of being matle to give fairly accurate results 
in absolute measure, we give here a short account of 
its construction and use. It is essentially a modification 
of the torsion-balance previously employed by Michell 
and Cavendish in experiments on the gravitation of 
matter. 

The instniment is represented in Fig, 4i, which also 
shows sonie of the principal pieces, <letached and on a 
larger scale. The indicator is a thin rod of shellac, 
carrj'ing at one end a small pith-ball, as smoothly 
gihled as possible, and at the other end a paper disc, d. 
This rod is suspended horizontally with the paper disc 
vertical within the cylindrical ca.se HACJ), as the 
movable arm of a torsion-balance, by a fine silver wire 
attached to a button, K, which is supported on and 
turns round the graduatetl torsion head MM', carried 
by the upright tube shown standing on the case in the 
figure. A cylindrical piece, attached to and coaxial 
with MM', fits into the cylindrical piece ff, which is" 
cemented into the upper end of the glass tube. The 
silver wire is attached to the button JT above and to 
the indicator below by two small porte-crayon clamps, 
and is as nearly as may he in the axis of the case. 4. 
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continuation of the lower clamp downwards below the 
horizontal rod, by giving stability to the indicator, secures 
the verticality of the plane of the paper disc, which 
thus serves as an air vane to damp the motion of the 



Fig. 44. 


indicator. Round the case, opposite the indicator, is a 
scale graduated to degrees, by which the position of the 
indicator can be determined. In the cover of the case, 
at a distance from the centre equal to the distance of 
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Codlomb’g the ball b from the suspension wire, is a hole thi'ough 
Pii^n^* which a thin rod of sealing-wax, bearing another gilded 
ball, a, of pith, can be passed. This rod is attached to 
a holder, P, so that the ball a when in position is on a 
level with b and has its centre exactly on the radius 
through the zero division of the scale ; and the holder 
is provided with a geometrical fitting to the cover, 
which ensures its being always replaced in exactly the 
same position. 

In Coulomb’s instrument the wire was about 70 cm. 
in length and ’OS-o mm. in diameter, and a couple equal 
to that due to the weight of 17 of a milligramme 
acting at the extremity of an arm of 1 centimetre 
sufficed to maintain the wire twisted through 360”. 

Mode of When the instrument is to be used, a is witlidrawn, 
and the button K turned until the ball h rests with its 
Balance, centre opposite the zero of the lower scale, and MM‘ is 
turned until the index is at zero. The wire now exerts 
no torsional couple. The ball a is then replaced, and 
h rests against it slightly deflectetl from its previous 
position. The instrument is now adjusted ready for 
use. A.S an illustration of bow the instrument was 
used by Coulomb, we shall describe an experiment by 
which he determined the repulsion of two electric 
cliarges. 

Etperi- The adjustment of the ball h was first made, then 
® electrified by being brought into contact 
Cemtomb with the previously charged ball E, and placed in 
'uw^ position. The charge was shared with 6, which was 
Disteoces. therefore repelled, and the indicator took up a new 
portion of equilibrium, making an angle of SO” with 
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the former, as shown by the lower scale. The wire then 
had a torsion of 36®. Coulomb now turned the wire 
by means of the button iT ubtil he had diminished the 
deflection to 18®, and found that he had turned the 
button round through 1S6®, thus increasing the torsion 
of the wire to 144®, or four times its previous amount. 
He then diminished the deflection by the same means 
to 8®*5, and found that the total torsion was 575‘''5 or 
almost sixteen times its initial amount. 

Coulomb had previously verified by independent 
experiments the important fact that the couple required 
to hold an elastic wire twisted through an angle not so 
great as to overstrain the wire varied directly as the 
angle ; and he concluded that, as the distances between 
the centres of the balls were approximately in the ratio 
4:2:1, the forces of repulsion in the respective cases 
were in the ratio of 1:4:16, that is, inversely as the 
square of the distance. 

If we could regard the electrification of the balls as 
the only electrification concerned, and the distribution 
in each case as uniform, the exact theory of the experi- 
ment would be as follows : — Let r be the radius of the 
circle in which the indicator ball moves, a the deflec- 
tion of the indicator from zero, 0 the total angle through 
which the upper end of the wire is turned relatively to 
the lower, I the length of the w ire, and F the force of 
repulsion between the balls for the deflection a. The 
moment of F round the axis is Frco^la, Assum- 
ing that F varies inversely as the square of the 
distance, and denoting the charges by q, q\ we have, 
since 2r8m|a is the distance between the balls, 
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Theory F=qq'l4!t^$m^^a, and the couple becomes qq'j4irnn^a 
of the . j 
Eiiperi* "S®* 

If T denote the torsional rigidity (see p. 231 above) 
of the wire, that is, the couple required to maintain a 
twist of one radian per unit of length, we have r^/l 
for the torsional couple applied by the wire. Equating 
this to the former couple we get — 

0 sin tan .... (1) 

Hence on the suppositions made the quantity on the 
left should, if the law of the inverse square is true, be 
constant for constant charges and different values of a 
and 0. The comparison gives the following table ; — 

a & 0 sin la tan la 

36 36° 3614 

18 144 3568 

8-5 575-5 3T60 

The numbers in the third column fall off considerably 

with diminution of distance. There ought to be a 

falling off on account of induction between the two 
balls, and to this no doubt the discrepancy is in great 
measure due. 

Ctem- The instniment may also be used for the comparison 
® f of different charges of the ball a. All that is necessary 
is to maintain a constant charge in the bail 5, and find 
the torsional couples which must be applied to produce 
a given constant deflection in the different cases. The 
charges of a may be made proportional (p. 100 above) to 
the varying density of the ^tribution at different points 
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on a conductor, and thus the law of variation of the 
density may be experimentally, obtained. A large 
number of experiments haye been macle in this manner 
by Coulomb, Riess, and others.^ 

In the form in which it was used by Coulomb, the 
torsion balance is an essentially inaccurate measuring 
instrument. The electrification of the glass case must 
have frequently affected the results to a considerable 
extent, and could not have been allowed for, even if it 
ha<l remained constant during one set of experiments, 
without a very difficult experimental determination of 
the electrical state of the glass. If the interior of the 
case had been covered with a conducting coating 
furnished for purposes of observation with openings 
partially closed with wire gauze, all effect of exterior 
electrification would have been avoided, and the only 
effect due to the case would have been that of a perfectly 
definite electrification depending only on the position 
and charges of the interior system. 

For example, the effect of this electrification can be 
easily calculated to a first approximation fora spherical 
case with an internal lining of conducting material 
We have only to find the effect on h of the image of 
a in the spherical surface. If the radius of the surface 
be rj, and the distance of the centre of the ball a from 
the centre r, the image of the charge q (regarded as a 
point-charge at the centre of a) is in the radius through 
the zero of the scale at a distance r^'/r (p. 78 ) from tiie 
centre, and its chaige is — The square of the 

* Coulomb*8 Memoirs, and Mascaras Trait4 d^ikcbriciU SUUiqns^ 
Tome I, chap, ir. 
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distance of this image from when the deflection of 
the indicator is a, is r^jr'^ -f cos a. Hence the 

force between the image and is — 

_ cos a), and the moment of this round a vertical 
axis through the centre is — qqi\^r sin al{r^^ -f r* 
— 2riV cos a)*. This, added to the formerly found 
moment, gives the total moment balanced by the torsional 
couple. 

The tomonal rigidity of tlie wire must be determined 
if the results are to be obtained in units unaffected 
by the unknown elasticity of the suspension. Full 
details of the method of finding this constant are 
given in the last chapter. 

For all purposes of accurate measurement, electro- 
meters of the other two classes are more convenient. 
Most of these have been invented by Sir William 
Thomson, and his instruments or modifications of them 
are now in almost universal use. Accordingly we shall 
not occupy space with the description of instruments 
such as Dellmann*s and Peltiers electrometers, or even 
the repulsion instruments of Thomson, althougli these, 
in the hands of the inventors and others, have yielded 
valuable results, but shall at once proceed with tlie 
description of the forms now adopted. 

In an attracted-disc electrometer the attraction be- 
tween two parallel discs at different potentials, and at 
a given distance apart, is compared with the elastic 
reaction of a stretched spring or the weight of a given 
mass. The first instrument of this kind was constructed 
by Sir William Snow-Harris, and used by him in some 
important experiments. It is shown in Fig. 45, In it 
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the indicator is a plane disc d suspended as one scale of 
a balance above a similar disc a, connected with the 
interior coating of a Leyden jar J; which is to be tested. 
The other scale P of the balance is weighted so as to 
equilibrate d when there is no electrification. When a 



Fia. 45. 

is charged, d is attracted, and equilibrium is lestored by 
placing weights in P. The downward pull on d in the 
position of equilibrium is thus measured in absolute 
units from the known force of gravity on the mass 
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placed in P. The arrangement marked Z is a unit jar 
Electro- arrangement which was used in the experiments of Snow- 
Harris to give a rough approximation in arbitrary ujaits 
Harris, to the charge given to the jar. 

This form of electrometer, though exceedingly defec- 
tive in many respects, contains in a rudimentary form 
the principle of an attracted-disc electrometer. 

Thomson’s Fig. 46 shows an improved arrangement in which 
the attracted disc is surrounded by a guard-ring, so 

Electro- 

meter, 



that the distribution of electricity over it may be 
regarded as approximately uniform. The indicating 
disc C is hung by metallic wires from one end of a 
metal beam pivoted on a horizontal wire stretched 
between the pillars PP, and twisted so that the torsion 
and the counteipoise Q tend to raise the disc C. It is 
necessary to apply a downward force to C to bring it 
into the plane of the guard-ring^ and this force is do- 
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t ^rmined by placing weights on the disc until it has 
b^en depressed so as to bring the lever into what is 
cilled the '‘sighted” position. The lever is forked at 
the end to which the disc is attached, and the extremities 
of the prongs are joined by a horizontal black hair, 
which, when the lever turns, ascends or descends in 
front of a white enamelled metal plate carried by the 
sUind of the lens /. On the enamel, one above the 
other, at a distance apart rather less than the 
thickness of the hair, are two well-defined black dots, 
and the hair is in tlie sighted position when it is sym- 
metrically placed with respect to these dots. The hair 
and dots are viewed by the plano-convex lens I which is 
placed at a little less than its focal distance from the 
dots and hair. The hair plays, without touching, as 
close as possible to the enamelled plate, which is slightly 
convex in front, so that the hair is nearer to it when in 
the sighted position than when elsewhere. To obtain 
as much magnification as possible, the lens is placed at 
a distance from the hair only a little less than the 
principal focal distance, and the eye at a distance from 
the lens of 20 centimetres or more. To avoid parallax 
the lens is used with its convex side turned towards the 
hair, and the eye is moved up or down until the hair 
seems straight in the middle and to widen out at the 
ends equally above and below. If the eye is too high 
or too low, the lens will show the hair curved upwards 
or downwards. 

A very slight motion of the hair from the central 
position between the spots is possible with this ar- 
rangement. Sir William Thomson and Joule 
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Detaife have corrected so small a deviation as l/oOOOO of an 
of the • I 
Indicator. l^Ch. 

The disc nearly fills the aperture in the guard-ring, 
and it can be shown that its effective area, reckoned as 
uniformly charged on the side turned towards the disc 
2?, is approximately the mean of the areas of the 
aperture and the plate A.* The disc and guard-ring 
are electrically connected by a wire which joins the 
guard-ring with the metal pillars on which the lever is 
mounted. 

The attracting plate A is carried on an insulating 
pillar attached to a micrometer screw by which the 
plate can be moved upwards or downwards. 

Method of The method of using the electrometer is as follows. 
^Electr^^ A constant difference of potentials is maintained l>ctween 
meter, one of the plates, say the guard-ring and disc, and the 
earth, and the other plate A is connected to earth. 
The latter is then screwed up or down until the attracted 
disc comes into the sighted position, and the reading of 
the micrometer-screw is taken. The plate A is then 
connected to the body to be tested, and again moved up 
or dowm until the attracted disc comes into the sighted 
position. 

If K be the difference of potentials between the 
earth and the guard-ring and disc jS, and V' the differ- 
ence of potentials between the plates when the movable 
plate A is connected to the body to be tested, d and 
the corresponding readings on the micrometer (so that 
rf' — rf is the distance through which the plate has been 

* See Maxwell's JSl, and Stag, vol. i. second edition, p, S07, for 
a closer approximation. 
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moved between the two readings), and I' the force Method of 
which must be applied to tlie disc to bring it to the Ei^tro * 
sighted position, we have by (63), p. 58 above, 

( 2 ) 

This is the difference of. potentials between the body 
to be tested and the earth, and is obtained in absolute 
e.G.S. units of potential if d' -- d be taken in centi- 
metres, S in square centimetres, and F in dynes. 

This method of proceeding was adopted by Sir 
William Thomson, as it makes the result depend only 
on a determination of the difference of the distances of 
the plates aptirt in the two positions, and not on a de- 
termination of the actual distance of the plates apart, 
necessarily inaccurate on account of the difficulty of 
making the planes parallel and perfectly plane, which 
would have to be depended on if V were made zero 
and the position of A found for which the disc was 
depressed to the sighted position. 

Sir William Thomson has called this mode of using ** Hetcro- 
the electrometer hcterostaiic, from the fact that * an 
electrification independent of that tp bo tested is 
maintained on the plate B, When the electrification using an 
to be tested is alone made use of, as would be the case 
in the other moile of proceeding just stated, the instru- 
ment is said to be used idiostatically. 

The final form of the absolute electrometer is sbovm Compfeto 
in Fig. 47. The attracted disc and plates are contuned 
•within a cylindrical case of white glass, which is fixed 
by a brass mounting round its lower end to a horisKtutal meter. 
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Complete 8ole>plate of iron, supported on three feet with levelling 

TbomLm^s screws, and is closed above by a stout brass plate 

Ahsolute screwed to a brass rins* cemented round the upper, end. 
Electro- ® 

meter. 
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The height from sole plate to cover is 60 centimetres, 
and the diameter is 30 centimetres. The sides of the 
case, with the exception of apertures to permit obser- 
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vations of the interior points to be made, are coated Couapletc 
inside and outside witli tin-fdil nearly as high as the Tho^^a 
plates which are in the upper part of the jar, Electro- 

The case thus forms a Leyden jar, the coatings of 
which can be brought to any necessary difference of 
potentials. The guard-ring B is connected with the 
interior coating by its supports, which are metal pieces 
cemented to the inner side of the jar and covered with 
tin-foil. Within the jar, on the sole-plate, is placed a 
leficlen tray containing pumice moistened with sul- 
phuric acid, which maintains a dry atmosphere within 
the jar. 

The attracting plate is a stout plate of brass, Avith The 
pieces cut out of it to allow it to jdoss the supports of 
the guard-ring, and is supported by an insulating stem 
of white glass cemented to a vertical pillar of brass, 
which is moved up and down in V guides by the mi- 
crometer screw C\ working in a fixed nut in the sole- 
plate. The amount of vertical motion is observed by 
means of the vertical scale and a circular plate 
graduated on its edge, which projects from the screw 
and turns in front of a fine vertical wire. The former 
shows the number of complete turns made by the screw, 
the latter allows any fraction of a turn to be estimated 
to a degree of accuracy depending on the fineness of 
the graduation, and the precision with which the 
position of the wire on the circle can be read. The 
actual distance traversed is got from this result by 
multiplying by the step of the screw, which, in the first 
instrument made, was VW 

The attracted disc is made for lightness of tliin 
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The aluminium strengthened by a thick rim and radial ribs 
BSanoe. upper side, and is made as nearly as possible 

perfectly plane on its under side. Instead of being 
hung from one arm of a balance like the disc shown in 
Fig. 46, it is sup’porta by three delicate springs, similar 
in shape to coach-springs, of which one only is shown 
in Fig. 47, projecting from underneath the cover B. 
These springs are placed symmetrically round the disc 
and meet at their points of crossing above and below 
The disc is attached to the lower point of crossing, and 
the upper point of crossing is attached to the lower 
end of an insulating stem carried at its upper end by a 
brass tube which slides in V guides, and can be moved 
up and down by the head (7 of a micrometer screw 
similar to that already described as moving the at- 
tracting plate A. Underneath this screw-head an<l 
fast to it is a micrometer circle, which servos to deter- 
mine fractions of a turn, while complete turns are 
shown by the divisions on a vertical scale. The actual 
distance through which the disc is moved in any given 
case need not be known ; all the upper micrometer 
screw gives is merely a comparison of distances. 

Two small uprights stand on the centre of the disc, 
and between these is stretched a fine black hair, of 
which an image is formed in the conjugate focus by the 
achromatic lens /. The lens is so adjusted that this^ 
focus is between two screw points V, which are so 
placed as to touch the image above and below when 
the disc is in the sighted position. This image is 
observed through an eye-lens r attached outside the jar 
to the brass mounting, and then, since the points and 
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the image of the hair are in focus in the same position 
of this lens, there is no error due to parallax. 

The attracted disc and springs are inclosed within 
the metallic box D fof which one-half is shown dis- 
placed) to prevent disturbance by external electrifica- 
tion. The hair is seen through a hole cut in the box 
opposite the lens. 

The difference of potentials between the inner and 
outer coatings of the jar is tested by an auxiliary 
attracted disc electrometer used idiostatically. This 
electrometer, which is called the gaugCy is contained 



within the cylindrical box J on the cover of the jar. 
The arrangement is shown in detail in Fig. 48. The 
disc is a square piece of aluminium forming a con- 
tinuation of a lever h of the same metal. This lever 
is forked and the prongs joined by a black opaque hair 
which moves in front of an enamelled plate on which 
are two black dots as already described. The position 
of the hair is seen through the plano-convex lens /, 
which is carried by a sliding platform attached to the 
guard-ring Instead of the counterpoise shown in 
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Gauge for Fig. 46, torsion given to the platinum wire /, to 
eSSS which the lever is attached in the manner shown in 
static Fig. 48 , and round which the lever turns as a fulcrum, 
cation, forces the disc upwards. This upward force is balanced 
when the hair is in the sighted position by electric 
attraction between the disc and a parallel plate below 
it, which is in contact with the interior coating of the 
jar while the guard-ring and disc are in contact with 
the exterior coating. The attracting plate below is 
mounted on a fine screw, by which its distance from 
the disc and therefore the sensibility of the gauge can 
be varied at pleasure within certain limits. The sensi- 
bility of the gauge varies with any alteration in the 
elasticity of the torsional spring /, This however is of 
little consequence as the variations are not sudden, and 
it is never necessary to know the actual potential of 
the jar. 

Between each end of the wire / and the supporting 
block is interposed a U shaped spring (not shown in 
Fig. 48) made of light brass. The end of the wire is 
attached to the extremity of one limb of the U, a pin 
passing through the supporting block to the extremity 
of the other limb. The two pins, the extremities of 
tho springs, and the wire are in line. The springs can be 
turned round the pins as axes, so as to give any initial 
torsional couple to the wire which may be required, and 
by their spring cause the wire to be stretched with a 
nearly constant force. 

The mode of attachment of tho wire to the lever A, 
deserves notice. The wire is threaded through two 
holes in the broader part of the lever, near the square 
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disc, SO that the part between the holes is above the 
lever. Halfway between the holes it passes over a 
small ridge piecC of aluminium, which prevents the 
lever from turning round without twisting the wire. 

The plate A when the instrument is iised is con* 
nected with the body to be tested by the electrotle 
which passes through a plug of clean paraffin fixed in 
an aperture in the sole plate. The wire r completes 
the connection between S and A. 

The difference of potentials between the coatings is 
kept nearly constant by means of a small induction 
machine B, called by Sir William Thomson the if«- 
pknisher. The construction and action of this part 
will be easily understood from Figs. 49 and 50; 
Fig. 49 shows the mechanism full-size in perapective 
elevation ; Fig. 50, the same in plan. 

Two similar metal carriers C, D, each part of a 
cylindrical surface, are fixed on a cross-bar of paraffined 
ebonite so as to be slightly noncoaxial but inclined at the 
same angle to the cross-bar. Through the cross-bar and 
rigidly fixed to it, passes a cylinder of ebonite having 
at its ends metal pieces which form the extremities of 
an axle. The carriers turn round this axle within the 
circular cylinder marked out by the cylindrical metallic 
pieces A, B, which are imsulated from one another and act 
as inductors. A receiving spring s or s', projects obliquely 
inwards through a hole in each inductor, with which it 
is also connected at the back, and is bent so that the 
carriers touch the springs on their convex sides, and 
pass on but little impeded by the friction. Two contact 
springs 8^ S', connected by a metallic arc project slightly 
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inwards beyond idle inductors so that the carriers, while 
opposite the inductors, come into contact with these two 
springs at the same- time, and are therefore put into con- 
ducting contact. One of the inductors, A, is connected 



to the inner coating of the jar, the other, B, is attached 
by the supporting plate of brass to the cover of the 
instrument and therefore to the outer coating. A 
milled head attached to E projects above the cover and 
forms a handle by which the carriers are twirled round. 
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The electrical acti<H| is easily understood. An initial 
charge has been given to the jar, so that a difference of 
potentials exists between the coatings, the interior for 
example being positive. When the carriers come into 
contact with the springs 8 , 8 ', they are brought to the 
same potential, and, since they are under the influence 
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of the inductors, one carrier becomes charged posi- 
tively, the other negatively. Then, turning in the 
direction of the arrow, they come into contact with the 
receiving springs, and being each (electrically) well 
under cover of the corresponding inductor, they give up 
the greater part of their charges, thus increasing the 
difference of potentials between the inductors. 

VOL. I. T 
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If the carriers are turned in the opposite direction 
the action is of course reversed, and the difference of 
potentials is diminished. When the replenisher is not 
in action the carriers are not in contact with any of 
the springs. 

Method of The method of using the Absolute Electrometer is 

ASolote practically the same as that described for the more 
rudimentary instrument of Fig. 46. The force required 
to depress the disc against the action of the springs 
without overstraining is determined by removing the 
top cover of the jar and the cover of the balance, and 
loading the disc as symmetrically as possible with 
weights, while all electrical force is avoided by patting 
the electrode of the plate A in contact with the guard- 
plate jB. The micrometer-screw C is theh turned until 
the disc conies again into the sighted position, and the 
distance through which the plate was depressed is 
obtained from the initial and final micrometer readings 
in terms of divisions of the scale. (It was found in the 
original instrument made for Sir William Thomson 
that A of a gramme depressed the disc through two 
divisions of the vertical scale and a fraction of one 
division on the graduated disc.) Several determinations 
of this distance are made at different temperatures to 
obtaki data for the elimination of the effects of tern* 
perature on the springs. The weights are now re- 
moved, the covers replaced, and the instrument is 
ready for use in absolute measurements. 

When it is to be thus used the guard-ring and 
attracting plate are put into conducting contut by 
connecting the electrode of the latter with the charging 
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rod let down through the aperture provided for it in 
the cover, and the disc is put accurately into the sighted 
position. It is then raised by the micrometer screw 
through a distance for which the force F has been 
determined. To bring it back to the sighted position 
will require the application of that force. The jar is 
next charged to the degree determined by the sensitive- 
ness of the gauge, and the potential kept constant by 
using the replcnisher as described. The attracting 
plate is now connected by means of its electrode with 
the exterior coating of the jar, and the micrometer 
moved up or down until the disc is brought into the 
sighted position, when the micrometer reading is taken. 
This is called the eartlh-reading. Tlie electrode of the 
attracting plate is now brought into contact with the 
conductor whose potential is to be tested, and the plate 
again moved by the micrometer until the disc is once 
more in the sighted position and the reading once more 
taken. The difference between the two readings gives 
d!—d of (2), p. 265 above, which since F has been deter- 
mined, and S is supposed known, gives in absolute 
units the difference of potentials P— F* between the 
conductor tested and the outer coating of the electro- 
meter jar. 

Sir William Thomson has also constructed an at- 
tracted disc electrometer capable of being easily carried 
about from place to place, and therefore adapted for 
observations of atmospheric electricity at different 
places in rapid succession by the same observer, for 
use by explorers, or for any purpose for which small- 
ness of size and portability are necessary. 

T S 
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The arrangement is precisely similar to that of the 
Parts, gauge, Fig. 48, turned upside down. The guard-ring is 
below the attracting disc, and the trap-door and lever 
of aluminium, with the connected sighting apparatus, 
suspended as described above, are on the under side 
of the guard-plate, and are therefore protected from 
electrical action from above. The lever and fork are 
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further protected from electrical action by a cage of 
thin wire surrounding them. Since the instrument is 
not set op and levelled like the absolute electrometer, 
the piece, consisting of the trap-dow and lever, is carer 
fully balanced about its platinum wire axis, so as to be 
unaffected by gravity, and is therefore brought to the 
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sighted position by the same electric force whatever the 
position of the instrument. 

The plates with the lever, &c., are contained, as in 
the absolute electrometer, within a glass jar coated 
inside (except where apertures are left to allow the 
interior to be seen) with tinfoil. A protecting brass 
case, in which are openings corresponding to those in 
the interior coating, forms the exterior coating. The jar 
is charged as in the absolute electrometer, and its 
interior coating is in electrical contact with the guard- 
ring, which is therefore at the same potential. The 
instrument is thus used heterostatically. The dimen- 
sions of the case are, diameter 9 centimetres ; height, 
10*5 centimetres. 

The attracting plate is mounted on an insulating rod 
of glass, attached to a brass tube which can be moved 
along V guides by a micrometer screw, of step of an 
inch, working in a nut fixed in the upper end of this 
tube. The details of this arrangement are shown in 
the figiire. A strong frame projects downwards from 
the cover of the jar and bears the V guides in which 
the brass tube moves. A spring pressing against the 
tube opposite each F, or a single spring between the 
V s, causes the tube to bear on the guides. The lower 
end of the micrometer screw is shod with a convex 
piece of hard polished steel, which bears upon an agate- 
faced platform rigidly attached to the framework, and 
projecting into the tube through a slot of sufficient 
length to give the necessary range of motimi. 

To prevent lost time and side-shake, a guide-nut 
fitting well but easily in the brass tube is placed above 
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JficTo- the eflfective nut, and is prevented from turning round 
Geomet- ^ which projects from it through a slot in the 
tube. A spiral spring between the nuts presses them 
apart and thus keeps the upper side of the screw 
thread in contact with the nut. A fork, projecting 
from the screw shown on the left side of the cover in 
the diagram over the micrometer circle, prevents the 
screw from being pulled up through more than a 
distance of about of an inch. 

The micrometer screw is turned by a head above the 
case, and angles turned through are read on a vertical 
scale and a graduated circle turning relatively to a 
fixed mark on the cover. The vertical scale is enijraved 
on two fixed cheeks parallel to the axis of the screw, 
which are in plane with an index piece which slides up 
and down freely between them. Increasing numbers 
on the scale correspond to increasing distance between 
the plates, and the zero of the scale nominally corre- 
sponds to zero distance, though no particular care is 
taken to make it actually so correspond. The graduated 
circle is divided into 100 equal parts so that each cor- 
responds to an angle of turned through by the 
screw; and the distance between two consecutive 
divisions on the vertical scale is equal to the step of 
the screw, so that the index advances one division in 
each complete turn of the screw. 

The hole in the roof of the instrument through 
which the screw passes is made large enough to allow 
the screw to pass without touching, and the graduated 
circle which covers this hole above is raised a little 
above the cover so as not to touch it. 
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The attracting plate A is connected by a light wire r Attracting 
with a brass plate supported by a glass column from anFfilL- 
the roof. This brass piece is continued upwards by the 
main electrode of the instrument, a stout wire passing 
without contact through an opening in the cover, and 
carrying the cap -D, which can be moved up or down 
along it through a short distance. This, wlien in its 
lowest position, connects the electrode with the outside 
of the case of tlie instrument and closes the opening 
through which the electrode passes, and when raised 
serves as an umbrella to protect the electrode from 
wind and rain. 

A lead tray attached to the roof supports a block of 
pumice moistened with sulphuric acid which preserves 
a dry atmosphere witliin the case. A caution, Pumice 
dangerous if not changed once a month,” is engraved 
on the cover beside a small holder for a card, on which 
the dates of the renewal of the pumice are to be 
noted. 

The mode of using the instrument is heterostatic and 
similar to that described above for the absolute electro- pi^ble 
meter. The jar is charged by means of an electrode 
let down through a hole in the cover, and a negative 
charge is given, so that increased readings of the 
micrometer correspond to increased positive charges on 
the attracting plate. When an experiment is to be 
made the umbrella is put down, the disc brought to the 
sighted position by the micrometer, and the reading 
(which we call the first earth-reading) taken. The 
umbrella is then raised and the body to be tested 
connected to the electrode. The disc is again brought 
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into the sighted position and a reading, say, obtained. 
The body is then disconnected and a second earth- 
reading taken. The times at which the readings are 
taken are noted. In consequence of leakage of the 
charge of the jar the second earth-reading may differ 
from the first, and the earth-reading for the time at 
which Z)' was taken is to be estimated from the two 
earth readings. Let this reading be denoted by i?, and 
the difference of potentials between the body and the 
case by V. We have — 

( 3 ) 

where m is the average value, in absolute units of 
potential, of a scalo division for tlie range between D 
and D\ This value depends on the elasticity of the 
spring suspension of the trap-door and lever, the area 
of the trap-door, and the scale of graduation adopted ; 
and does not depend on the potential of the jar or on 
the electrification tested, except in so far as the small- 
ness of the attracting plate causes the electric field 
between it and the trap-door to deviate sensibly from 
uniformity at the greater distances. The constant w. 
can be determined of course by an experiment with a 
known difference of potentials, and this ought to be 
done for different parts of the scale. The range of the 
instrument is 15 turns of the screw, or about 5,000 
volts potential ; that is approximately the difference of 
potentials between ther poles of a battery of 6,000 
Daniell’s cells arranged in series. 

The portable electrometer has certain faults, which 
are, however, mostly due to its smalinei^ of size. The 
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capacity of the jar is not large enough to prevent the Somces yf 
potential of the jar from being sensibly affected by the use of 
electrification of the attracting plate ; the suspension is 
affected by change of temperature; the wire guards meter, 
surrounding the aluminium lever do not sufficiently 
protect it from electric influence; and, as already 
stated, the plates are not- large enough to ensure that 
the value of a division of the scale may be the same 
in every part of the scale. 

These sources of error, except that due to tempera- 
ture, have been con-ected in a large instrument on the 
same principle, and on the whole similar in construction, 
which Sir William Thomson has made and called the 
Standard Electrometer. For a detailed description of 
this instrument the reader is referred to Sir W. 
Thomson’s Reprint of Papers on Electrostatics and 
Magnetism. 

Sir William Thomson has modified an arrangement Long 
of the portable electrometer and enlarged its size so 
that a reliable instrument with a range from about meter. 
4,000 volts to 80,000 volts is obtained ; that is, begin- 
ning at a little under the superior limit of the potential 
measured by the portable electrometer, it has a range 
of about sixteen times that of the latter. This he has 
called a Long-Range Electrometer. The constant of 
the instrument, m of (3) above, is found in the same 
way as that of the portable electrometer. 

The attracting plate is above the guard-plate and 
disc as in the portable electrometer; but the former 
plate is fixed and the latter movable by a micrometer 
screw from below. The step of the screw is the saihe 
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as in the other instruments, 

range is 200 turns. The upper plate is connected with 
the electrified body to be tested and tlie guard-ring to 
earth, or a second body with whose potential that of 
the tested body is to be compared. The mode of using 
the instrument is thus idiostatic. 

To prevent sparks the attracting plate, though plane 
on its lower surface, is turned over on its upper surface 
into a thick rim. The guard-plate is made no thicker 
than is necessary for stiffness, and to prevent danger of 
sparks between it and the upper plate projects fully an 
inch all round beyond the latter. No Leyden jar is 
required as the use is idiostatic, but a glass shade, to pre- 
vent dust and shreds which might tend to discharge the 
upper plate, is permanently fixed over it with an insulated 
electrode passing through it to the attracting plate. 

The well-nigh perfect form of Symmetrical Electro- 
meter which we have in Thomsou\s Quadrant Electro- 
meter had its beginning in the Divided Ring instrument 
illustrated in Fig. 52. A vertical wire carrying on one 
side a light horizontal needle is suspended from a fixed 
point. The wire passes through the centre of two flat 
semi-circular pieces of metal, which lie in a horizontal 
plane so as to form a metallic circle complete with the 
e.xceptioa of a small space at each extremity of a 
diameter. These spaces insulate one semicircle from 
the other. Supposing the needle charged with positive 
electricity and made to rest in equilibrium above one of 
these spaces when the two semicircles are put in con- 
ducting contact, the arrangement is symmetrical about 
the needle. If one semi-circle be then charged with 
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positive the other with negative electricity, the needle Divided 
will be repelled from the positive and attracted toward 
the negative semicircle. If then the wire be brought meter, 
back and maintained in the symmetrical position by an 
applied couple, this couple gives a measure of that 
due to electric forces tending to deflect the needle, and 
if the potential of the needle remains constant, differ- 
ences of potential established between the semicircles 
can be compared. 



Ficj. 52. 

It was an obvious but important step to convert the Quadrant 
two semicircles into four quadrants by a pair of openings 
along a diameter at right-angles to the other pair, to 
put each pair of opposite quadrants into conducting 
contact, and to make the needle symmetrical about the 
suspension wire. Thus supposing one pair of quadrants 
to be charged positively and the other pair negatively, 
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Qnadmit one end of the needle is attracted by one of a pair of 
filBctro* 

' quadrants, and repelled by the adjacent quadrant of the 
other pair. The other end of the needle is attracted 
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by the remaining quadrant of the first pair, and repelled 
by the remaining quadrant of the other pair, which is 
adjacent. These actions conspire to give a couple 
turning the needle about the suspension wire. 



QUADRANT ELECTROMETER. 


28S 


In the final form of the quadrant electrometer, which Pinal 

is represented in Fig. 53, the four quadrants of the flat- QnSnt 

ring are replaced by four quadrants of a flat cylindrical 

box made of brass. These are shown separately in 

Fig. 54 . Each quadrant is supported on a glass stem 

projecting downwards from a brass plate which forms 

the cover of a Leyden jar, Vithin which the quadrants 

and needle are enclosed. For three of the quadrants Arrange- 
1 1 1 1 • .1 1 • nientof 

the stem passes through a slot in the cover and is Qaadiants. 

attached to a brass piece which closes the slot from 



above. Thus each of the quadrants can be moved out 
or in through a small space. The stem of the fourth 
quadrant is attached to a piece above the cover which 
rests on three feet. Two of these feet are kept by a 
spring in a V groove, parallel to which the piece 
carrying the quadrant with it can be moved by a 
micrometer-screw turning in a nut fixed to the movable 
piece. The spring which keeps the feet of the movable 
piece in their groove presses outwards as well as down- 
wards, and so keeps the same sides of the nut and 
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Arrange- screw threads in contact, to the prevention of “lost 
gSiSauts. time." The details of the instrument will be easily 
made out by means of Figs. 55 and 56. The former 



shows a vertical section of the instrument, the latter 
the suspension-piece and mirror. 

A plate rather less in area than the upper surface of 
a quadrant, but of nearly the same shape, is supported 



QUADRANT ELECTROMETER. 

by a glass stem from the cover above a quadrant 
adjacent to that attached to the micrometer, and is 
furnished with an insulated electrode passing througli 
the cover. Sufficient length is given to the insulating 
stem by attaching it to the roof of a cylinder, closed 
at the top, erected over an opening in the cover. 

Within the box formed -by the quadrants and about 
midway between the top and bottom, a needle of sheet 
aluminium of the form shown by the line drawn, partly 
full, partly dotted, across the plan of the quadrants on 
the left in Fig. 54, is suspended horizontally from two 
pins c, d (Fig. 56), carried by a fixed vertical brass plate 
supported on a glass stem projecting above the cover of 
the jar. The needle is attached rigidly at its centre to 
the lower end of a stiff* vertical wire of aluminium, 
which passes down through an opening in the middle of 
the cover. 

To the extremities of a small cross-bar at the top 
of the aluminium wire are attached the lower threads 
of a bifilar made of two single silk-fibres. The upper 
ends of these fibres are wound in opposite directions 
round the pins c, d, each of which has, in its outer 
end, a square hole to receive a small key, by which 
it can be turned round in its socket so as to wind up 
or let down the fibre. By this means the fibres can 
be adjusted so as to be as nearly as may be of the same 
length; and as the whole supported mass of needle^ 
&c., is then symmetrical about the line midway between 
the fibres, each bears half the whole weight. The pins 
c, d, are carried by the upper ends «, /, of two spring 
pieces which form the continuations of a lower plate 
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Details of screwed firmly to the supporting piece. Through e, f, 
and working in them, pass two screws a and h, the 
points of which bear on the brass supporting plate 
behind. By the screw a the end e of the plate e,f, can 
be moved forward or back through a certain range, and 



Fio. D6. 


thus the pin e carried forward or back relatively to 4 
similarly d can be moved by the screw h. Thus the 
position of the needle in azimuth can be adjusted. 
The distance of the fibres .apart can be changed 1^ 
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screwing out, or in, a conical plug shown between the Details of 
, ^ the Sus- 

springs e, J, pension. 

The aluminium wire carries between its upper end 
and the needle a small concave mirror of silvered glass, 
to be used with a lamp and scale to show the position 
of the needle. The mirror is guarded against external 
electric influence by two projecting brass pieces, which 
form nearly a complete cylinder round it. The part of 
the wire just above the needle is protected by the tube 
shown at the bottom of Fig. 56. This tube extends 
down below the needle a little distance, and is cut away 
at each side to allow the needle free play to turn 
round. 

The interior coating of the Leyden jar is formed ^ The^ 
by a quantity of sulphuric acid which it contains, and 
which also serves to preserve a dry atmosphere within 
the jar, the exterior coating by strips of tinfoil pasted 
on its outer surface. The acid has been boiled with 
sulphate of ammonia to free it from volatile impurities 
which might attack the metal parts of the instrument. 

The jar itself is enclosed within a strong metal case of 
octagonal form, supported on three, feet, wdth levelling 
screws. The line joining two of these feet (which are 
in front) is, wlien level, parallel to the axis of the 
needle if the latter is properly adjusted. 

The needle is connected with the inner coating of 
the jar by a thin platinum wire kept stretched by a 
platinuni weight at its lower end, which han^ in the 
acid. The wire is protected from electrical influence by 
a guard-tube forming a continuation of the narrower 
guard-tube, partly shown in Fig. 66, and therefore 

VOt, X. 0 
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extending from below the quadrants to a short distance 
above the acid, and connected also by a platinum wire 
with the acid. 

The supporting plate in Fig. 56 carries the disc of an 
idiostatic gauge of the kind described in p. 269 above. 
The height of the disc is adjustable by means of a fine 
screw and jam-nut below it. The supjwrting plate, 
with the suspension and disc of the gauge, &c., is 
enclosed within an upper brass ca.se, called the lan- 
tern, which closes tightly the central ojtcning of the 
cover. The top of the lantern is the guard-plate 
of the gauge, and carries the aluminium trap-door 
and lever witli sighting plate and lens a.s already 
described. 

A glass window in the lantern allows light to pass to 
the mirror, and the suspension to be seen. A small 
opening in the glass, closed when not in use by a screw- 
plug of vulcanite, enables the operator to adjust the 
suspension without removing the lantern. 

The principal electrodes of the quadrants are brass 
ro<is cased in vulcanite, and are arrange<l so as to be 
movable vertically. Each is terminated above in a 
small brass binding screw, and is connected below by a 
light spiral spring of platinum with a platinized contact 
piece, which rests by its own weight on a part of the 
upper surface of the quadrant, also platinized to ensure 
good contact. They are placed one on each side and in 
front of the mirror. One is in contact with the quadrant 
connected below to the micrometer quadrant, the other 
to the quadrant connected to that below the induction 
plate. 
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An insulated charging-rod descends through the Electrodes, 
lantern, and carries at its lower end a projecting spring 
of brass. When the rod is not in use the spring is not 
in contact with anything ; but when the jar is to be 
charged the rod is turned round until the spring is 
brought into contact with the supporting-plate, which, 
as stated above, is in contact with the acid of the jar. 

The potential of the jar is maintained constant by a 
replenisher in the manner already described for the 
absolute electrometer. A spring catch keeps the knob 
of the replenisher, wdiich is on the upper side of the 
cover, in such, a position when not in use that the 
carriers are not in contact with any of the springs. 

On the upper side of the cover are screws, three in 
number, by which the cover is secured to a tightly 
fitting flat ring collar below it, to which the jar is 
cemented, and to which the case is screwed ; two screws, 
one on each side, which fix the lantern in its place ; a 
cap covering an orifice communicating with the interior 
of the jar ; two binding screws by which wires can be 
connected to the case ; and a knob similar to that of the 
replenisher, which, wdien turned against a stop marked 
“ contact," connects by an interior spring the quadrant 
below the induction plate with the case, and when 
turned in the opposite direction to an adjoining stop 
marked ** no contact," insulates that quadrant from the 
case. Two keys, for turning the pins a, b, c, &c., are kept 
let down outside the case through holes in the pro- 
jecting edge of the cover. The cover also carries a 
small circular level, set so as to have its bubble at the 
centre when the cover is levelled by an ordinary level 

u 2 
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When this has been done the accuracy of construc- 
tion of the quadrants ensures that they are also level* 
"fhe level has a slightly convex bottom, and is screwed 
down with three screws, so that when the instrument 
is set up for use, a final adjustment, to show hori- 
zontality of the quadrants, can easily be made by 
turning the screws. 

Adjust- Full instructions for setting up and adjusting the 
quadrant electrometer are sent out with each instru- 
Qiiadnint* meut by the maker, and are therefore available, if kept, 
Tnetor:-^ l^hey ought to be, beside it in the case. We shall 
Adjust- suppose therefore that the detached parts have been 

Tueiit of , , .. 

theN«edIc. put into their places, the acid poured into the jar, 
and the instrument set up and levelled; but as a 
quadrant electrometer is now part of every well- 
equipped physical laboratory, and is used over a wide 
range of electrical work, we shall describe here the 
principal adjustments. 

The two front quadrants are pulled out as far as 
possible, to allow the operator to observe the position 
of the needle, which should rest with its plane horizontal 
and midway between the upper and under surfaces of 
the quadrants. If it requires to he raised or lowered, 
the operator winds or unwinds the fibres by turning the 
pins c,d,U> which they are attached. The suspension 
wire of the needle should pass through the centre of. 
the circular orifice formed in the upper surface of the 
quadrants, when these are symmetrically arranged. If 
wire is not in this position the pins a, h, are turned 
so as to cany the point of suspension forward or hack 
until the wire is adjusted, and then one pin is carried 
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forward and the other back, without altering the position 
of the wire, until the black line along the needle is 
parallel to the transverse slit separating the quadrants. 

The scale is placed at the proper distance to give a Adjust- 
distinct image of the wire across the line of divisions thTscale 
in front of the lamp flame, then levelled and adjusted 
so that, when the image is at rest in the centre, the 
extremities of the scale are at equal distances from 
the needle. 


When the best relative positions of the instrument “Hole, 
and the stand for the lamp and scale have been ascer- 
tained, these are fixed by the “ hole, slot, and plane " fixing 
arrangement adopted by Sir William Thomson, to allow 


any instrument supported on three feet or levelling “>«»*• 
screws to be removed at pleasure, and replaced without 
rea<ljuatmont in its original position. A conical hollow, 
or better, a hole shaped like an inverted triangular 
pyramiil, is cut in the table so as to receive the point 
(which should be well rounded) of one of the levelling 
screws, without allowing it to touch the bottom. A 
V-groove, with its axis in line with the hollow, is cut 
for the rounded point of another levelling screw, and 
the third rests on the plane surface of the table. If it is 
desired to insulate the electrometer case it is supported 
on three blocks of vulcanite cemented to the table; 
and in one of these the hollow is cut, in another the 
V-groove. 

When the jar is being charged, the main electeodes, ifetfesd of 
the induction plate electrode, and one of the binding ***y^*^ 
screws on the cover, are kept connected by a piece qf 
fine brass or copper wire. The charging electrode is 
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Method of turned round so as to bring the spring at its lower end 
into contact witb the supporting brass piece, and a 
i^tOT^jar charge is given to the jar by means of the small 

electrophorus which accompanies the instrument. The 
cover of the jar is tapped during the process to release 
the balance lever from the stop, to which it may be 
adhering. When the lever rises the charging rod is 
turned so as to disconnect the spring, and the charge is 
then a<ljusted to the normal amount (determined by the 
distance of the attracting disc from the trap door) by 
the replenisher. 

The s|)ot of light may in tlie process of charging have 
moved from its position for no electrification, and must 
be brought back by moving out or in the quadrant 
carried by the micrometer screw, 
l/^akage of In ordinary circumstances the leakage of the jar will 

Jar*Ciiuse:« : » ^ 

and cause the hair to fall ilown in twenty-four horn’s about 
Itnnedies, breadth of the lower black sfKit. This loss of 

charge from the jar is maile good by the replenisher ; 
but if the leakage is considerably greater, the main stem 
should be washed by means of a piece of hard silk 
ribbon (to avoid shreds) witb soap and water, then with 
clean water, and finally carefully dried. Shreds and 
dost on the needle and quadrants may tend to discharge 
the jar, and anything of this kind should bo removed by 
carefully and lightly dusting the needle and quadrants 
with a clean camels hair brush. The jar is selected 
for its high insulating power, but if the acid has in 
careleas handling of the instrument been splashed over 
the interior surface thefe may be considerable leakage 
over the surface of the jar to the case. This can bo 
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remedied by removing the acid and carefully washing 
the jar. The replenisher may also cause leakage of 
the jar through a deterioration of insulating power of 
the vulcanite sole-plate which connects the inductors. 
Such a deterioration with lapse of time is not un- 
common in ebonite, and is a consequence of slow 
chemical action at the’ surface. A nearly complete 
cure can be effected by removing the piece .and washing 
it carefully by prolonged immer^on in boiling water, 
and then re-covering its surface with a film of paraffin. 

The insulation of the quadrants is now tested. One 
pair of quadrants is connected to the case and a charge 
producing a diflference of potentials exceeding the 
greatest to be used in the experiments is given to the 
insulated pair by means of a battery, one electrode of 
which is connected to the electrometer case, while the 
other is connected for an instant to the electrode of the 
insulated quadrants ; and the deflection of the spot of 
light is read off. The percentage fall of potentials pro- 
duced in thirty minutes or an hour is obtained merely 
by taking the ratio of the diminution of deflection which 
has taken place in the interval to the original deflection. 
If this is inappreciable the quadrants insulate satis- 
factorily. In any case, for satisfacbiry working the rate 
of loss of potential shown by the instrument should not 
be greater than that of the body tested. 

If the insulation is imperfect the glass stems support-^ 
ing the quadrants should be washed by passing a piece 
of hard silk ribbon well moistened and soaped, then 
with clean water to remove the soap, and dried by the 
same piece of ribbon well dried md warmed. If thia 
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does not succeed, the fault probably lies in the vul- 
canite insulators of the electrodes, which should be 
well steeped in boiling water, then re-covered with 
clean paraffin and replaced. Care must be taken if 
this is done not to bend the electrodes. 

Adjust- The final adjustment of the tension of the threads 
Ti^inVnr equality is now made. One pair of qua<lrants is con- 
Thieoda nected to the case, and the other pair insulated. The 
poles of a single Daniell’s cell are then connected to tlie 
electrodes, and the extreme range of deflection produced 
by reversing the battery, either by hand or by a con- 
venient reversing key, is observed. One side of the 
instrument is then raised by screwing up that side by 
one or two turns of one of the front pair of levelling 
screws, and the range of deflection again noted. If the 
range is greater the fibre on that side is too short, if 
the range is smaller the fibre is toij long (see p. 245 
above) ; and the length must be corrected by turning 
one or other of the pins to which the fibres are sus- 
pended. The pins can be reached by the aperture in 
the window of the lantern ordinarily closed by the 
vulcanite plug ; and to prevent discharge of the jar the 
key inth vulcanite bundle should be used to turn them. 
The black line on the needle will require readjustment 
the screws after each alteration of the suspension. 
Hotm- The ordinary method of using the quadrant electro- 
meter is heterostatic, since 4he jar is kept at a constant 
lustra- potential, generally much higher than any potential 
which the instrumetit is used to measure. The shape 
of the needle is such that for most practical purposes 
equation (65) (p. 61- above) may be regarded as giving 
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accurately the couple deflecting the needle, when the 
quadrants are symmetrical about the needle and close. 
Hence for small deflections we have, as in (66), for the 
deflection D, in terms of the potentials V, Vj, of 
the needle and the two pairs of quadrants respectively, 
the equation 

= . . (4) 

where c is a constant depending on the instrument and 
the mode of reckoning of D. If F be, as it usually is, 
great in comparison with Fj or F,, then 

V^-r. = C'h (5) 

where C is the now practically constant value of 

,(r-(F,+ F,)/2}. 

If the angle of dertection 0 of the ray of light is not 
a very small angle, the couple given by the bifilar, it is 
to be remembered, is proportional to sin 10. Hence if 
/> be the distance in divisions on the scale (supposed 
straight and at right angles to the zero direction of the 
ray) through which the spot of light is deflected, and JR 
the horizontal distance of the scale from the mirror in 
the same divisions, we have tan 0 = J)/li, from which 0 
can be found and hence \0. We have then 

ATsin J(? = (F,,- F,)(F--?i+-^) 
where AT is a constant. 

Equation (4) would be more nearly satisfied if the 
central portions the needle to well within the 
quadrants were as much as possible, cut away, leaving 
only a framework opposite the orifice at the centre of 
the quadrants to support the i»edle. 
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The electrometer, when used heterostatically, admits 
of a number of different grades of sensibility. These 
are shown in the two following tables, where Z denotes 
the electrode of the pair of quadrants, one of which is 
below the induction plate, E the electrode of the other 
pair of quadrants, / tlie electrode of the induc'tion-plate, 
0 an electrode of the case of the instrument, and C 
the electrode of the conductor to be tested. LC denotes 
that L is connected to C, RO that E is connected to 0, 
ELC that RL and V are connected together, and so on, 
(/) tint the qtiadrants connected with L are insulated 
by raising L. {R) that the quadrants connected with R 
are similarly insulated, {RZ) that both Z and R are 
raised. The disinsulator mentioned ([). 291 al)ove) is used 
to free the quadrants connected with L from the induced 
charge whicli they generally receive when Z is raised. 


GRADES OF SENSITIVENESS. 
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Either of these grades of sensibility may of course also 
be varied by increasing the distance of the fibres apart. 

The quadrant electrometer ct^n be made to give 
results in absolute measure by determining the con- 
stant C of equation (50), by which the deflection must 
be multiplied to give the difference Fj — Fj. This 
can be done by observing' the deflection produced by a 
battery of electromotive force of convenient amount, 
determined by direct measurement with an absolute 
electrometer or otlierwise. Different such electromotive 
forces may be employed to give deflections of difflerent 
amounts and thus give a kind of calibration of the scale 
to avoid error from non-fulfilment of condition of pro- 
portionality of deflection to difference of potentials. 

The quadrant electrometer may also be used idio- 
statically for the measurement of differences of potential 
of not loss than about 30 volts. The volt is the prac- 
tical unit of electromotive force, and is about 1'07 times 
the electromotive force of a Daniell’s cell. For its 
definition see Vol. II. When it is so used the jar is 
left uncharged, the chaiging-rod is brought into contact 
with the inner coating of the jar, and joined by a 
wire with one of the main electrodes, so as to connect 
the needle to one pair of quadrants. The other pair of 
quadrants is either insulated or connected to the case oi 
the instrument. The instrument thus becomes a cofi- 
denser, one plate of ifhicb is movable, and by its change 
of position alters the electrostatic capacity of the con- 
denser. The two main electrodes are connected with 
the conductors, the difference of potentials between 
which it is desired to measure. 
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lilioctatie A lower grade of sensibility can be obtained by 
Q^nnt connecting the needle through the chaiging-rod to the 
electrode JJ, and using the induction-plate instead of 
the pair of quadrants connected with L, which are 
insulated by raising their electrode. 

When the instrument is thus used idiostatically V 
in equation (49) above becomes equal to Fj, and 
instead of (50) we have 

( 6 ) 

that is, the deflection is proportional to the square of 
the diflerence of potentials and therefore imlependent 
of the sign of that difference. It is to the left or right 
according to the electrode connected to the n(*edle. 
This independence of sign in the deflection renders the 
instrument thus used applicable to the detennination of 
potentials in the circuits of alternating dynamo- or 
magneto-electric generators. (See below, Vol. II.) 
Modifies- The quadrant electrometer lias been morlifled by 
Qa^nt makers. In a form made in Paris for M. 

Kleotro- Hascart, the needle is kept at a constant potential by 
being connected to the positive pole of a dry pile, the 
negative pole of which is connected to the case, and the 
repienisher is dispensed with. 

In another form devised by Prof. Edelmann of. 
Munich, and suitable for some purposes as a lectnre- 
room instrument, the quadrants are longitudinal seg- 
ments of a somewhat long vertical cylinder, and the 
needle consists of two coaxitd (^lindric bars connected 
by a cross-frame, and suspended by means of a bifliar. 
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A glass vessel below contains strong sulphuric acid in 
which dips a vane earned by a platinum wire attached 
to the needle. 

For practical work Sir William Thomson has lately 
constructed a form of electrometer to be used idio- 
statically, and has called it an electrostatic voltmeter. 
It is represented in Fig. 57, and may be described as an 
air condenser, one plate of which, corresponding to the 
needle of the quadrant electrometer, is pivoted on a 
horizontal knife-edge working on the bottoms of 
rounded ^ -grooves cut in the supporting pieces. This 
plate by its motion alters the electrostatic capacity of 
the condenser. The fixed plate consists of two brass 
plates in metallic connection, each of the form of a 
double sector of a circle, which are placed accurately 
parallel to one another, with the movable plate between 
them as shown in the figure. The upper end of the 
movable plate is prolonged by a fine pointer which 
moves along a circular scale, the centre of which is in 
the axis. The fixed plates are insulated from the case 
of the instrument ; the needle is uninsulated. 

Contact is made with the plates by insulated terminals 
fixed outside the case. The two shown on the left- 
hand side in the figure belong to the fixed plate, and a 
similar pair on the right-hand side are in connection 
with the movable plate through the supporting V* 
groove and knife-edge. The terminals of each pair 
are connected by a safety arc of fine copper wire con- 
tained within a (J-shaped glass tube suspended from 
the terminals, and the terminals in front in the diagram 
which are separated from the plates by the arcs of wire 
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Sir W. are alone used for connecting to the conductors, or two 
^EM^* points of an electric circuit, the difference of potentials 

•Utie 

Voltraet4;r. 



Flo. 57. 


between which is to he measured, and are therefore 
called the working terminals. 




GRADUATION OF ELECTROSTATIC VOLTMETER. 

^When a difference of potentials is established between 
the fij^ed and movable plates the latter move so as to 
increase the elfectrostatic capacity of the condenser, and 
the couple acting /on the movable plate in any given 
position is, as in the quadrant electrometer when used 
idiostatically, proportional to the square of the differ- 
ence of potentials. This couple is balanced by that 
duo to a small weight hung on the knife-edge at the 
lower end of the movable plate. 

The scale is graduated from 0° to 60° so that the 
successive divisions represent equal differences of poten- 
tial. Three different weiglits, 32*5, 97*5, 390 milli- 
grammes respectively, are sent with the instrument to 
provide for three different grades of sensibility. Thus 
the sensibility with the smallest weight on the knife- 
edge is a deflection of one division per 50 volts, with 
the two smaller weights, that is four times the smallest, 
one division per 100 volts, with all three weights or 
sixteen times the smallest weight, one division per 
200 volts. 

The electrostatic voltmeter is graduated as follows. 
A known difference of potentials is obtained by 
means of a battery of from 50 to 100 cells with a 
high standard resistance in its circuit. An absolute 
galvanometer or current balance (see Vol. II.) measures 
the current in the circuit, and the product of the 
numerics of the current and the resistance gives that 
of the potential-difference between the terminals of the 
latter. These terminals are connected to the working 
terminals of the voltmeter, and the deflections noted 
with the smaller weights on the knife-edge. 
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OradiiB- For the higher potentials a number of condensers of 
Volt- insulation are joined in series and charged by au 

met«r. application of the wires from the terminals of tiie re- 
sistance coil to each condenser in sucx^ession fro^d one <^nd 
of the scries to the other. This is done so as to charge 
each condenser in the series in the Siune directiod, and 
as the same ditforence of potentials, say, is ])rodiU‘ed 
between the plates of each condenser, the total difference 
^between the extreme plates is n F, if there l>e ft con- 
densers. A convenient large potcntial-ditfejfen 6 (y onn 
thus be obtained with sufficient accuracy, and bei?»g 
applied to the working terminals of the voltmeter is 
made to give divisions for a series of different weights 
liung oil the knifV‘-<xIge. These divisions corresjjond of 
course to deflections for known potentials with 07U of 
the weights on the knife-edge. 

The divisions thus obtained are then checked 
using three in.strurnents which have Wen dealt with Jn 
this way. They are Joined in series and a ditference of 
potentials establishe<l between the extreme tenninafs^ 
which is observed also by ti»c third joined across the 
other two. Tlni.s by a process of .successive halving 
and floubling the scale I*} tilled up. 

A description of Lij)pmanu's capillary electrometer 
will be given in Vol. II. in connection with tlie 
Measurement of Electromotive Forces. 



CHAPTER VI. 

THE COMPAIUEOX OF UESISTAXCES. 

We giti8 here some account of methods for the com- 
parison of the resistances of conductors in which steady 
etyrrents are kept flowing. Jn most eases the conductor 
to. he compared is arranged in a 2 >articular way in con- 
' section with other conductors, which are then adjusted 
so as to render the current through a certain conductor 
of the system zero. From the known relation of the 
resistJances of the other conductors tlie required com- 
parison is deduced. In tliis and in other arrangements 
the existence of an electric current has to be observed, 
and in some cases the amount of tlic current must be 
r^cksured. It is therefore necessary, altliough the subject 
o,f the measurement of currents belongs proiicrly to the 
electromagnetic part of this work, to describe shortly 
»the means adopted in the comparison of resistances to 
detect, and, when required, to compare currents of 
electricity. 

^The instrument used is called a gtihanometer. Its Oented'# 
actioi\ is based on the phenomenon observed by Oersted 
kiid explained by the electromagnetic theory of Ampire, ofGalviir 
that if a wire, along which a current is flowing, be held * 
parallel to a magnetic needle resting in equilibrium 
VOL. I. X 
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under the acti^^n of magnetic force, it will be deflected 
original position towards a position at right 
of (lolra* angles to the wire. To fix the ideas, lot the needle bo 
a thin straight longitudinally magnetized bar, in equi- 
librium under the action of magnetic force with its 
length horizontal, and free to turn round a vertical axis ; 
and let the wire carrying the current be stretcdied parallel 
and near to the needle above it or below it. The direction 
in which the needle turns round is reversed if the wire, 
supposed first placed above tlie needle, is then placed 
below it : again it is reversed wlion the portion of wire 
held near the needle is turned end for end without other 
change of position. An augmented deflection is there- 
fore obtained if the wire Is l>ent round so that one portion* 
is above ainl the other Ixlow the needle, and a still 
greater when the wire sup[)osed covered with non-con- 
ducting material, is wound closely into a coil of .several 
turns which i.s then placed with its plane parallel to the 
length of the needle; for the effects due to tlio upper 
and to the lower portions of the win* are then in the 
same direction. A coil of wire thus pl;iccd relatively to 
a magnetic needle suspended so as to be free to turn 
round a fixed (generally vertical) axis is a galvano- 
meter. 

Testing- Galvanometers for ordinary testing purposes are 
iioimeteii*. generally made by winding wire covered with silk, or. 
some other non-conducting substance, round a holldw 
core or bobbin, symmetrical about a straight axis. A 
magnetic needle, generally composed of two or three or 
more small, and as nearly as may be equal magnetSi 
relatively fixed parallel to one another with their like 
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poles turned in the same direction, and 1/heir centres in Tesfing- 
a plane perpendicular to their lengths, is suspended 
with its centre ♦ at some convenient point (generally 
the middle point) of the axis of the coil. The coil is 
so placed and levelled that the needle, supposed at rest 
under the action only of the magnetic force of the field 
in which the apparatus is placed, has its length at right 
angles to the same axis 



Fig. 58 


The form of galvanometer generally employed in the 
measurement of resistances is the reflecting galvano- 

" The magnetic axia and magnetic centre of such an assemblage of 
magnets will be defined in the Chapter on Magnetism ; for our present 
purpose it is sufficient to say that we can adjust the galvanometer so 
that the magnetic axis and centre may be as nearly as we please la 
any required position. 

X 2 
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Thomson’s meter invented by Sir William Thomson, one arrange- 
ment of which is shown in Fig. 58. For most purposes 
iiometcr. the .ordinary form of the instrument can he used. In 
this a mirror of silvered glass to which the needle- 
magnets are cemented at the back is hung within a 
cylindrical cell about half a centimetre in diameter. The 
ends of the cylinder are closed by glass plates from four 
to five millimetres apart, held in brass rings which can 
be screwed out or in so as to increase or diminish the 
length of the cell. The mirror is hung by a piece of a 
single silk fibre passed through a small hole in the 
cylindrical surface of the chamber and fixed there with 
a little shellac. The mirror is only of slightly smaller 
diameter than the cylinder in which it hangs, so that in 
this arrangement the fibre is very short, rendering it 
necessary in cases in which deflections have to be read 
off to allow for the effects of torsion. The cylindrical 
chamber is screwed into one end of a cylinder of slightly 
greater diameter which fits the hollow arc of the coil, 
and is called the galvanometer-plug. When the plug is in 
pONtioD the mirror hangs freely within its cell, with 
therefore the point of suspension on the highest geno- 
Mtdhotl of rating line of the cylinder. Deflections of the needle 
are observed either by thePoggendorff telescope method, 
tion*. or, and much more generally, by the ordinary projection 
method described on p. 211 above. 

Dead- The weight of the needle and mirre^ is nndcr one gram, 

and hence the period of free vibration of the sitspended 
nometer, ^tem about any position of equilibrium is shM. The 
needle is also made to c<nne quickly to rest by thb small- 
ness of the cliamber in which' it famigs. Since the mirror 
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nearly fills the whole cross-section of the cell, the air 
clamps the motion of the mirror to a very great extent 
even when the cell has its largest volume. The mirror 
may be made quite “ dead-beat ” (p. 224* above) by 
screwing in the front and back of the cell until the 
space is sufficiently limited. 

In instruments in which it is desirable to avoid eflTects D(»ad-B» at 
of torsion the galvanometer coil is made in two lengths, ^ometer 
which are fixed end to end, with a narrow space between wi^^Long 
them to receive the suspension piece. This piece forms 
a chamber in which the needle hangs between the 
two halves of the coil and gives a length of fibre which 
at shortest is equal to the radius of the outer case of the 
coil, and which can obviously be made as long as is 
desired. The part of the hollow core at the needle is' 
closed in front and at back by glass plates carried by 
brass rings. These can be screwed in or out by a key 
from without so as to diminish or increase the size of 
chamber, and thus render the needle system more or; 
less nemly “ dead-beat.” 

The galvanometer is generally set up so that the Pioeasa of 
deflections are read by the ordinary deflection method 
(p. 211 above). It is only necessary to arrange that the 
needles when no current is flowing in the wires shall 
hang parallel to the plane of the coils. This is done as 
follows. A straight thin knitting wire of steel is mag- 
netized and ^ung by a single silk fibre of a foot or so 
in length. This can easily be done by taking a sufficiently 
long iragle fibre of silk and forming a double loop on 
ona had by doubling twice and knotting. In this douUe 
loop, made widely divergent, the steel wire is laid 
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Pro^of bonzcmiAlty, And the single end of the fibre is attached 
setiingup . ^ -11 .. 

aGalva. *0 * Support carried by a convenient stand, which is 

Monietor. then placed so that the wire takes up a position in the 

direction of the horizontal component of the magnetic 

field where the needle is to be placed. A line can now 

be drawn jiarallcl to the wire on the table beneath it. 

All that is necessary then is to place the galvanometer 

so that the front and back planes of the coil arc vertical 

and parallel to this line, and adjust the lamp and scale 

as described above. 

It is sufficient for our present purpose to state that 
if the needles be so small as in the Thomson reflecting 
galvanometer, and torsion can be neglected, the current 
in the coil may be taken as proportional to the tangent 
of the deflection angle, and therefore if that angle be 
not greater than three or four degrees the current may, 
with an error not greater than | per cent., bo taken as 
proportional to the deflection simply. We shall discuss 
the measurement of currents fully in later chapters. 
A(Ijn*t- The galvanometer should be made ns sensitive as 
Fidd for P'^ssible by diminishing the directive force on the needle 
■ewi- as far as is practicable without rendering the needle 
unstable. This is easily done 1^ placing magnets near 
the coil so that the needle hangs, when the current in 
the coil is zero, in a very weak magnetic field. That 
the field has been weakened by any change in the dis- 
pontion of the magnets, made in the course of the adjust- 
ment, will be shown by a lengthening of the period of 
free vibration of the needle when deflected for an instant 
by a magnet and allowed to return to s%ro. The limit 
of instability has been reached whtiik the position of the 
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spot of light for zero current changes from place to place Adjust- 
on the scale, and the intensity of the field must then be yj^id for 
slightly raised to make the zero position of the needle 
one of stable equilibrium. 

Although not absolutely essential, except when accu- 
rate readings of deflections are required, it is always 
well, when the field is produced by magnets, to arrange 
them so that the field at the needle is nearly uniform. 

It may therefore be produced by two or more long 
magnets placed parallel to one another at a little dis- 
tance apart symmetrically with respect to the centre of 
the needle above or below it, and with their like poles 
tunied in tlie same directions ; or a long magnet placed 
horizontally with its centre over the needle, and mounted 
on a vertical rod so that it can be slided up or down to 
give the required sensibility, may be used. 

Sensibility is sometimes obtained by the use of astatic 
galvanometers, but these are rarely necessary and are 
more troublesome to use than the ordinary non-astatic 
instrument. Such galvanometers will be described in 
Vol. II. 

For the comparison of the resistances of conductors Resiatance 
other resistances the relations of which are known are 
employed. These Jirc generally coils of insulated wire 
wound on bobbins which are arranged so that the coils 
can be used conveniently in any desired combination. 

Such an arrangement of coils is called a resistance box. 

Figs. 59 and 60 show resistance boxes of different 

forms. Cpnstroc- 

In ft reMStance box each coil has a separate core, 
which ought to be a bptssor copper cylinder split longi< . boz. 
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"•^Construe- tujinally to prevent induction curreufe, and covewd 
rubber or varnished paper for insulation. 

Bot These cores are shown in Fig. Cl. The metallic core 
facilitates the cooling of the coil if an appreciable 
rise of temperature is proiluced by the passage of a 
current through it. After each layer of the coil has 
been wound it is dipped in melted paraffin, so ns to fix 
the spires relatively to one another, preserve them 
from damp, and insure better insulation. It is of 
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great importance to use perfectly pure paraffin, tmd 
especially to make sure that no sulphuric acid is present 
in it. Unless this precautidn is observed trouble may. 
be caused not only by the action of the acid on the 
metal of the conductor, but by the polarization effeets 
due to electrolytic action in the acid paraffin. Paraffin 
which is at all doubtful should be well shaken up when 
melted with hot water, to remove the acid. 
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*Che wire chosen for the higher resistances is generally 
an alloy of one part platinum to two parts silver. 
This has a high specific resistance (p. 380 below), 
combined with a small variation of resistance with 
temperature. For the lower resistances wire of greater 
thickness is employed on account of its greater con- 
ductivity, which enables a greater length of wire to be 
used and thus facilitates accurate adjustment. 



Fig. 60 . 

Coils are now sometimes made of “platinoid,” a 
species of German silver which does not tarnish seriously 
with exposure to the air and has a low variation of 
resistance with temperature (see Table V.). 

When a coil of given resistance is to be wound, a 
length of well-insulated wire of slightly greater resis- 
tance (determined by comparison at ordinary tempera- 
ture by one of the processes to be described) is cut^ 
doubled on itself at its middle point, and wound thus 
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Winding double on its core. This is done to avoid the effects of 

of Coils. 

induction (see 835 below) when the current is in a state of 
ariation, as when- starting or stopping. After the coil 
has been wound its resistance is again measured, and if 
fgood insulation has been obtained, it ought now to show 
as lightly increased resistance, on account of the change 
produced in. the wire by bending. The coil is fixed 
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in position by two long brass or copper screws d, d, 
Fig. 61 , passing through ebonite discs in the ends of 
its core, which fasten it to the cover of the box. 
These should be sufficiently massive to give no ap>' 
preciable resistance. These screws kre attached to two 
adjacent brass pieces a, a, on the outride of the cover, 
and have the ends of the wire of the coil soldetfri to 
so that the coil Imdgee aoross the gap shown 
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in tlie figure between every adjacent pair of brass 
pieces. The coil is now brought to the temperature at 
which it is to be accurate and finally adjusted so that 
its resistance taken between the brass pieces is the 
required resistance. 

Coils are made in multiples of the “ Ohm ” or practical 
unit of resistance. The ohm will be defined absolutely 
in the second part of this work : it is sufficient at present 
to say that the Legal Ohm as adopted by the International 
Congress of Electricians held at Paris in 1884 is equal 
to the resistance of a uniform column of pure mercury 
106 centimetres long and one square millimetre in cross- 
section, at the temperature 0° C. The mode of realizing 
such a standard is described below, p. 384. 

A series of coils are arranged in a resistance box in 
some convenient order either in series or in multiple 
arc. Fig. 62 shows a series arrangement suitable for 
many purposes. The numbers indicate the number of 
ohms in the corresponding coils. The space between 
each pair of blocks is narrow above and widens out 
below, as shown in Fig. 62, to increase the effective 
distance along the vulcanite from block to block. In the 
adjacent ends of the brass pieces, between which is the 
narrow gap, are cut two narrow opposite grooves, so as 
to form a slightly conical vertical socket. This fits 
a slightiy conical plug, / in Fig. 61, which when 
inserted bridges ever the gap by making direct contact 
between the blocks, and when not thus in use is held 
in & Jhole drilled in the middle of the upper surfime of 
the Uock, llie coil is short-circuited when the 
is UiS(Srted» that is a cnitent sent from one Idoct 
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the other passes almost entirely across the plug on 
account of the much greater resistance of the coil. The 
handle,/, of the plug is generally made of ebonite. 

Box The plan of arranging a series resistance box which is 
most economical of coils is a geometrical progression with 

Qeoniet- common ratio 2. In such a box two units are generally 
rical 
Prf'grer* 
slon. 
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provided to enable the box to be conveniently tested. 
The inconvenience of the arrangement is in the reduc* 
tion of any resistance which it is proposed to 
in the box to its expression in the binary scale of 
notation. For example if the resistanee 970 is to be 
found on the box,tiu8isex|^es8ed os 
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or 101110010, and the corresponding plugs inserted. Box 
namely the first plug beyond the units, and the fifth, 
sixth, eighth beyond the units. The process of reduction Geomt- 
is performed as follows by dividing successively by 2, Progres- 
and writing the remainders as successive figures of the 
number from right to left in the order in which they 
are obtained, ending with the last quotient, which is of 
course 1. 


.370 

183 

0 


1 

46 

0 

T3 

0 

11 

1 

3 

1 

*“2 

1 

1 

0 


Hence 370 = 101110010 in the binary scale. It is 
not however always necessary to go through this pro- 
cess. Practice with a box on this principle leads soon 
to readiness in deciding what coils are to be unplugged, 
or what is the resistance of any set of coils which may 
bo unplugged. It is well to remember that any coil of . 
the series is greater by unity than the sum of all the 
preceding coils of the series. 

pigs. 63 and 64 show the arrangement of coils in a 
rosistiace-box lately invented by Sir William Thomson, gi, 
in which the geometrical ^gression arrangement has 
adopted* The interior of the box is a (^ppet 
,«yUl|der with loojeoting rings soldered round it ao^ 
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ThomMn’s ^*^'^*** fecesses in which the coils are wound. The coils. 
Rctristnuce made of platinoid wire well insulated with silk, 
and are wound double in the usual way. An odtside 
cylinder of copper is screwed on round the rings, and 


8 



a rise of temperature in any part is rapidly equalized 
by the surrounding copper case. 

The pieces marked a, a, are copper or brass plates, 
here shown straight, but in the actual instrument usually 



Fig. 64. 


thus circular rings. Between these plates are seen d iscs 
h, h, &c., of gun metal, which cany tubes pnMfj ng 
down through the vulcanite top of the box as dboim in 
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the lower figure. The vertical stem of a knee-piece SirW.^ 
passes through each tube, and the horizontal part 
carries beneath it a spring projecting over the next disc. 

A coil is placed between each successive pair of tubes, 
and is cut out by depressing the corresponding cam 
lever d, Wibich brings the spring underneath into contact 
with the disc over which it projects. The contact 
between the stem, each knee-piece, and its tube is 
shunted over by a flexible spiral of copper; and the 
piece is prevented from rising when the lever cam is 
depressed by a split-ring round its lower end. 

The flexible spirals are protected from damage by 
over twisting by stops which prevent each knee-piece 
receiving more than half a turn. In the Fig. the 
pieces a, a arc shown connected by the three resistances 
^ 3 , in series ; but any combination of series and 
multiple arc can be obtained by turning round the* 
knee-pieces so as to make contact with the terminal- 
pieces a, a, when tlie cam levers d are depressed. 

Thus by turning these pieces so as to make contact 
with a ami a* alternately, the whole series of coils can 
bo arranged in multiple arc. 

The coils form a geometrical series from 1 to 4096 
with a common ratio 2. The unit is duplicated for the 
reason stated above. 

The Dial” form of series resistance box shown in <*Diar* 
Fig. 59 above, is preferable to the ordinary forms for 
many purposes. It contains three or four or more Box., 
sets of equal coils, each nine in number. One set 
consists of nine units, the next of nine tens, the next 
of nine hundreds, and so on. Besides these the box 
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sometimes contains a set of 
nine coils each a tenth of a 
unit. Fig. 65 is a plan* of a 
five-dial box. The sets of 
coils are arranged along the 
box in order of magnitude. 
Each set is arranged in series, 
and the blocks to which the 
extremities of the coils are 
attached are arranged in cir- 
cular order round a central 
block, which can be connected 
to any one of the ten blocks 
of the set surrounding it, by 
inserting a plug in a socket 
provided for the purpose. Each 
central block, except the first 
and last, is connected by a 
thick copper bar inside to the 
initial block of the succeed- 
ing series of nine coils, as 
shown in Fig. 65 by the 
dotted lines. The ten blocks 
of each set of coils are num- 
bered 0, 1, 2, . . . 9, as shown. 
Thus a current passing to one 
of the central blocks passes 
across through the bar to 
the next series of coils, then 
through the coils until it 
reaches a block connected to 
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the central piece by a plug, when it passes across to the 
centre and then to the next series of coils. If no coil 
of a series is to be put in circuit, the plug joins the 
central block to the coil marked zero. 

In a five-dial box the central blocks are marked Arrange- 
respectively tenths, units, tens, hundreds, thou- qoiisin^ 
SANDS, and the resistances are read off decimally at 
once. Thus supposing the centre in the first dial to be 
connected to the block marked 5, in the second dial to 
the block marked 7, in the third to that marked 6, the 
resistance put in circuit is 67*5 units. 

The advantage of the arrangement consists in the fact Advantage 
that only one plug is required in each dial whatever the 
resistance may be, and since the plugs when no coils are ment. 
included complete the circuit through the zeros, there 
is always the same number of plug contacts in circuit, 
instead of a variable number as in the ordinary arrange- 
ment. 

Besides the dial resistances there is generally in each Bridge 
box a set of resistances arranged in the ordinary way, 
and comprising two tens, two hundreds, two thousands, 
and sometimes two ten-thousands, fitted with terminals 
to allow the box to be conveniently used as a Wheat- 
stone Bridge, as described below. The extremities of 
this series of resistances can be connected by means of 
thick copper straps with the series of dial resistances. 

Each pair of equal coils are sometimes wound on one 
bobbin to ensure equality of temperature. 

It is sometimes desirable to have a ready means of 
vaiying the ratio of two resistances, or of increasing a 
single resistance by steps of any required amount. 

.VOL. L Y 



322 COMPARISON OF RESISTANCES. 

Resistance For this purpose a resistance slide is a convenient 
slides, arrangement. A form devised by Sir William Thomson 
is shown at CD in Fig. 6C. Along a metallic bar t in 
front of a series of equal resistance coils slides a con- 
tact piece s by which r is put in conducting contact 
with any one of the series of brass or copper blocks by 
which the coils are connected. The figure shows a com- 
bination of two slides used by Sir W illiam Thomson 



and Mr. C. F. Varley for cable testing. Each resistance 
in AB is five times that of each coil in CD, and there 
is the same number in eacli, so that the whole resist- 
ance of CD is twice that of each coil in AB, The 
slider, S, of AB consists of two contact pieces insulated 
from one another on the slider, and at such a distance 
apart as to embrace two coils. The terminals of CD' 
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'are connected to CC as shown in the figure, and there- Vemier- 
fore in whatever ratio the resistance CD is divided by ^*^^^** 
the contact piece s, in that ratio is the joint resistance 
of the two coils CC divided. CD thus forms a vernier 
fur AB. In the arrangement figured the resistance 
CD is divided into the twp parts 12 and 8, and there- 
fore the sixth and seventh coils of AB which are 
betw'een the terminals of S are divided into two 
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similarly situated parts 12 and 8. Hence the whole 
resistance between A and B is divided into the two 
parts 66 and 44. 

Fig. 67 shows a dial form of the double resistance 
slide. The main coils are on the left, the vernier coils 
on the right. Each slide may be detached and used 
independently if reqtiired. 

■ Y 2 
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or 

Boxes. 


Boxes in which the coils in circuit are in multiple 
arc ;wero first made at the suggestion of Sir William 
Thomson, and called Conductivity * Boxes, becatlse the 
conductance in circuit is obtained by adtling the con- 
ductances of the coils. Fig. 68 shows the arrangement. 
Each coil is a resistance coil wound on a bobbin as 
described alx>ve and has one extremity connected to a 
massive bar a, the other to a brass block c, outside 
the box, which can be connected by a plug to the 



Fig. 68. 

massive bar h. The resistance in circuit is obtained 
at once by adding the conductances of the coils thus in 
circuit, and taking the reciprocal of their sum. The 
conductances of the coils are marked on the corre-. 
spending blocks outside the cover. 

This arrangement is very convenient for the measure-^ 

* The word ** Condnctance (see p. 204) is now being widely used 
insteed of <*CoDdiietivity,’* end we ebsll in thk chapter and hence* 
forth adopt the term. 
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ment of low resistances such as one ohm and under, as 
it gives a long gi*adation of fractions by combination of 
the coils. 

Sir William Thomson has proposed to call a box 
arranged thus a Mho-Box, where ‘"Mho'' is the word 
“ Ohm ” read backwards to indicate that the box gives 
conductances, that is reciprocals of resistances. 

The resistance of almost all wires increases with rise Effect of 
of temperature, and the box is generally adjusted to be 
correct at a convenient mean temperature which is tureon 
marked on the cover. The value of the resistance shown 
by the box at any other temperature is obtained when 
the change of temperature can be ascertained from the 
known variation of resistance* with temperature. A 
table of the variation of the resistances of different 
substances with temperature is given at the end of this 
volume. 

The general internal temperature can be observed 
by means of a thermometer passed through one of the 
orifices which should be left in the side of the box to 
allow free circulation of air. Local changes of tempera- 
ture may sometimes be produced in the coils without 
affecting appreciably the general internal temperature. 

These changes cannot be accounted for, as it is impossible 
to observe them with any accuracy, but can be avoided 
by using only the very feeblest currents, and continuing 
these for the shortest possible time. 

The general internal temperature can also be measured Tempera- 
by means of an auxiliary coil provided for the purpose, 

This is constructed of thick copper wire wound 
ebonite, and extends along the whole length of the box. 
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^Tem|em- Since the variation of resistance of copper relatively 
mined by which the coils are constructed 

au Auxili. jg known, we can by measurin<j the resistance of this 
ai*y Copper ^ j ^ 

Coif, auxiliaiy unit by the box itself obtain a closely approxi- 
mate estimate of the internal temperature. 

The temperature variation may be made for all the 
coils the same as the highest variation for any one, by 
introducing into each a piece of copper (conveniently 
at the bight after the coil is wound) just sufficient for 
the purpose. 

Proc^ of lu every case the blocks to which the coils are attached 
Resistance should be pierced with a socket for special plugs with 
Box. binding terminals attached, by means of which any coil 
in the box may b(5 brought into circuit itself. This is 
necessary for the testing of the box, which is done as 
follows. In the case of the ordinary arrangement of coils 
Fig. 59, each of the units is compared with a standard 
unit, then the two units together are tested against each 
of the 2$, then the 2s and a 1 are tested against the 5 
and so on, until the 100s are reached. All the preceding 
coils put together give 100, which can be tested against 
each of the 100s, and this process is continued until the 
box is completely tested. The process can be checked 
by other possible combinations, and the whole of the 
results, if necessary, put together by the ordinary 
methods of combination. 

If a dial box is to be tested the auxiliary unit, 
if it has one, suffices for the comparison of each of 
the units, then the nine units and the auxiliary 
unit give 10 for the comparison of each of the nine 
tens. These when compared give with the ten units 
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100 for the comparison of each of the hundreds, 
and so on. 

In the case of a box arranged in geometrical progres- 
sion with common ratio 2, and first term 1, the unit is 
duplicated for the sake of comparison. Each unit having 
been compared with a standard, they give together a 
comparison of the next coil, which is 2, then that with 
the two units give 4, with which the coil of 4 units can 
be compared, and so on. 

The actual methods of comparing coils are described 
below (p. 353 ct aeq.). It is to be remembered that in the 
comparison of the coils of low resistance the connecting 
wires (which should be in all cases short and thick) 
must be taken into account. 

In the use of a set of resistance coils it is important 
that the plugs be kept clean, and the ebonite top of the 
box, especially between the blocks of brass, kept free 
from dust and dirt. The ebonite may be freed from 
grease by washing it with benzole applied sparingly by 
means of a brush, and a film of paraffin oil should then 
be spread over its surface. The plugs and their sockets 
may also be freed from adhering greasy films by washing 
in the same way with benzole or very dilute caustic 
potash. The latter should not however be allowed to 
wet the ebonite surface. If necessary the sockets may 
be scraped with a round-pointed scraper. On nctaccount 
should the plugs or sockets be cleaned with emery or 
sand paper. 

It is frequently necessary to adjust a current to a 
convenient strength by varying the amount of resist- 
ance in circuit. When the amount of resistance in 


Process of 
Testing a 
Resistance 
Box. 


Care of 
Box. 
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Rheostat, circuit need not be known, this can be done most 
readily by means of a rheostat, or resistance coils in 
series with a rheostat, an arrangement which has the 
advantage of giving a continuous variation of the 
resistance. A form of rheostat constructed by Sir 
William Thomson is shown in Fig. 69. Two metal 



Fiti. 60 . 


cylinders arc mounted si<le by side on parallel axes and 
are geared so as to be driven at the saqic rate in the 
same direction by a third shaft turned by a crank. 
Along this shaft from end to end. of the cylinder is 
worked screw, which when turned moves a nut along 
a graduated scale at the top of the instrument. One of 
the cylinders is covered with well varnished paper, the 
other has a clean naetal surface. A bare wire of 
platinoid or other material is wound partly on one 
cylinder partly on the other, and in passing from onn 
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cylinder to the other threads through a hole in the nut. Rheostat. 
Thus if the cylinder be turned the relative amounts of 
wire on the two cylinders can be varied at pleasure, and 
the wire is laid on them helically in a regular manner. 

The toothed wheel by which one of the cylinders is 
turned is connected with tlie axle by means of a spring 
previously wound up so as to give a couple tending to 
wind the wire on the cylinder. The wire is thus kept 
taut and the spires prevented from shifting on the 
cylinder. 

The course of the current is along the wire on the 
paper covered cylinder, then to the bare cylinder. 

Thus the r^istance in circuit is regulated by the 
amount of the wire on the former cylinder. A com- 
parative estimate of this is given by the scale along 
which the nut moves. 

The arrangement of screw and nut for guiding the 
wire above described seems to have been first used in a 
rheostat constructed by Mr. Jolin of Bristol. 

A simpler form of rheostat, first used by Jacobi, con- Jacobi’s 
sists of a single cylinder of insulating material round 
which the wire is wound in a helical groove. A screw 
of the ^me pitch as the groove is cut in the axle of the 
cylinder, and works in a nut in one of the supports. 

The cylinder, wheti turned, moves parallel to itself, so 
that the wire is kept in contact with a fixed rubbing 
terminal. Another rubbing terminal rests on the axle, 
to which one end of the wire is attached. 

The method of comparing resistances of most general Wheat- 
use is that known as Wheatstone's Bridge. The arrauige- 
ment of conductors used is that shown in Fig. 34, with 
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Wheat. 

stone’s 

Bridge. 


a battery, generally a single Daniell’s or Menotti’s cell, 
incladed in r,, and a galvanometer in A inuch 
higher battery power is however sometimes required, 
especially in cable and other testing. The three con- 
ductors whose resistances are r■^, r, are coils of a 
resistance box provided with terminals so arranged that 
connections can be made at the proper places to form 
the bridge, for example as in Fig. 62, which shows 
a resistance box fitted up as a Wheatstone Bridge, 



It will be easy to make out in Fig. 70 the terminals 
corresponding to A, B, G, 1) respectively of Fig. 34. 
Fig. 60 above shows a so-called “Post-Office Re- 
sistance Box ” in which the battery and galvanometer 
keys are mounted on the cover, and permanently • 
connected to the proper points inside the box; and 
Fig, 66 a Wheatstone Bridge arrangement of resist- 
ance slides. 

The resistance to be compared is placed in the position 
liD, and convenient values of and are chosen, 
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while is varied until no current flows through the Wheat- 
galvanometer. The value of is then found by (15) of Bridge! 
Chapter II., which since is zero, may be written 



( 10 ) 


If T-j and 7*2 are equal, is equal to and is read off 

at once from the resistance box. 

In the practical use of Wheatstone’s Bridge we have Arrange- 

generally to employ a certain battery and a certain for 

aalvanometer for the measurement of a wide range of 
‘ . ... M 1 .n • -1 Seiisibil- 

resistances ; and it is possible if great accuracy is required ity. 

so to choose the resistances of the bridge as to make the 
arrangement have maximum sensibility. An approxi- 
mate determination is first made of the resistance to be 


measured. Call this It has been shown independently 
by Mr. Oliver Heaviside,* and by Mr. Thomas Gray,t Practical 
that if the battery and galvanometer are invariable we i^Vari^le 
should make Battery 


Vi = v'/Vo, 


>=v 


+ r. 






!= 1/V 


and Galva- 
nometer. 


^4 

r, + 


If the resistances of the battery and galvanometer are 
at the disposal of the experimenter, then on the sup- 
position that the resistance of the galvanometer may be 
taken equal to Tj, the most sensitive arrangement is that 
in ■which each of the resistances is equal to r^. 

* PhU. Mag. vol. xlv. (1873), p. 114. 
t im. vol. xil (1881), p. 283. 
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Proof of To prove these results we may suppose that instead of (1) 
Conditions we have 
of 

Maximam 

Sensibil- ^3 U 

where <? is a constant nearly equal to unity. Substituting the 
value of Tjj, which (11) gives, iu (26) of Chap. II., we get 




( 11 ) 


y& 


^ E{\ - r)r 
J) 


( 12 ) 


where 1) has tliC form given to it by this substitution and is 
therefore frfie fn»rn n. Wo have to find when this is a maximum, 
on the supposition tlmt r^, IJ, and r are constants, or whicdi 
is the same hut more convenient, when ^’(1 — <^)/75» (that is 
D-r^r^ is a minimum iimler the same conditions. Writing u for 
Dir^r^^ and calcMilating the values (*f 

(fu du d^H (t^fi d’u 
dr^ r/r^* dr{^^ dr^dr^ 


we find, by eqjiating the first two differential coefficients separ- 
ately to ;?ero, that either = 0, and «- 0, or and 

^3 ~ \/ Substituting these values of and /*3 in 

the expressions for the three second differential coefficients, we 
find that the latter pair of corresponding values gives positive 
values to each of the expressions 


d-i4 ft^u fi^u / d^u \2 

dr>2^ dri^dr./ \dr^dr,j 


which is the condition for a ininimuin, wliiie the first pair of 
values gives neither a niaxirnurn nor a Tnininiiim. 

Oalvano- Let now the galvanometer resistance be capable of variation, 
meter Re- We shall assume that the mass of wire in the galvanometer and 
sistance the channel in which it is wound remain constant. When this is 
Variable, the case the electromagnetic force at the needle is, as will be 
proved in Vol. II., proportional to the square root of the resist- 
ance of tlie galvanometer. Hence for a given value of the 
defiection of the needle may he put equal to where is a 

C'onstant. Hence 

« = ( 13 ) 
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We have in this case to find when is a rnininium. Galvano 

This can be put into the form {m -f- nr^jkJr^ where <», «, k, 
do not involve Equating the first differential coefficient of 
this quantity to zero, we get for a minimum = mjny or after 
reduction r,. = ri(r 4 -f* + ^ 2 )* value of taken along 

with the already found values of and rn gives maximum 
sensibility to the bridge arrangement when the battery only is 
kept constant. 

Lastly, let the total area of the acting surfaces in the battery 
be given, while the resistance may be varied. In this case we 
have (p. 148 above) greatest sensibility when the resistance of the 
battery is made equal to the external resistance. If bahance is 
nearly obtained, we may take as the external resistance between 
A and B the value {r^ +/s )(^3 + + ^2 + 4“ ^ 4 )- 

may be taken as the resistance of the battery alone (that is, if 
the electrodes joiniiig the battery to ..1 and B be made so massive 
that their resistance may be neglected) we have to arrange the 
battery so that 

^ +.r<) „ . 

Simultaneous with this we have the three equations already 
found, namely, 

r, = r, = V -f rj)/(r« + r,), + r*). 

From these it follows that 

r, = rj = rj = r. = fj = (16) 

It is to be cnrefiilly observed tliat for a ^iven available electro- 
motive force in the circuit not susceptible of alteration, the 
sensibility is greater the smaller r^. 

Unless in particular cases in which great accuracy is ptimfml 
necessary, any convenient values of r^, will give results 8^“ibiK[y 
sufficiently accurate for all practical purposes ; but in when Pull 
arranging the bridge with these the following rule 
should be observed ; of the resistances r^, of the needed, 
galvanometer and battery respectively, connect the 
greater so as to join the junction of the two greatest of 
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Practical the four other resistances to the junction of the two 
sfniibiUtv least. This rule follows easily from (15) of Chap. II. 
For interchanging and we alter only the value 

m^nt not of and calling the new value D' we get 

needed. 

D'-JD = (rj - r^ir^ - r^){r^ -r.^ • ■ (16) 

The expression on tlie right will be negative if 
and rj, be the two greatest or the two least of the 
other resistances. Hence on this supposition the value 
of J) has been diminished, and therefore the current 
through the galvanometer for any small value of 
increased by making join the junction of 
rj, 7-3 to that of r^, r^. In cases in which the resist- 
ances in the bridge arc large, a galvanometer of high 
re.sistancc should also be used. 

Arrange- In the practical use of the method the electrodes of the 

*'Key***^ battery should be carried to the terminals of a reversing 
key, so that the testing current may be sent in opposite 
directions if desired through the resistances of the 
bridge. Also a single spring contact key, which makes 
contact only when depressed, should be placed in r^. 

Mode of These keys are convenient when arranged side by side, 
0(ieratbg. jjjg operator placing a finger on each can depress 

one after the other. A convenient form of wire rocker 
with mercury cups, combining the two keys, may be 
easily made by the operator. When the bridge has been 
set up and a test is about to be made, the single key in 
is first depressed to test whether any deflection of 
the galvanometer needle is produced without closing 
the batteiy circuit. If there is a deflection, this mhst 
he due either to thermoelectric action in the galvar 
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nometer circuit, or to leakage from the battery to the Mode of 
galvanometer wires. The procedure in this case will be 
stated presently. If there is no deflection, the operator 
then opens the galvanometer circuit, depresses the key 
which completes the battery circuit, and immediately 
after, while the former key is kept down, depresses also 
the galvanometer key. After the circuits have been 
completed just long enough to enable the operator to 
see whether there is any deflection of the needle, the 
keys are released so as to break the contact in the 
reverse order to that in which they were made. This 
order of opening the circuits enables him to make a 
second observation of deflection without its being 
necessary to again send a current. It is- easy to 
imagine and construct a form of contact-making key, 
which being depressed a certain distance completes the 
battery circuit, and on being depressed a little further 
completes the galvanometer circuit, and therefore on 
being released interrupts these circuits in the reverse 
order. This form of key is of use in the testing of 
resistance coils in which there is considerable self- 
induction. For general work, however, it is inconvenient, 
as the reverse order of making the contacts may have to 
be adopted. Again, in many practical operations, such 
as cable testing, &c., the contacts have to be made after 
different intervals of time in diflferent cases. 

The object of thus completing and interrupting the Effect of 
battery circuit before that of the galvanometer is partly i^duc^tiott 
to avoid error from the eflfects of self-iiid%Lction. When 
a current in a conducting wire is being increased or 
diminished, an electromotive force, the amount of which 
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Effedt of depends on the arrangement of the conductor, is called 
lodoctioD. so as to oppose the increase or diminution of 

the current. The effect of this electromotive force is to 
produce, therefore, a weakening of the electromotive 
force of a battery for a very short time after the circuit 
is completed, and a strengthening during the very short 
interval in which the current falls from its actual value 
to zero at the interruption of the circuit. Its value is 
small when the wire is doubled on itself so that the two 
parts lie along side by side, the current flowing out in 
one and back in the other; but is very considerable if 
the wire is wound in a helix, and still greater if the 
helix contains an iron core. The electromotive force of 
self-induction is directly proportional to the rate of 
variation of the current in the circuit, and thus is 
explained the bright spark seen when the circuit of a 
powerful electro-magnet is broken. 

Effect of If, then, one or more of the coils of a Wheatstone 
«lwtfon*in arrangement were wound so as to have self-in- 

Wheat- duction, the electromotive force thus called into play 
Brid^ would, if the galvanometer circuit were completed before 
that of the battery, produce a sudden deflection of the 
galvanometer needle when the battery circuit is closed. 
All properly constructed resistance coils are, as has been 
stated, made of wires which have been first doubled on 
themselves and then wound double on their bobbins, 
and have therefore no self-induction. The wire tested, 
however, and the connections of the bridge have gene- 
rally more or less self-induction, the effect of which, 
unless the contacts were made as described above, might 
be mistaken for those of unbalanced resistance. This 
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mode of winding the coils also avoids direct electro- 
magnetic effects on the coils on the galvanometer needle 
when the coils are placed near it. 

If on depressing the galvanometer key at first as Avoidance 
described above a current is found to be produced by Thermo- 

1 , ^ electric 

thermoelectric or leakage disturbance, and the spot of disturb- 
light is therefore displaced, the operator keeping down 
the galvanometer key depresses the battery key, and 
observes if there is any permanent deflection of the spot 
of light from its displaced position during the time that 
the battery key is kept down. This is e«nsily distin- 
guished from the sudden deflection due to self-induction, 
as that immediately dies away to zero as the current 
rises to its permanent value. 

If the sudden deflection of the galvanometer, as it 
may be in the case of a dynamo or electro-magnet, is 
too violent and long continued, the reversing key of the 
battery should be used, the battery contact made first in 
each case, and the mean of the results taken. 

When comparing a resistance the operator first Mode of 
observes the direction in which the mirror or needle conlSuef. 
is deflected when a value of obviously too great is 
used, and again when a much smaller value of is 
used. If the deflections are in opposite directions, the 
value of 7*3, which would produce no deflection of the 
needle, lies between these two values, and the* operator 
simply narrows the limits of rj, until on depressing the 
galvanometer key no motion, or only a very small 
motinn, of the needle is produced. It may happen, 
however, that the value of the resistance which is being 
compared may be between two resistances which have 
VOL. I, z 
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Mode of tlje smallest difference which the box allows. Thus 
with a resistance box by which with equal values of 
Tj and rg he cannot measure to less than tV of an ohm, 
he may either by making the ratio of r, to r^, 10 to 1, 
or 100 to 1, obtain the values of to one or two places 
of decimals. Any inaccuracy in the relation of the arms 
of the bridge may be eliminated by reversing the 
arrangement, that is, interchanging and and 
T-j and r^, and taking the mean of the results. 

Whatever be the ratio of to r^, if he can read the 
deflections when first one and then the other value of 



Tg (between which lies, and which differ by only 
,*0 of an ohm) is used, he can find to another place 
of decimals interpolation by proportional parts. For 
example, let the value 120’6 of produce a deflection 
of the spot of light of 6 divisions to the left, and 120‘5 ' 
a deflection of 14 divisions to the right: the value of 
r, which would produce balance is equal to 

120-5 + *1 X 14 / (14 + 6) « 120-57. 

The most accurate form of Wbaatstone’s Bridge is 
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that introduced by Kirchhoff. In this an exact balance Kirchhof 
is obtained by naoving a sliding contact-piece along a 
graduated wire which joins the two resistances of 
Fig. 70. A diagrammatic sketch of the arrangement 
is shown in Fig. 71. S is the sliding-piece, A, B the 
wire along which it slides. ‘ A, B is stretched in front of 



Fjg. 72. 


scale a metre in length graduated to half-millimetres 
and doubly numbered, from left to right and from right 
to left. The coils a, c, d, b of the diagram have the 
respective resistances rg, rg, Fig. 72 shows a form 
of the instrument manufactured by Messrs Elliott Bros. 



Fig. 73. 


Fig. 73 shows an easily-made and cheap form of wire 
bridge devised by Mr. T. Gray, w, w is the wire, made ®**^F®* 
of platinoid or German silver, which is stretched above, 
but not in contact with, a base-board, passes round tbe 
insulating and supporting vulcanite block B from the 

^ % 
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T. Gray^s mercury cup to the other A vulcanite crossbar A 
Bridge, wim in position near the cups. If the wire 

be long seveml such crossbars may be used. Each end 
of the wire is soldered to a large mass of copper, bent as 
shown in Fig. 74 so as to dip into a mercury cup 
without any risk of contact of the mercury with the 
soldered junction. The cups should be of copper, and 
may conveniently be made of the form shown in the 
figure, and fixed in holes in the wooden or ebonite 
supporting- block. The ends of the copper pieces 



dipping into them should be carefully squared and bear 
against the copper bottoms. 

The wire is divided into parts of equal resistance* by 
a process of calibration (p. 342 et aeq,, below) and marks 
indicating these parts are made on a rule attached to 
the base»baa^» along which the contact-piece slides. 
A movable sc^ is used to subdivide the space between 
two divisions. 

On a plate of ebonite or well-paraffined hard wood 
are fixed mercury caps made as just described. 
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The auxiliary resistances of the bridge when T. Gray’s 

required are placed between and and while 
the wires to be compared connect and Cg, and 
Since the wire w, w can be made long, the auxiliary 
resistances are not frequently required. When they 
can be dispensed with, and are removed and 
placed in the socket A, and the wires to be compared 
are then placed betw’^een and e^, and 

This method of obtaining balance was used by 
Matthicssen and Hockin in the very careful comparisons 
of resistance made by them in their work as members 
of the British Association Committee on Electrical 
Standards ; and it was found by these experimenters that 
an alloy of 85 parts of platinum with 15 parts of iridium 
formed an excellent material for the gi*aduated wire. 

This alloy, they found, did not readily become oxidized. 
Platinum-silver alloy is however frequently employed. 

The contact piece is generally a well-rounded edge 
of steel with a slight notch to receive the wire. The 
knob pressed by the operator bends a spring which 
presses the contact piece with just sufficient pressure 
against the wire. A turning bar can be put into 
pojition to keep down the contact when desired. The 
sliding piece carries a vernier which enables fractions of 
a division to be read on the scale. 

The method of testing by this instrument is precisely 
the same as by the ordinary Wheatstone Bridge, except 
that when balance has been nearly obtained in the usual 
way, by varying the relation of the resistances 
for a particular position of the sliding pi^, an exact 
balance is obtained by shifting the sliding pi^ce in the 



341 


OOMPAKISON OF BESISTANOE8. 


pt>per direction along the wire. Supposing that the 
Win: resistance of the wire per unit of length haq, been 
determined for different parts of the wire, and that the 
san«^ resistances of contacts have been determined (p. 357) 
HoAia. allowed for, the value of r^ is at once found by 
taking into account the resistances of the segments 
of the wire AB on the two sides of the point, contact at 
which gives zero deflection. 

The wire AB may be ”calil»ated” by one of the 
Win: following methods. The first is that which was em’ 
ployed by Matthiessen and Hockin.* Let and {a, h 
wa and in Fig. 71) be such resistances that balance is obtained 
Haokin. point P in AB, and let r^, (c, d in Fig. 71) be 

two coils, differing in resistance by say per cent. Let 
+ a be the total resistance, including contacts between 
C and P, and r^■k■ that between J) and P. Now alter 
by inserting a short piece of wire. This will shift the 
zero point along the wire through a certain distance to 
the left. Balance so as to find this point, which call 
P| ; then interchange r, and r,, and balance again, and 
call the second point thus found P,. Let z denote the 
resistance between P and Pj, z' the resistance between 
P and P^ X the resistance of the short piece of ^re 
added to r^, and I the length of wire between P^ and P,. 
We have j^nly the two equations, 


4- tt + a? — z _ ^4 -4- 4 z 


BeptrizxtOttMMl Sumthm/t, p. 1}A. 
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from which we obtain for the resistance per unit of 
length between and P,, 

-i- “ (r, + r, + . + ^ + ») . ( 18 ) 

The value of sc is easily obtained with sufficient 
accuracy from either of equations (17), as * is approxi- 
mately known firom the known resistance of the whole 
wire. In this way the resistance per unit of length at 
different parts of the wire can be easily found, and, if 
necessary, a table of corrections formed for the different 
divisions of the scale. 

Professor Carey Foster has given the following method 
for the calibration of the bridge wire. The arrangement 
is shown diagrammatically in Fig. 75. The battery 
shown in Fig. 71 is removed, and two equal copper 
bars are attached at C, D (Fig. 71), at right angles to 
the bars of the bridge at those points. Between the 
extremities of these is stretched a second slide wire. 
Or the slide wire of a second bridge, from which all 
other connections have been removed, maybe connected 
to C and D by wires from the end bars to which it is 
attached. In place of the coils c, d of Fig. 71, and the 
middle bar of the bridge is substituted a single Baidell’s 
or other cell. One terminal of the galvanometer is 
connected to a sliding piece on the wire W, the other 
to ft sliding piece on the other wire, W. In place of 
and r^ are substituted two small resistances, one simply 
a piece of &ick wire e, the other a resistance 
equal to that of a convenient porUon sey firom 80 to 100 
millimetres of the wire. The former of i&ese l»a 


Mathies' 
S0tt and 
HockVa 
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Oarey 
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been called the connector, the latter the gauge. They 
Method. connected to the bridge by mercury cups in the 
manner described on p. 340 above, and some form of 
switchboard is usually emf)loyed to effect the inter- 
changes described below. 

Supposing the gauge placed first on the left and 
the connector on the right, the slide on W is moved 
close up to the extremity B, and balance is obtained by 
placing the slider on IP at some point near J), The 
gauge and connector are then interchanged, and balance 
is again obtained by shifting the slider on IV' towards 
the left to some point b. 



Fh;. 75, 


The gauge and connector are again interchanged, and 
balance obtained by shifting the slide on W to the left, 
and so on until both wires have been traversed almost 
completely from end to end. The distance through 
which the slider is moved at each interchange of the 
resistance is read off, and gives, as we shall now show, a 
determination of the average resistance per unit of 
length over that portion of the wire. Let JP and be 
points of contact on fV and W' when balance is obtained^ 
let tbe permanent resistances included with W, W* 
at the left-hand ends be denoted by a, h, and at the 
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right ends by a\ V respectively, the resistance of the 
connector by c, of the gauge by g, of the wire from 
to P by z, of the whole wire by w, of the wire W 
from to F by z\ and of the whole wire by If 

the connector be on the left and the gauge on the 
right, we have by 


Car# 

Foster’s 

Method. 


c a z _ g A- h w -- z 
a ^ z' 0' -h w — z‘ 


• 00) 


and if the gauge and connector be interchanged so that 
r receives a new value 


// 4 <7 -h _ e 4- ft 4- — Zj 

a' ^ z ”” ft' 4 1^; — 2 


( 20 ) 


From these equations we get at once 

g-c = z^-z (21) 

that is, the steps along Jr have each a total resistance 
equal to g — c, a result evident without calculation at 
all. 

Again, supposing the gauge at first on the left, and 
next on the right, the slider on W is shifted, and we get 
the equations 

ff' + r' _ y 4- ic' — / 

+ ~r ~ b + c + w — z 


These give 


a' + / _ y + w' - s', 
c-i-a+r b + g + w — z' 

' t \ a' + h' + w' 


. ( 22 ) 
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The quantities on the right-hand side are all con- 
stants, and therefore tlie wire IF' is thus divided into 
parts of equal resistance. From the known resistance 
of the whole wire, which can be found as shown on 
p. 354 below, the resistance of each part can be 
found. The steps on each wire are thus steps of 
equal resistance. 

The following are the actual results obtained in tlie 
calibration of the slide-wire of a bridges performed in 
the Physical Laboratory of the University College of 
North Wales by the method just described. 


Partii of the wir« of eoual resistance 

1 Resistances of flic parts lnrliirh>d 

(=r). 


j between the corresponding rc«diwp;«. 

Readines (taken zvw 
at right hand end). 

f 

: Lengths 1. 

1 Readings. 

Resistance = 

0...10 59 

10-59 

0. . 10 

-94429 r 

9-79... 20-35 

10-50 

10... 20 

•94(597 „ 

19-70.. ,30*2(5 

10-5« 

20... 30 

•94(>D7 „ 

29-84.. ,40-41 

10*57 

30... 40 

•94607 „ 

39-69... 50-22 

10 .53 

40... .50 

•94967 „ 

49-7 1... 60*27 

l0-.5« 

50.. 60 

•94(5J>7 „ 

69-80... 70*35 

10-.55 

(50... 70 

•94787 „ 

69-82... 80-32 

10-50 i| 

70... 80 

*9523sS „ 

79-86,.. 90-38 

! 10-52 ! 

80... 90 

•95057 „ 

89-41. ..99-97 

10-66 

90.. .100 1 

•94697 „ 


1 

1 

1 

0...100 1 

9-47873 r 


The numbers in the right-hand column are taken from tables. Tbo 
results are of coarse not correct to the number of decimals given. 
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Ifc will be noticed that the second reading in any line 
of the first column is not exactly the same as the first 
reading in the next line. This was caused through its 
being difficult to balance by adjusting the contact on 
the auxiliary wire. Balance was therefore obtained 
after a step was taken along the auxiliary wire by 
moving the slider through a short distance on the wire 
which was being calibrated. 

The value of r found as described below, p. 355 was 
*0452 ohm. From this the resistance of the part of the 
wire between two readings of the scale is found as 
shown in the table. 


Carey 

Fosters* 

Method. 


p 


rw d' ^ S[ 

K 


K 


...j L- 

* — j— I. . 


£ 


Fig. 76. 


A modification of this method which works well in T. Gray’s 
practice and avoids some difficulties has been made by 
Mr. Thomas Gray. The two wires W, W, are arranged 
parallel to one another as in Fig. 76, and are connected 
at the ends A, C and B, D by two equal small resist- 
ances of suitable amount ff. The equality of these 
resistances can be tested with great ease and delicacy 
by connecting the battery at A, J?, and balancing with 
the galvanometer between a point on IF and another 
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T. Gray’s on then transferring the battery contacts to C7, Z) 
Meth^ and observing if the balance is disturbed. If.it is not 
BrM^ e resistances are equal. When the resistances have 
been adjusted to equality, the battery is brought into 
contact at A and J) and balance is obtained by placing 
one galvanometer terminal close to £ on TF, and the 
other at d on W\ The battery contacts are then trans- 
ferred to JS and 0, and balance is obtained by shifting 
the tenninal of the galvanometer on JF to some point 
a while that on 7F' is kept at 6. The battery contact 
is then transferred to A, I), and balance obtained by 
moving the terminal on W so that the points of 
contact are a, rf, and so on. 

The readings on the graduated scales are taken for 
the successive points of contact, anti divide each wire, os 
will be shown presently, into steps each of resistance g. 

The contact of the battery at Ay IJ or By 0 can be 
made* by means of two simple rockers Ky K, working 
between mercury cups or ordinary metal contacts, or by 
means of any simple key. This renders unnecessary 
any mercury cup switchboard arrangement for trans- 
ferring coils. 

Thus the method has the great advantage that the 
contact.s are all permanent except those of the battery 
and the sliders, no one of which of course introduces, 
any error. 

Let contact be made by the battery at A and and 
balance be obtained with the galvanometer at points a 
and e on the wires W and W', then calling as before 
z' the resistances of the wires between A and a, 0 and 
e respectively, and vf the resistance® of the whole 
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wires, we have, neglecting (which will not affect the 
result) constant resistances of connecting bars, &c., 


V) ^ z ^ g z* 

Z z' (J 


(23) 


Let the battery now be transferred to B and C and 
balance be obtained at d and e. Denoting the resistance 
between A and d by c, z, we again have 


w — _ vj* — z* ’V g 

^ 


• ( 24 ) 


Equations (23) and (24) give 


' ^w' + g 


(25) 


or the steps along W are steps of equal resistance. The 
same can of course be proved for W\ 

Fig, 77 shows another arrangement devised by 
Mr. T. Gray, which has also the advantage of having 
permanent gauge contacts, A and C are joined by a 
short thick wire or connector c, while B and D are 


£ 

Fio. 77. 

joined by a gauge g. The battery contact is made 
alternately at B and J9 by a key K, and balance is 
obtained^by moving the galvanometer contact on W 
and W* alternately. This arrangement is rather 
simpler to set up than the former but gives steps the 


T. Gray'8 
First 
Method 
by 

Bridge, 


T. Gray^s 
Secoud 
Method 
by 

Bridge. 
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I^Gre^’s resistances of which are in geometrical progression. 
Method These though perhaps not quite so convenient as steps 
Bc^ of equal resistance give the required calibration with 
sufficient exactness; for if the increase in length of 
the steps which takes place from one end to the other 
prove inconvenient, the calibration may be repeated in 
the reverse direction. According as the calibration of 
ir is to be begun at B or at A, and according as that 
of W' is to be begun at C or at 1), the first contact of 
the battery must be made at ]) or at B. 

Let a and «, e and d, d and /, / and g, be four succes- 
sive positions of the galvanometer terminals for which 
balance is obtained, and let z^, z, be the resistances 
on W from A io a, A io d, A to g respectively, z\, z\, 
the resistances on W from (7 to €, (7 to / respectively. 
Then if the battery be connected to B for the contacts 
a, e, we get for these succe-ssive positions the equations 
W — + g — z\ W — Z j _ w* — z\ f g 

*1 c -f s'j ' Jj “ c + z\ 

it ^ ~ * 2 ~ * 3 

Zi c \z\ 2$ ~ c + *' 

These give 


{w -f g) (w' + g + e) 
+ cj 


. . (26) 


a constant ratio. An equation similar to (27) could of 
course be found for two successive steps on W'. 


T. Omy't Mr. T. Gray has also suggested the following very 
simple method which is practically identical v^^th that 
tia] Oai. previously used by Prof. Tait for the comparison of low 
^**""*“*® resistances (see below, p. 371). It has been found to give 
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excellent results. The arrangement is shown in Fig. 78. 
The wire W to be calibrated is joined up in series with a 
single Daniell or storage-cell, with resistance* just 
enough to prevent an excessive current from flowing in 
the circuit, if the cell is of very low resistance. It is 
advantageous to use a differential galvanometer. A 
pair of electrodes (not shown in the figure) from one 
coil of the galvanometer are attached to terminals which 
are fixed for the time in contact with the wire W at 
two points close to one end, or at the two ends of a con- 
venient gauge wire in the same circuit. The resulting 
deflection is annulled by placing electrodes from the 


% — 

other coil in contact at other two points on the wire. 
For the latter pair of terminals it is convenient to have 
a sliding piece with two contacts, one for each terminal, 
with index marks opposite the scale at a distance apart 
nearly equal to that between the contacts. A part, 
carrying one index mark, and the corresponding contact 
making point, is made movable with a fine screw, so 
that the distance between the contact pieces may be 
increased or diminished by a small amount to enable 

* Since Ihis resistance need not l>e of known amount it may be that, 
of a convenient portion of a rheostat wire inclnded in the circuit (see 
p. 828 above). 



Fiq. 78. 


T. Gray’s 
Method by 
Differen- 
tial Gal- 
vanometer. 
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T. Gmy's balance to be obtained. This double contact piece is 
simply moved along by steps each equal to the dis- 
tial Oal- tance existing between the contacts, which insures 
vwaometer. nearer point of contact with the wire for the 

new position is coincident with the farther point of 
contact for the last position, the words nearer and 
farther being used relatively to tlie end of the wire at 
which the calibration is begun. The farther contact is 
the movable one, anti this is adjusted for compensation 
at each .step. Plainly the wire is thus divided into 
steps of equal resistance. The contacts may also bo 
made by fine wire.s, caused by light weights to press 
on the wire which is being calibrated. For a simple 
tost of the unifonnity of a wire, the contacts may be 
simply glided along the wire, and the cliaiigo in deflection 
noted. The distance through which the adjustable 
electrode would have to be moved in order to reduce 
the deflection to zero for any step, may lx» inferied from 
the deflection profluced by transferring the movable 
terminal once for all by the micrometer screw through 
a measured distance along the wire. 

By thus displacing the iiK^vable ccuitact piece through 
a small cli.stance from the position for balance, and 
observing the deflection, the sensibility of the method 
can be ascertained and increased or diminished by 
aitcring the re.sistance or the electromotive force in 
circuit 

The theory of this method is obvious. The diflTereuce 
of potentials between the ends of the movable electrodes 
when balance is obtained is always in the same ratio to 
the difference of potentials between the fixed electrodes 
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however the electromotive force of the battery may 
vary; hence the distance between them for balance is 
independent of the current flowing through the battery. 

The same method can be used with an ordinary Modifica- 
galvanometer by bringing the spot of light back to the suirordin- 
zero position by means of a controlling magnet. The ary Gal- 
electrodes are then shifted step by step, and any change 
in the deflection is shown by the deflection of the spot 
of light from zero. 

In all these methods disturbance from thermoelectric iVecaution 
currents, due to accidental differences of temperature 
at the surfaces of contact of dissimilar metals, is to be electric 
avoided by using the reversing key in the battery 
circuit, and balancing^or both directions of the current ; 
and if there is any difference of position for balance, 
taking the mean position as the correct one. 

The slide-wire bridge may be used for the accurate Conmari- 
comparison of resistance coils with a standard, say for *by^lWe^ 
the adjustment of single ohms with a standard ohm. wire 
Fig, 71 (p, 338 above) shows the arrangement adopted. 

and are the resistances of the coils a, h to be com- 
pared, and are nearly equal, and are the resist- 
ances of the two coils c, d, and are each nearly equal to 
7*1 or The connections are made by mercury cups as 
already described. Balance is obtained with the contact- 
piece somewhere near the middle of the slide-wire. 

The coils are then interchanged and balance again 


obtained. By (21) above we have 

(27) 

wheie ^ resistances of the wire from A to 
VOL. I. A A 
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Compari- the point of contact in the two cases. If p be the 
resistance per unit of length for the whole wire, $2 
the distances (reduced, if necessary, by calibration, as 
shown above, to distances along a wire of uniform 
resistance p per unit of length) measured along the 
wire from A, we have 

n ~ ^4 = P(h - -"’ 2 ) • • • • (28) 

These results are evidently free from any uncertainty 
as to the resistance of the junctions of the slide-wire to 
the copper bars at its ends, and from any error due to 
want of correspondence between the index mark on the 
sliding-piece and the point of contact.* 

If a separate experiment be made with a coil of 
accurately known resistance rj, just a very little less 
than that of the whole wire, and a second conductor 
of resistance so small that it may be neglected, the 
value of p may be obtained from the equation 


p « _li_ 

% - h 

If the coils compared are too unequal to allow balance 
to be made on the wire, a series of intermediary coils 
may be obtained, so as to give a gradual descent from 
one coil to the other. 

Method of The resistance of the wire between any two readings. 

R^t^ may also be determined by the following method, which is 

* The reeietance of a coil may be accurately adjusted to any required 
value by Stat making it slightly too great, and then joining it in 
multiple arc with a thin wire cut eo ae to give aa nearly ae poaeible the 
required correction. If the observed resistance be and that required 
r„ the resistance of the correcting wire is -^1)* 
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due to Mr. D. M. Lewis. The total resistance of the wire Method of 
is approximately found by measuring it with an ordinary 
bridge consisting of a post-oflBce set of coils or other 
available form of resistance box. Two coils are then 
made^ the resistance of each of which is less than unity 
by a quantity which is nearly equal to, but not greater 
than, the total resistance of the wire. These can be 
also made by means of an ordinary resistance box. 

Let i ?2 ^ ^ accurately known resistances 

of these coils. Each is tested as follows in the slide 
wire bridge against a unit coil, a standard ohm for 
example. The unit coil is first placed in the position a 
of Fig. 71, and one of the two resistances, Iti say, is 
placed in the position b. The connections should be 
made by mercury cups as already described. In the 
positions marked c, d are placed permanently two coils 
of nearly ejqual resistance. The magnitudes of these 
need not be known, but should not be greater than one 
or two units. Balance is obtained with the slide S at 
a point near the end £ of the slide wire, and the reading 
on the slide scale is taken. The coil It^ and the unit 
are then interchanged, and balance obtained with the 
slide near A. The difference of the two readings gives 
the length of wire intercepted between them, and this 
must be equal in resistance to 1 

The other coil substituted for and two 

readings for which balance is obtained taken in the 
same way. These give a length of the wire the resist** 
ance of which is 1 

The two resistances are now put together in series 
and tested against the unit in precisely the same way, 

A A 2 
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of and give between the two readings taken a length of 
Re^tai^ wire of resistance JBj + -R .2 — 1. 

Now from a previously made calibration of the wire 
the resistances of the three portions of the wire thus 
observed can be obtained in terms of the resistance 
of the calibration-step, and three equations are thus 
available for the determination of the three unknown 
quantities jKj, ^ 2 , and r, the resistance of the step used 
in calibration, as in p. 346 above. The following table 
gives the results of this process applied to the slide wire 
the calibration of which is given above. 


PAsltions of tile 
IU«Utaaces. 

Uft Rijfht 

Reail- 
fn^K on 
Slide 
Wire. 

Reeltttaneee l>etw<H*n thow readings In term# 
of r. ObUtued Table, p. S40 above. 


1 

1*40 

9*13063r ^ 

* 


97*72 

[9-47876 - -13220- -21690= 9-131] 

if. 

1 

i 

0*14 

9-36797r 

1 

Rt 

98*97 

[9-47873 - -01322 - -09764 =9-368] 

-f- 

1 

i 69*70 

3-6-249«r 

* 

» 


31*45 

[3-79068 - -02843 - •18717-3-626] 


Here 1 - = 9'131r. 1 - J ?2 « 

iJj q. 1 « 3-625r 

and therefore 

9131 “■ 9-868^ “ 8 625 “ 22 124* 
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Substituting this value of r in the first two equations 
we find i?! and JKg* This can be used, as shown at p. 346 
above, to find the resistance of the portion of the wire 
between any two readings of the scale. 

An accurate comparison of two nearly equal resist- Compari- 
ances, for example a unit with its copy, can be obtained 
by making the and ^3 to be compared occupy the Equal Re- 
positions c, of Fig. 71. Balance is first obtained with 
1*2 and in one pair of positions, then they are inter- 
changed and balance again obtained. Assuming that 
the permanent resistances are included in r^, 
and giving 2:^, the same meanings as at p. 345 above, 
we have 

^2 ^ ^*1 + ^ ^ 4 -h ^ - % 

^3 ^4 + 10 — rj -+• 

— 7*4 4- 4 ~ ^2 

7*1 4- 7*4 -f -- («1 — ^2) 

and therefore 

. . (30) 

^3 ^1 4- 7*4 4- W — {Z^ — Z.^ ^ ' 

Hence the greater 7*^ 4* 7*4 the greater — z^. Thus 
by choosing a pair of resistances as nearly equal as 
possible, and sufficiently great, 7*2 and 7*3 may be com- 
pared to any needful degree of accuracy. 

The permanent resistances, a, say, corresponding to Measure- 
the coils a, b of Fig. 71 , may be estimated by the following 
method, by which two low resistances can be measured I^w R«- 
when the ratio of two others is accurately known. Let ***^<**®‘ 
the resistances 7*2, of c, d in Fig. 70 have the known 
ratio fi. We shall suppose and 7*4 to be so low 



asd 
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Compari- 
son of very 
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resistances that, with a value of diflTering consider- 
ably from unity, balance can be found on the wire. 
Balance is obtained with the coils in the positions c, d, 
shown in Fig. 71 ; then and are interchanged, 
and balance is again obtained. We have 

_ ’’i ^ + w — g» 

^ -TttT- “ r, + Sj ' 

From these equations we obtain 


. _ ~ 

M-1 ’ 


7t> + 





If thick copper pieces be substituted for the coils a, b of 
Fig. 71, their resistances, if the connections as is under- 
stood are made with proper mercury cups, may be taken 
as zero, and a and 0 are approximately given by (31). 
The values of a, 0 thus obtained may be used for the 
correction of the values of rj, found as just described. 
This correction will not be appreciably affected by the 
unknown permanent resistances corresponding to the 
coils e, d, ifrj, r, are taken moderately large so that the 
actual ratio may he taken as equal to their known ratio. 

Neither of the arrangements of Wheatstone’s Bridge 
descrih^ above is at all suitable for the comparison of 
the resistances of short pieces of thick wire or rod, for 
example, specimens of the main conductors of a low 
resistance electric light installation, the resistances of 
which are so small as to he comparable with, if not less 
than, the resistances of the contacts of the different 
wires by which they are joined for meMurement.^ To 
obtain an accurate .result in such a case, we lUust 
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compare, directly or indirectly, the difference of poten- 
tials between two cross-sections in the rod which is 
being tested, with the difference of potentials between 
two cross-sections in a standard rod, while the same cur- 
rent flows in both rods, in a direction parallel to the axis 
at and everywhere between each pair of cross-sections. 

Sir William Thomson has so modified Wheatstone’s ThoiMoii’s 
Bridge, by adding to it what he has called secondary 
cvndudofrs, as to enable it to be used, with all the con- Secondary 
vemence of the ordinary arrangement, for the accurate ton. 
comparison of the resistance of a foot or two of thick 



M 

Fig. 79. 


copper conductor with that between two cross-sections 
in a standard rod. The arrangement is shown in Fig. 
79. CD are two cross-sections, at a little distance from 
the ends of the conductor to be tested, and AB are 
two similar cross-sections of the standard conductor. 
These rods are connected by a thick piece of metal, so 
that the resistance between B and C is very small, and 
the tennimUs of a battery of low resistance are applied 
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Thomaon’s at the other extremities of the rods as shown. The 
sections are connected also by a wire BLC, and the 
Secondary sections AD by a wire AMD, in each case by as good 
metallic contacts as possible. BLG and AMD may 
very conveniently be wires, along which sliding contact- 
pieces L and M can be moved, with resistances R, R, -B, R 
of half an ohm or an ohm each, inserted as shown in 
the figuie. The sections A, D are so far from the ends 
of the rods, and the wires AMD, BLG are made of so 
great resistance (one or two olims is enough in most 
cases), that the current throughout the portions of the 
conductors compared is parallel to the axis, and the 
effect of any small resistance of contact there may be 
at A, B, (\ D is simply to increase the effective resist- 
ance of BLG and AMD by a small fraction of the actual 
resistance of the wire in each case. The terminals of 
the galvanometer G are applied at L and M, and the 
circuits of the galvanometer and battery are com- 
pleted through a double key as in the oixlinary 
bridge. A reversing key is inserted in the l)atteiy 
circuit as in other cases, to enable the comparison to be 
made with both directions of cuiTont. 

Let the resistances AM, DM be denoted by r^, r^; 
BL, GL by a, h, AB, CD by and BC by $. Suppose 

and to be varied by moving the sliding piece at" M 
till no ouirent flows through the galvanometer. To find 
the relation which must hold among the resistances 
when this is the case, we may suppose the point t cm* 
nected by a bar of xero resistance, ulith the cross^seerion 
of J?, which is at the sapae potential'as Z. CaU tbk 
cross-section AT. The resistance of the portion of JBC? to 
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the left of K is cLslia + ^), and of the portion to the Tbomaon's 
right hB]{a + 5). The resistance between B and KL 
is therefore \aHI(a -t- 2^)}/{« + asl(a *f J, or «s/(a -f + 6), 
and similarly that between C and KL is hsl{a + 6 4* s). tofa. 
Hence by (1) wo have 

+ .) “ ' * (»•* + ^TTTl)’ 

or 

»-l’4 - ’a»'2 = - ^’’l) • • ■ 

Now s has been supposed very small in comparison 
with a + and a and b can be easily chosen so as to 
make ar^ — Ir^ approximately equal to zero. Hence 
equation (4) reduces to 



the formuLa found above for the ordinary Wheatstone 
Bridge. 

The apparatus illustrated in Fig. 80 is convenient for Practical 
the carrying out of this method in practice. On a 
massive solo plate of iron, P, are mounted two vertical Thomson's 
guide-rods of copper, A, A, and parallel to these the 
rods to be compared, viz., a. standard rod G, and the 
rod to be tested (7^. C, are .supported with their 
lower ends in two mercury cups cut in a single block 
of oopper. This block corresponds to the piece E in 
Fi|f. 79. The upper ends of O, are fixed in screw 
blocks of Copper, t, it to which also are attached the 
tetntmals of a constant batter^ B of low resistaisoe. A 
revehdng key K is interposed betiitccn and thcT 
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Practical 

Apparatus 

for 

Thomson's 

Bri^. 


battery. A scale B graduated along its two edges 
nearly fills the space between the rods t7, 6\. 



Fiu. 80. 


A pair of resistance coils, r, r, are fixed to the sole 
plate, and have one terminal of each connected by a 
strip of copper, which also carries the terminal screw T. 
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The other terminals of these coils are fixed to two Practical 
copper sliders, 82, S^, which move along, but are in- Ap^tuf 
sulated from, the guide-rods, and cany contact pieces Thomson’e 
c, c, each of which is bevelled off to a knife-edge on 
a level with its upper side. This knife-edge is pressed 
against the corresponding rod by springs s, s, which are 
insulaited so as not to touch the rods. The coils r, r 
are attached directly to the contact pieces c, e. Thus 
S2T T T Sg, corresponds to the partial circuit BRLBC 
of Fig. 79 . 

Near the upper ends of G, is a similar arrangement 
of sliders, 8, 81 with spring contacts and attached coils, 

R, R. These coils are connected by a copper strip 
which carries the terminal Ty The coils R, R are 
attached to the upper ends of the guide-rods A, A, and 
through these to the sliders 8 , 8y The guide-rods are 
so thick that no appreciable change is made in the 
ratio of the resistances of the parts of the partial 
circuit 8RT^R8i on the two sides of by varying the 
positions of the sliders. This partial circuit corresponds 
to ARMRD of Fig. 79 . 

Each pair of coils, r, r and R, R, may be wound on a 
single bobbin with advantage. The arrangement is 
thereby rendered more compact, and there is less risk 
of error from difference of temperature between the 
bobbins, or of thermoelectric disturbance between their 
terminals. 

Between T and is placed the galvanometer G, 
which is provided with a simple key A;, placed for 
convenience in the actual arrangement beside the 
reversing key K. 
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ApjMuratus 

for 

Thomson’s 

Bridge. 


In the use of the instrutuent the rods to be compared 
are placed in position, and the sliders on the rod of 
lower, resistance are placed so that their upper edges, 
and therefore their knife-edges, are opposite the lowest 
and uppermost divisions of the scale. The lower contact 
piece on the other rod is placed with its upper edge 
opposite the lowest division of the scale on that side. 
The upper contact piece on the same rod is then shifted 
until no current flows through the galvanometer. 
Balance is obtained for both directions of the current, 
and the mean position of the slider taken, to eliminate 
error from thermoelectric disturbance. 

A number of standard rods of different thicknesses 
are provided with the instrument in order that nearly 
equal ratios may be obtained over a wide range of low 
resistances. 





The following method was used for the same purpose 
by Messrs. Matthiessen and Hockin in their researches 
on alloys. AB, OB, Fig. 81 , are the two rods to be 
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compared. They are connected in circuit with two 
coils of resistances r, s, which have between them a 
graduated wire WW,aa in Kirchhoffs bridge. 8S' are 
two sharp knife-edges, the distance of which apart can 
be accurately measured, fixed in a piece of dry hard 
wood or vulcanite, and connected with mercury cups on 
its itpper side. This arrangement is placed on the 
conductor AB, so that the knife-edges making contact 
include between them a length SB of the rod. TT' is 
a precisely similar arrangement placed on Cl). One 
terminal of the galvanometer is applied at S, and the 
resistances r, s adjusted so that a point P on the wire 
which gives balance is found for the other terminal. 
The terminal of the galvanometer is shifted to B, and a 
second point F found by varying the resistances of the 
coils from r^, to r\, s'j in such a manner as to keep 
the sum r + s constant. Similarly balance is found for 
TT' with values .Sj. r'j, s',, for the resistances of the 
coils, fulfilling the condition that the sum r + s is the 
same as in the former case. Let a, h, e, d, k denote the 
resistances between L and S, L and B, L and T, L and T, 
L and irrespectively; a, B, y, S the resistance between 
JF and Pin the four cases, x the resistance of the whole 
wire fFW. We have by (1) 

a _ + a 

k — a ~ 3^ + K — a 


Matthies- 
sen and 
Hockin's 
Method, 


and therefore 


a _ + o 

l'~ B 


( 34 ) 
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Matthies> Where 
sen and 

MrthS similarly 
Therefore 


i? = r + s + AC, 


h _t\ + B 
k~ M 

h — a _ r'j — r j + y9 — o 

~~F~ a 

I 


In the same way we get 


d c __ r'2 — rg 4 * S — 7 
k “ R 


( 35 ) 

( 36 ) 


and combining the last two equations we get for the 
ratio of the resistances of the conductors between the 
pairs of knife-edges — 

tri- . ... (37) 

d — c r^ — To + B — y 

Method of The following method of comparing resistances 
Compari- is in principle the same as Thomson's Bridge with 
P^tials conductors, and Matthiessen and Hockin’s 

' method described above, as, like them, it consists in 
comparing the difference of potentials between two 
cross-sections near the ends of the conductor to be 
tested with the difference of ' potentials between two 
cross-sections in a standard conductor, when the same 
uniform current is flowing in both. It is, however, more 
readily apjflicable in practice, and is very useful for a 
great many pcuposes, as for example, in the testing of 
the armatures or magnet coils of machines, in the esti- 
mation of the resistances of contacts, and in the deter- 
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mination of the specific conductivities of thick copper 
wires or rods. All that is required is a small battery, a 
suitable galvanometer of sufficient sensibility, and 
two or three resistance coils of from ^ ohm to 1 ohm. 
These coils may very conveniently for many purposes be 
made of galvanised or tinned iron wire of No. 14 or 16 
B.W.G,, wound round a piece of wood ^ inch thick, from 
8 to 10 inches broad, and from 12 to 18 inches long, with 
notches cut in its sides, at intervals of a quarter of an 
inch, to keep the wire in position. To avoid any 
electromagnetic effect which may be produced by the 
coils if they happen, when carrying cuirents, to be 
placed near the galvanometer, the wire should be 
doubled on itself at its middle point, the bight put 
round a pin fixed near one end of the board, and the 
wire then wound double on the board, the two parts 
being kept far enough apart to insure insulation. Re- 
sistance coils made in this way are exceedingly useful 
for electric-lighting experiments, as the thickness of the 
wire and its exposure eveiywhere to the air prevent 
undue heating by strong currents, or, if there is much 
heating, obviate the risk of damage. For the battery a 
single cell, as for example a gravity-Daniell, or, if the 
battery is to be carried from place to place, two her- 
metically-sealed chloride of silver cells, which may be 
joined in series or in multiple arc as required, may very 
conveniently be used. Sir William Thomson’s graded 
potential galvanometer* (see Vol. II.) is the most 

* That is a high resistance galvanometer in which the needle system, 
or magnetometer, can be placed with its centre at different distances 
from the centre of the coil to give different degrees of sensibility, and 
tother provided with one or more magnets to intensify the magnetio 
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Method of convenient instrument (described below) for many prac- 
purposes; but wl>en very great accuracy is aimed at, 
■on of as when the method is used for the measurement of the 
Potentials, conductivity of short lengths of thick metallic 

wires by comparison with a standard, a sensitive re- 
flecting galvanometer of resistance great in comparison 
with that of the conductor between the points at which 
the terminals are applied should be employed, and the 
batteiy should be of as low internal resistance as 
possible. 

The galvanometer is first set up and made of the 
requisite sensibility either by adjusting, as described in 
p. .$10 abov'e, the intensity of the field in which it is 
placed, or, if it is a gradwl galvanometer, by placing 
the magnetometer at the position nearest the coil, and 
dispensing with the field-magnet. 

The conductor whose resistance is to be compared, and 
one of the coils whose resistance is known, are joined in 
series with the battery. It is advisable to have this 
circuit at a distance of a few yards from the galvano- 
meter, so that accidental motions of the wires carrying 
the current may not have any sensible effect on the 
needle. One operator then holds the electrodes of the 
galvanometer so as to include between them, say, first 
the wire which is being tested, then the known resist- 
ance, then once more the wire being tested, in every 
case taking care not to include any binding screw con- 
nection, or other contact of the conductors The known 
resistance should, when great accunuy is required, be so 

field St the needles when required. Sir William Thonuon's Graded 
Galvanometer* will be described in Yol. II. 
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chosen that the readings obtained in these two opera- Method of 
tions are as nearly as may be equal. Comj^ri- 

Let the mean of the readings for the first and third son of 
operations be V scale divisions, for the second V ' ; let r 
denote the known resistance, and x the resistance to be 
found. 

Since by Ohm’s law the difference of potentials be- 
tween any two points in a homogeneous wire, forming 
part of a circuit in which a uniform current is flowing, 
is proportional to the resistance between those two 
points, we have, 

^ = ( 88 ) 


The resistance of a contact of two wires whether or 
not* of the same metal may be found in the same 
manner, by placing the galvanometer electrodes so as 
to include the contact between them, and comparing 
the difference of potential on its two sides with that 
between the two ends of a known resistance in the 
same circuit. Care must however be taken in all 
experiments made by this method, especially when the 
galvanometer circuit includes conductors of different 
metals, to make sure that no error is caused by thermal 
electromotive forces. To eliminate such errors the 
observations should be made with the current flowing 
first in one direction and then in the other in the batteiy 
circuit. 

The following results of some measurements of the Pmcticsl 
resistance of a Siemens S i?, dynamo machine, made on 
May 4, 1888, in the Physical Laboratory of the University 

VOL. L , B R 
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of Glasgow, may serve to illustrate this method. An 
iron wire coil, of half an ohm resistance, was joined 
to one of the terminals of a standard Daniell, and short 
wires attached to the other terminal of the cell and the 
free end of the coil were made to complete the circuit 
through the armature, by being pressed on two diametric- 
ally opposite commutator bars, from which the brushes 
and the magnet connections had been removed. The 
electrodes of the galvanometer, which was one of Sir 
William Thomson’s dead-beat reflecting galvanometers 
of high resistance, were applied alternately to the same 
commutator bars, and to the ends of the half ohm, and 
the readings recorded. The following are the results, 
extracted from the Laboratory Records, of three con- 
secutive experiments : 


Experiment I. 


Operation. 

Galv. zero r^ad 
Electrodes on ^ ohm 
„ „ armature 

Experiment 

Galv. zero read 
Electrodes on armature 
„ „ i ohm 

,, ,, armature 


Galv. zero read 
Electrodes on ^ ohm 
„ „ armature 

» » i ohm 


ReadlAjir on 

Deflecilon of 

Scalo. 

214 

Bpotof {iight. 

857 

643 

597 

11. 

383 

214 

607 

393 

874 

660 

607 

III. 

393 

214 

874 

660 

607 

393 

872 

668 


The first experiment gives for z the value, 383 x ’SI64iS, 
or ‘298 ohm. The other two experiments, although 
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their numbers axe different, give very nearly the same 
* result, which agrees closely with a measurement made 
about eight months before, by the same method, with a 
graded potential galvanometer. 

In the ordinary testing of the armatures of machines 
by this method, the circuit of the battery may be com- 
pleted through the brushes; but if the machine has 
been wound on the shunt' system, care must be taken 
to previously disconnect the magnet coils. In every 
case the galvanometer electrodes must be placed on the 
commutator bars directly. 

Prof. Tait * has used a differential galvanometer (see 
below, p. 374) for this method of determining low resist- 
ances. The conductors to be compared were arranged 
in series, so that the same current flowed through both. 
The terminals of one coil were then placed at two 
points on one conductor, the terminals of the other 
coil at two points on the other, such that the galva- 
nometer deflection was zero. The difference of poten- 
tials between the points of each pair was therefore the 
same in the two cases. Hence the lengths of portions 
of the two conductors of equal resistance were obtained. 

The following zero method, due to Mr. T. Gray, is 
founded on the same principle. The arrangement of 
apparatus is shown in Fig. 82. One terminal of a 
battery of one or two low resistance cells is attached to 
a stud on a thick copper bar F, the other terminal to a 
metallic axis round w;hich the copper bar h turns. The 
bar h makes contact at its outer end with a bare wire 
and a bare rod bent round into concentric circles with 
* Tram, rol. xxriiL 1877-8. 
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centre at the axis of the bar, and having a pair of 
remote extremities connected with mercury cups or 
binding terminals, and the other pair of extremities 
free as shown. To one of these terminals is connected 
one end of the bar to be tested, to the other one 
end of the standard bar. The other end of one of 
these bars, say the standard, is connected to a mercury 
cup S, which is in line with, but is insulated from, 
a row of mercury cups or a mercury trough cut in 
a copper bar placed parallel to P. Between this bar 



and the trough are stretched a series of parallel wires 
all of the same material and length and as nearly as 
possible of the same resistance; and a single wire, of 
the same resistance, material, and length, connects the 
bar Pand the cup S with which the standard bar is in 
contact. These wires may bo conveniently straight rods 
of platinoid, an eighth of an inch in diameter, and six 
feet long, soldered at one end to the bar P, and at 
the other to stout well-amalgamated copper terminals 
dipping into the mercury cups or trough. The .wires 
may made of the same instance by means of 
a slide wire bridge, or by the method described 
below. 
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The cup S and the terminals T are now brought to 
one potential by taming the bar h round on the circular 
wire until a sensitive- galvanometer, /, joining them 
shows no deflection. This galvanometer is then left 
connected, and by means of a second sensitive galvano- 
meter, g, two pairs of points a, d and c, d are found 
between which in each case no current flows when they 
are connected by a wire. Each pair of points are there- 
fore at the same potential. Hence if we denote by 
the resistance of the standard between h and d, by rj 
that of the other rod between a and c, and by n the 
number of wires joining P and T, we have 



A differential galvanometer (p. 374 below) with two 
independent pairs of terminals may be employed for this 
method. One coil may be made to join a, h, the other 
e, d, or one coil may be made to join h, d, and the other 
a, c. In the former case either the effect on each coil 
must be made zero, or care must be taken to connect the 
proper terminals to a, 5 and c, d. The resistance of the 
galvanometer coils except when the current in each 
coil is made zero, must be so great as not to cause any 
sensible alteration of the potentials at the points at 
which the terminals are applied. 

The wires joining P to S and T may be tested for 
equdflty as follows. . Two nearly equal wires are made 
to join P to S and P to T, and h is placed so that the 
galvanometer / shows zero, curren^ The wire joining 
P to T is then removed aM another put in its place. 
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If the current in / still remains zero for the same 
position of h the latter wire and the former are of the 
same resistance. If not the necessary correction is 
made (see footnote p. 354) and the comparison repeated. 

Earlj Before the invention of the Bridge Method resist- 
ances were in general compared by a process of substi- 
pmng Re- tution ; by varying the resistance in a circuit including 
aisUnces. resistance to be measured by known amounts ; or 
by means of a differential galvanometer. In the first 
the resistance to be compared was placed in the circuit 
of a galvanometer and battery, and the deflection of 
the galvanometer noted. The unknown resistance was 
then replaced by a variable and known resistance, which 
was adjusted until the former deflection was reproduced. 
The unknown resistance was then taken as equal to the 
adjusted value of the variable resistance. This method 
as well as the second involved the assumption that the 
electromotive force and resistance of the battery re- 
mained the same in both experiments. This assumption 
cannot in general be made with safety if accurate results 
are required. These two methods are now seldom 
or never used, and we shall not here further discuss 
them. 

Method by The method by differential galvanometer is similar, 
involve the assumption just referred to. 
noaieter. A differential galvanometer is an instrument with two 
distinct coils each with a pair of terminals of its own. 
Sometimes the two coils have a common terminal, but 
this arrangement serves no purpose and renders the 
instrument ioappli<y^ble in many cases. The coils are 
in general arranged so as to have equal resistance, and 
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SO as to have as nearly as possible equal magnetic 
effects on the needle for all positions of the latter. 
Thus in such an instrument when equal differences of 
potential are established between the pairs of terminals 
so as to produce currents in opposite directions through 
the coils, the needle shows no deflection. 

To determine an unknown resistance rg it is joined as 
shown in Fig. 83 to one of the terminals ^ of a coil 





Fio. 83. 


of the galvanometer. The other end of the resistance 
and the other terminal of the coil are connected re- 
spectively to the terminals a, h of a battery B. 
Another resistance r^, is connected in a similar manner 
to the terminals 8 , 8 of the other coil of the galvanometer, 
and the terminals a, h of the battery. Thus the battery 
current flows through the two circuits h 8 s a, h t t 
so that the magnetic effects produced at the needle 
are opposed. The resistance is adjusted until no de- 
flection is produced. If the resistances of the galvano- 
meter coils including the connecting wires on each side 
of a, J are equal, is equal to \ It is better however 
to avoid any ejkov from resistance of connecting wires 
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by replacing (which may now be an unknown but 
conveniently variable resistance such as that given by a 
rheostat) by such a known resistance r\ as does not 
disturb the equilibrium. Then This result is 

evidently independent of the electromotive force and 
resistance of the battery. 

Semibilitj To find the sensibility of this method let ^ ^be 
Oifferav: ^'^sistances of the coils, r the resistance of the battery 
tial Gahra- and wires common to both circuits, rj, 7*2 the remaining 
Method, parts of the resistances of the respective circuits, 7 ^, 
72 the currents in the coils, m the constant which 
multiplied into 7 ^ gives the deflection produced by the 
coil of resistance yj, n the corresponding constant for 
the other coil, then if a be the deflection, we have 

_ * 8 ) - + *•»>} 
my, - ny^ - ^ + + (r 4 - (r, + 

If we denote the denominator of this value of a by 
J), we may write the equation 

+ r^ - + r,) . . . (40) 


Hence if a be accurately zero 


92 t ^2 ' 


. (41) 


Suppose, after adjustment has been made as nearly 
as possible to zero deflection, another resistance r\ to be, 
sul^ituted for rj, then calling D', a\ M the new values 
of D, a, E, we have by (41) 


ITa* 

E 




. (40o) 
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Hence by (40) and (40a) 

. . . (42) 


Here a and a* are so small as not to be observable, 
and hence to the degree of accuracy to which each 
deflection is equal to zero r\ = whether E be equal 
to E' or not.. 

By first adjusting so that a is apparently zero, then 
putting 7*1 out of adjustment by a known amount, and 
observing the corresponding deflection a\ the sensitive- 
ness of the method can be calculated by 


nM'* 


■ (-iS) 


and E' can be calculated from the known values of the 
other quantities. If then the smallest observable de- 
flection be known, then E^ being taken as constant the 
corresponding error is approximately known. 

In most (liflbrential galvanometers (/i = ^ 2 » 
m = n. In such cases (40a) becomes, the accents being 
dropped, 

.. - _ + ^2 + 2*7) + (^ 1 + 9) + gy 

=* ” “ nE 


Hence if 
have 

I 


— r^ — Zr where r is a small quantity, we 


nE ■ ir 

(r + g) (2r + ri + g) 


. . (44) 


or if r the resistance of the battery be small 

nESr 

““(n+# ’ * ‘ 


( 45 ) 
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Equations (44>) and (45) give the sensibility of a 
galvanometer so adjusted. 

®®**^*1"* If it be possible to vary the resistance of the coil, 
Resistance keeping the volume of the conductor constant, then the 
vannra^r *'®®istance of each should be made as nearly as poaible 
Coils. J of the resistance to be measured. For let I = length 
of wire in each bobbin, a its cross-sectional area, p its 
specific resistance (p. 380 below), v = volume of wire, 
then V = la, g — Ip/'a = l-plv. The value of n is propor- 
tional to the length of wire through which the current 
flows, and may be written hi. We get for (44) 

ME .Sr 

(,, + ‘fj ( 2 , + ,. + ^). 

Let 

« = |(»-i -f g) (2r -b r, -p g), 

where g ~ T^pjv, a will be a maximum when u is a minimum. 
We have 


du 

Vl 


•^(3F-n) = o, 


and this satisfies the condition for a minimum^ viz, d^u/dP > 1. 
Hence a is a maximum when 

* 

If r be small in comparison with rj, a is a maximum 
for g = Jr. 

A cell or battery of small resistance is generally 
available, but it is not generally possible to vary g to 



METHOD BY DIFFERENTIAL GALVANOMETER. 


379 


any required degree. Differential galvanometers can 
however be made with their coils in sections, each 
provided with a pair of terminals so that they can be 
joined in any possible combination of series or multiple 
arc. 

When the resistances to be compared are small they Method by 
should be placed across the terminals of the coils of 
the galvanometer as shunts, and the two shunted coils vanometer 
joined in series with the battery, but in such a way that Ke- 
the currents produce opposite effects on the needle, sistances. 
Let 7 be the whole current in the circuit, and as before 
7i» 72 ^he currents through the coils of resistance g^y 
^ 2 , and let a in this case be the deflection. Then 

a == — W 72 . 

But 


_ 7 _ 7 ^ 2 

and therefore 


where 


E 


+ g^) - + .^fj) 

jy 


. . (47) 


D' = + r^g^lir^ + gi) + r(»*i + 5’,) (r, + g^). 

If « = 0, mjn = ra(rj + g^lr^Hr^ + g.^. Hence if 
m s m, a: g^, we have r, = 

To compare when m = n and gi = g^= g, the sensi- Company 
bility of this method with that of the last, we have if 
r, — Tj = hr, a small quantity Method. 

, nEg Sr 
a - jy 


• (48) 
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This method is more sensitive than the last if D^jg < D, 
that is if r < g. 

The sensibility of the method may easily be found as 
in the former case. 

In order that the conducting powers of different 
substances may be compared with one another, it is 
necessary to determine their specific resistances, that is, the 
resistance in each case of a wire of a certain specified 
length and cross-sectional area. We shall here define 
the specific resistance of any substance at any given tem- 
perature as the resistance between two opposite faces of 
a centimetre cube of the material at that temperature * 
This resistance has been very carefully determined for 
several different substances at ordinary temperatures by 
various experimenters, and a table of results is given 
below (Table V,). 

To measure the specific resistance of a piece of thin 
wire, we have simply to determine the resistance of a 
sufficiently long piece of the wire by the ordinary 
Wheatstone Bridge method described above, and fr^ 
the result to calculate the specific resistance. Let 
the length of the wire be I cms., its cross-section 
8 square cms., and its resistance R ohms. Then the 
specific resistance of the material would be Rsjl ohms. 
The length i is to be carefully determined by an accu- 
rately graduated measuring-rod ; and the area s may be 
found with sufficient accuracy in most cases by direct 

* The reciprocal of this (called below the specific couductiTity) may 
be adyantageonaly called the electric condiutvcity of tbe aubatance, if 
the word conductivity be set free by the adoption of the word eo»« 
dtutajux for the reciprocal of the reaiatance of a given conductor. 
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measurement, by means of a decimal wire gauge Measure- 
measuring to a hundredth of a millimetre. If, how- s^ific 
ever, the wire be very thin, the cross-section may, if the 
density is known, be accurately obtained in square 
cms. by finding the weight in grammes of a suffi- 
ciently long piece^ of the wire (from which the insulat- 
ing covering, if any, has been carefully removed), and 
dividing the Veight by the' product of the length and 
the density. Very thin wires are generally covered 
with silk or cotton, which may very easily be removed, 
without injury to the wire, by making the wire into 
a coil, and gently heating it in a dilute solution of 
caustic soda or potash. The coating must not in any 
case be removed by scraping. 

If the density is noit known, it may be found by Comc- 
weighing the wire in air and in water by the methods 
described in books on hydrostatics. All the weights, .in. 
from 1 gramme upwards, ordinarily used in weighing 
are made of brass, and hence when conductors of nearly 
the same specific gravity as brass are weighed in air, 
the correction for buoyancy may be neglected. The 
weighing in water however must be corrected both for 
expansion of water with rise of temperature and for the 
weight of air displaced by the weights. For a tem- 
perature of 13®C. these corrections are as follows. For 
expansion of water an increase of loss of weight in water 
of *059 per cent ; for buoyancy of air a diminution of 
apparent weight in fwater of per cent. Care 

should be taken in weighing to prevent air bubbles 
from adhering to the sides of the specimen; and the 
water used for weighing should first have been carefuQy 
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boiled to expel the air contained in it. All error of 
this kind may be avoided by boiling the water with 
the specimen in it, and then allowing both to cool 
together. 

If the wire be thick, and a sufficient length of it to 
render possible an accurate measurement of its resist- 
ance by the ordinary bridge method is not conveniently 
available, one of the methods of comparing small 
resistances described above (p. 358 et seq) is to be used. 
The most convenient in many cases is that just 
described (p. 366 et seq,) in which the resistance between 
two cross-sections of the bar to be tested is compared 
with that between two cross-sections of a standard rod 
of pure copper. The cross-sections should, if the dis- 
tance between them be not thelreby made too small, be 
chosen so as \o make the two resistances nearly equal. 
If we put V for the number of divisions of deflection 
on the scale of the potential galvanometer, when the 
electrodes of the galvanometer are applied to the 
standard rod, at cross-sections I cms. apart ; V that when 
they are applied to the rod being tested, at cross-sections 
r cms. apart, then we have for the ratio of the resist- 
ance of unit length of the standard to the resistance of 
unit length of the wire tested at the temperature at 
which the comparison is made, the value VVIV*L If 
5 and 8^ be the respective cross-sectional areas, which in 
this case are easily determinable by measurement with . 
a screw-gauge, and we assume that the temperature at 
which the measurements of resistance are made is 0* 0., 
we get for the ratio of the specific resistances at 0* C. the 
value Vla'IWs, and therefore also for the ratio of thei 
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specific conductivities VVs! V'ls'. This last ratio multi- 
plied by 100 gives the percentage conductivity at 0® C. of 
the substance as compared with that of pure copper. If, 
as will generally be the case, the temperature at which 
the experiments are made be above the freezing-point, 
the value of 100 VVsj V'l$\ may be taken as the percen- 
tage of the specific conductivity of pure copper at the 
observed temperature possessed by the substance, and 
this, if the wire tested is a specimen of nearly pure 
copper, will be nearly enough the same at all ordinary 
temperatures. 

If in experiments by this method the electrodes are 
applied by hand to the conductors, the operator should, 
especially if the electrodes and the conductors tested 
are of different materials, be careful not to handle the 
wires, but should hold them by two pieces of wood in 
strips of paper passed several times round the wires, or 
by some other substance which conducts heat badly, so 
that no thermal electromotive force may be introduced 
into the circuit of the galvanometer (see above, p. 337). 
He may conveniently make the galvanometer contacts 
by means of two knife edges fixed in a piece of wood 
which can be lifted from one conductor to the other 
without its being necessary to handle the galvanometer 
wires in any way. This will besides render any measure- 
ment of the length of the conductor intercepted be- 
tween the galvanometer electrodes unnecessary, as 
I is equal to We have then for the percentage 
specific conductivity of the substance the value 
100 TsYTs. 

As an example of this method we |nay take the 
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Practical following i^ults of a measurement (made in the 
Example, laboratory of the University of Glasgow) 

of the specific conductivity of a short piece of thick 
copper strip. The specimen was joined in %ries 
with a piece of copper wire of No. 0 B.W.G. of very 
high conductivity, in the circuit of a Daniell’s cell of 
low resistance. The electrodes of a high resistance 
reflecting galvanometer applied at two points 700 cms, 
apart in the copper \vire gave a deflection of 153‘5 
divisions, when applied at two points 500 cms. apart in 
the strip 270 divisions. The weight of the wire per 
metre was 443 grammes, of the strip per metre 186 ’3 
grammes. Hence the specific conductivity of the copper 
strip was 96’6 per cent, of that of the wire against 
which it was tested. 

Bealka- The accurate realization of a standard ohm, as de- 
Mereuiy P- above, involves the determination of 

Standard the specific resistance of mercury, an operation which 
requires great care and considerable experimental skill. 
The tube to be used must be very nearly uniform in 
internal cross-sectional area, and must be filled in a 
vacuum with perfectly pure mercury. Any deviation 
of the cross-section from uniformity can be sufficiently 
nearly allowed for by considering the mercury column 
'as made up of a number of short columns each of cross- 
section equal to the mean cross-section of that part of 
the tube. The mean cross-section for each of a suffi- 
cient number of such short columns must therefore 
be determined as accurately as possible by a process of 
calibration. This is effected by moving a short column 
of meicuiy from one position to another along the tube, 
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and measuiing the length which it occupies in each 
position. 

Calibxa- 

scale. In order that the tube if accidentally disturbed 
may be replaced a mark is made upon it, and the position 
of this on the scale carefully observed and noted ; or one 
end of the tube is made to rest against a piece projecting 
from the bar \o which the scale is attached. If great 
exactness is desired the scale is engraved on a rigid bar 
along which move two reading microscopes with cross- 
wires. By means of these the positions of the ends of 
the mercury column can be found. For many purposes 
it is sufficient to read off the positions of the ends of 
the column by the eye, assisted if need be by a lens, and 
parallax may be avoided by using a scale graduated on 
a slip of silvered glass. 

Let the column of mercury be approximately 1/n of Calcula- 
the whole length of the tube where n is a, sufficiently 
great whole number, and let the column be moved in tions from 
each case from, one position to the next through a dis- 
tance as nearly as may be equal to its whole length, so 
that n measurements of length are made in the length 
of the tube. Let denote the readings of the ends 
of the column in the first position, r\, the readings 
of the ends in the second position and so on, 
being nearly coincident with 
respectively, while ro,rn coincide 
with the ends of the tube. Now let -f &c., 

be the lengths of the columns of uniform section equal 
to the mean section of the tube which would have 
volumes equcd to the lengths &c. of the actual 
VOL* I. 0 c 
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C^cnla- tabe. It is the value <rf the corrections Cj, e^, &c. which 
it is the object of the experimental process to discover. 
tioDs fiom Since the successive portions of the tube occupied by 
Calibra- the column of mercury are equal m volume, ifre have 
for the corrected length of the portion of the tube 
corresponding to the position of the^ooluinn 

Ti + a — ri_i — 1 . . . (48) 

where / is a constant. Hence putting S,, &c. for the 
uncorrected lengths — r^, &c., we get by sub- 

tracting /— = from each of the equations of which 
(48) is the type, the series of equations 


Sj ^2 4* ^2 

6, + Cj = Sj — Sj 

«! — «« + «»-l = ~ ^iJ 


• ( 49 ) 


The terminal corrections e* and e* are of course zero. 
Adding, we find 

«. = ~- 8 . ( 50 ) 


where % denotes summation for all values of i from 
1 to ». 

In the same way we get 

( 61 ) 

and so oh. 

If the values of &c., be plotted on any copvenient 

scale as ordinates of a curve, the abscissee of which aro 
the corresponding distances measured along the tube 
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from one end, the curve will give the correction to 
be used for any other distance measured along the 
tube. 

This determination is generally sufficient; but if Control 
necessary it can be extended as follows : The calibration 
is performed with a column of doable the former length, 
which is m^ved along the tube after each observation 
through a distance equal to half the length of the column. 

This gives w —1 measurements of length. The same 
process is then repeated with a column of three times 
the original length, which is moved after each observation 
through the same distance as before. This gives 7^ — 2 
observations. Then a column of four times the original 
length is used and so on, until finally a column Tt — 1 
times the length of the original column is employed, 
with which of course only two observations are 
made. 

From the original set of observations we get, if d\ Process ] 
denote the excess of the observed length of the column 
in the position over that in the {i — l)th. Results. 


— ^0 = €2 — + d\ 

C2 ^3 ~ ^2 “b ^ 2 


( 52 ) 




In the same way putting d'\ for the excess of the 
observed length of the double column in the position 
over that in the (i - l)th, we get from the second set of 
observations o 0 2 



388 


COMPARISON OF RESISTANCES. 


Prooeisof 

Com' 

bining 

Results. 


— 62 “♦* 1 

^2 ““ “ ^4 ““ ^ 2 


^n-2 “*^11-3 *— ^ ^n-2 J 


( 68 ) 


and so on, the number of equations diminishing by one 
each time until we get finally from the two*last sets of 
observations 


and 


«1 - *0 - «»-i - e»-2 + , (54' 

«1 - Co = «« - «»-i + • • . (55) 


Adding all the first equations of the sets (52) &c., then 
adding all the second equations of the sets and sub- 
tracting from the sum the first equation of the first set ; 
next adding all the third equations of the sets and sub- 
tracting from the sum the second equation of the third 
set, and the first of the second set, and so on, we’ get 
successively the equations 


» («i - «o) = 
n (cj - Cj) = - d\ 

n (^ — Cj) = %d^ •— d 2 “ ^ 1 


(60) 


where 


^^di ” <f^2 d'\ “4* &c. 


By means of these equations Cj, Cj, can be at 

once calculated. 
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We give here as an example a short account of an 
accurate determination of the specific resistance of 
mercury made by Lord Rayleigh and Mrs. Sidgwick.^ 
Some account of other determinations will be given in 
connection with the subject of the Realization of Units 
of Resistance in Vol. II. 

The resistances of columns of mercury contained in 
tubes which had been carefully calibrated were measured 
by Carey^Foster’s method as described above. The 
comparison coils were British Association standards, f 
preserved in the Cavendish Laboratory, and every care 
was taken to obtain an accurate result. It was assumed 
that the resistance B of the column is given to a 
sufficiently close approximation by the equation 

i2=:r/^. . . ... . (37) 

where dx is an element of the length of the tube, r the 
specific resistance of mercury, s the cross-sectional area 
of the mercury column at the element dx. The value 
of B was calculated by evaluating the right-hand side 
of this equation from the results of the calibration as 
follows. Let \ be the length of the tube occupied by 
the calibrating column when the middle of its length 
was at the element efo, then we have for the area of the 

* PhU Trans. JR. S., Part I. 1888. 

t That is standards constructed according to the determinatioh of 
the ohm made by the British Association Committee and described in 
their 1864 report This ohm is here referred to as the " B. A nnit*' 
Its value is about 1*12 per cent smaller than the legal ohm. See 
BeaUzalion of UnUs (f Besistanee in Absolute JIfoasure, Yol. 11. below. 

t See Lord Baylei^^’s Theory tf Sound, Vol. IL % 808. 
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element CjX, where (7 is a 'constant, 
the Putting therefore s = C[\, denoting the whole length of 
column by L, and the number of points at equal 
of distances apart along the length L, at which the croOs- 
Menmiy. tjjQg found by », we get by 

summation 

iJ = ^S(X) ...... (68) 

where !S(\) denotes the sum of the n values^f X. 

But if be the mass of mercury contained in the 
length of the tube 


where p denotes the density, and i^(l/X) the sum of the 
reciprocals of the n values of \. Hence eliminating Q 
between these two equations and solving for r, we get 



If the tube had been truly cylindrical the value of r 
would have been MBjpJ^. The factor is 

the correction for conicality of the tube, and is a 
numerical quantity a Uttle less than unity. 

The tubes used were placed horizontally, and were 
fitted at each end with hollowed out L shaped pie^ of 
ebonite which formed wide terminal cups. Each end of 
the tube was fitted air-tightly into the ebonite socket 
with a short length of thick rubber tubing thrust in a 
litUe way, so as to leave room for a caulking of pan^n 
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wax, which was run, in a melted state, into the mouth 
of the socket. These cups were filled with mercury 
and connected with the resistance balance by means of 
well amalgamated copper rods. The tube was kept at 
0° by being immersed in a trough containing melted 
ice. The temperature of the mercury in contact with 
the copper rods it was ascertained was not higher than 
5° or 6°, and’as ice was piled up round the cups, it was 
estimated that the temperatures of the parts of the tube 
within the ’cups, and therefore not directly exposed to 
the ice-bath, were not higher than 2“. 

The cups were so large in section that they might be 
supposed of infinite extent in comparison with the tube, 
and an addition of *82 of the diameter * was made to 
the observed length to correct for the influence of the 
cups. 

The ends of the tube were rounded to a convex form 
so that the length of the bore could be measured. This 
was done by adjusting to the ends reading microscopes, 
fitted with micrometer screws by Avhich the distance 
between could be varied by an amount known to the 
nrsinr of an Inch, reading off on a brass rule substituted 
for the tube the length to the nearest number of whole 
divisions, and determining the fractions of divisions at 
the ends by means of the micrometers. 

The tub^ were carefully cleaned by passing through 
them, in succession sulphuric acid, nitric acid, caustic 
potash, distilled water> and finally air dried by chloride 
of calcium. The calibration was performed by a short 

* See above p. 166, and Lord Rayleigh's Th«ory ^ Sound, YoL II. 
1807. 
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Measure- thread of clean mercury, which was moved to the sue- 
^sme required positions by air blown through a 
chloride of calcium tube ; and measured in some cases 
of by substituting an ivory scale under microscopes ad- 
Meicniy. t 0 tjjg g^ds of the column, in others by placing a 

scale alongside the tube and reading the length off by 
means of a magnifying glass. 

The determination of the mass of mercQry contained 
in the tube, was found by weighing a thread of mercury 
nearly as long as the tube. The length of this column 
was found as follows. After the resistance had been 
measured the greater part of the mercury was retained 
in the tube, and the ends of the column pressed dat 
with flat-headed vulcanite pins fitted into the ends of 
the tube. The length of the column was obtained by 
the microscopes, and the temperature by a thermometer 
lying alongside the tube. The mercury was then bloW 
out of the tube and weighed. By comparing the 
length of the column with the actual length of the tube 
the whole quantity of mercury contained in the tube at 
0 “ was found with sufficient accuracy. 

Experiments were made with four tubes, and the 
meim value obtained for the resistance at 0 ” of a column 
of mercury 1 metre long and 1 square millimetre in 
cross-section was '95412 B.A. unit (see footnote, p. 389 
above). Previous measurements made by Wemer, 
Siemens, and Matthiessen gave '9536 BA., unit and 
*9619 B.A. unit respectively for this resistance. It 
will be noticed that the value just stated lies betweem 
these, but much Ueaxer to ^ former. Messrs. Siemens 
Brothers for a long time used the resistance '.of a 
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column of mercury specified as above as tbe unit Meanm- 
of resistance, and standard units were issued by them "*^*6*^ 
to experimenters. One of these eicamined by Lord 
Eayleigh gave ‘95365 B.A. unit for its resistance at of 

the temperature IG'?* at which it was stated to be 
correct. 

For two of the tubes used in these experiments com- 
parisons werd made of the resistance at 0° with that in 
water at the temperature of the room, which was about 
13° C. It was found that the mean difference of resist- 
ance for 1° per unit of the resistance at 0° was ‘000861. 

This is of course the change of resistance of the contents 
of a certain glass tube, and not to be confounded with 
the temperature variation of the specific resistance of 
mercury. 

Standard ohms have been made in mercury, by using Fonns of 
tubes bent so that the requisite length is obtained in a stanikrd 
compact form, but they are not very convenient in use, 
and are of course liable to breakage. A copy of the 
standard ohm can however be easily made when the 
resistance of a column of mercury of definite cross- 
section and length has been accurately found. Figs. 84 
and 85 show such copies. Fig. 84 is the usual fbrm of 
tbe standard. It is made of platinum-silver wire, 
wound within the lower cylinder. The space within up 
to the top of the wider cylinder is filled with parafBn- ' 
wax. The ends of the ooil are attached to two thick 
electrodes of copper rod, bent as shown and kept in 
position by a vulcanite clamp. The ends of these when 
the coil is used are placed in mercury ^ups ih the 
mumer already explained, and should always, befor# the 
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coil is placed in position, be freshly amalgamated with 
mercury. The lower cylinder up to the shoulder is 
placed in water when the coil is in use, and the tem- 
perature of the water is ascertained by means of a 
thermometer in the hollow core of the cylinder. The 
variation of the resistance of the coil with temperature 
is known, and hence its resistance at any observed 
temperature can be obtained. Of course ‘care must be 



Fto. 84. 


taken not to expose the standard to too strong currents, 
and to keep the temperature as near as possible to the 
normal temperature at which the standard is given as 
correct. 

Fig. 85 shows a form of the standard constructed- by 
Messrs. Elliott and Co. according to a suggestion made 
by Professor Chiystal. A thermo^ectric couple, 
which one junction is within and dose to the coil, and. 



HlOH RESISTAirOES, 


39j$ 

the other outside the case, is used to determine the r 
temperature of the coil. In the form in which the ^ 
instrument is now made the external junction is not 
brought out through the bottom of the case as shown, 
but the wire is brought out at the top of the case, and 
then joined to a wire of the other metal which is 
entirely outside and attached to one of the binding 
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screws. The external junction is of course placed in 
water the temperature of which is measured, and the 
thermal current is obser\'ed by means of a galvanometer 
connected to the terminals. This gives the difference 
of temperatures between the junctions and therefore 
the temperature of the coil. 

The measurement of a very high resistance such as Meaann- 
that of a piece of insulating material cannot be effected Ym 
by means of Wheatstone’s Bridge, and recourse mast HigtRe- 
be had in most cases to electrostatic methods m which 
the required resistance is deduced firom the rate of loss 

ohmige of a (X)Ddenser, the plates of which are con-; 
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Hetbod by nected by the substance in question. If, however, tbe 
resistance of the material he not too great, and a lai^ge 
well insulated battery of from 100 to 200 cells, (md a 
very sensitive high resistance galvanometer are avail- 
able, the following method is the most convenient. 
First join the galvanometer, also well insulated, and tbe 
resistance to be measured (prepared as described below, 
p. 401, to prevent leakage) in series with as many cells 
as gives a readable deflection, which call Now join 
the battery in series with the galvanometer alone, and 
reduce the sensibility of the instrument to a suitable 
degree by joining its terminals by a wire of known 
resistance, and, to keep the total resistance in circuit 
great in comparison with the resistance of the battery, 
insert resistance in the circuit. Let E and B denote 
respectively the electromotive force and resistance of the 
whole battery, €r the resistance of the galvanometer, S 
the resistance joining its terminals in the second case, 
B the resistance introduced into the circuit of the 
galvanometer in that case, and X the resistance to be 
found ; we have for the difference of potentials between 
the terminals of the galvanometer in the first case the 
value, 

.... ( 60 ) 

where m is the factor by which the indications of the 
galvanometer must be multiplied to reduce them to 
volts. In the second case the resistance between tire 
galvanometer terminals is 30l{8-\- 6), and therefore the 
difference of potentials between them is. 
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IS 


sa 


S + G 


B-¥B + 


SG 

S + G 


ESG 

{B -^R) {S+G) + SG 


= mB. 


Method by 
GalyanO' 

(61) 


Hence combining equations (60) and (61) so as to 
eliminate H and m, and solving for JT, we get, 

X=^(B + B+G+^—^^'j-{B+G) {Q2) 


If JT be great in comparison with the remainder of 
the resistance in circuit the term {B + G) may be 
neglected. 

This method was used by Mr. T. Gray and the author Detennin- 
for the determination of the specific resistances of 
different kinds of glass. The specimens of glass were Resistance 
in the form of thin, nearly spherical flasks about 7 cms. 
in diameter, with long narrow and thick walled necks. 

The thin walls of the flask were brought into circuit by 
filling it up to the neck with mercury, and sinking it to 
the same level in a bath of mercury, then joining one 
terminal of the battery to the external mercury by a 
wire passed down the long neck, and the other to the 
mercury in the bath without. This mercury bath was 
an iron vessel contained in a sand bath which could be 
heated to any required temperature. A well insulated 
galvanometer (constructed by aid of a grant fi:om the 
Government Research Fund to a special design de- 
scribed in Vol. II.) of high resistance and great sensi* 
tiveness was included in the current, A battery of over 
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100 Bamell’s cells was used, and after a reading of the 
Specific galvanometer in one direction had been taken and 

corresponding temperature of the 
glass, the coatings of the flask were connected t<^ether 
until the next reading was about to be taken. For this 
the current was reversed, and the deflection taken as 
before, and so on. The “electric absorption” (see p. 435 
below) was thus reversed between every pair of readings, 
and it lasted in most cases about three minutes. The 
resistances were therefore those existing after three 
minutes’ electriflcation. The result for the glass of 
highest insulation tested, which was lead glass of 
density 3T4, was a specific resistance at 100* C. of 
about 8400 x 10^® ohms. The resistance was halved 
for each 8 5* or 9* rise of temperatore. 

A modification of this method for which one of 
Sir W. Thomson’s Graded Potential Galvanometers or 
Voltmeters (see Vol. II.) is vesy suitable, may be used 
for the determination of the insulation resistance of the 
conductors in an electric light installation. 

Detormin- The conductors are disconnected from the generator 
“ PmoM- ®°® anoliier. They are then joined 

potentid galvanometer in series with 
a batteiy of as many cells as gives a readable deflection 
with the magnetometer in the position of the greatest 
sensibility. The number of divisions corresponding to 
this deflection is read off, and the number of divisions 
which the Batteiy gives when applied to the galvano- 
meter alone is then observed. Call the latter number IT 
and the former V'", and let S divisions be the total 
electromotive force of the- batteiy. Let the resistwce 
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of the battery which may be determined by the method 
described below (p. 414) be B ohms, the resistance of 
the galvanometer G ohms, and the insulation resistance 
to be found R ohms ; we have plainly, 

Y- -gg V’- 

B^-G' ~B^G^B 

Therefore, 

R (5 + e)(p-l). . . . (62) 

If B be small in comparison with- G we may put 

V— V' 

B^G-yA- (63) 

A shunt-wound generating machine giving sufficient 
electromotive force may be used instead of the battery, 
and in this case B is found by equation (63). 

The insulation resistance for unit of length is found 
from this result by multiplying by the length of either 
of the conductors. 

This method is applicable to the measurement of the 
insulation resistance of cables or telegraph lines, but for 
details the reader is referred to the manuals of testing 
in coimection with these special subjects. 

In the case of insulating substances the method just 
described requires the use of so powerful a battery that 
it is quite inapplicable except when the specimen, the 
resistance of which is to be measured, can be made to 
have a large surfiaice perpendicular to the direction of the 
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cturent through it, and of very small dimeil^loils in t^atr 
“Rimillf- directicm. Such a case is that of the insulating covering 

Re- of a submarine cable in which the current by which 
sistftQce* , - ^ - 

the insulation-resistance is measured nows across the 

covering between the copper conductor and the salt 

water in which the cable is immersed. 

In general, therefore, in the determination of thb 
insulating qualities of substances which are given in 
comparatively small specimens it is necessary to have 
recourse to the electrometer method mentioned above 
(p. 395), of which we shall give here a short account. 
■Measnro- The most convenient instrument for this purpose is 
* Sir William Thomson’s Quadrant Electrometer. For a 
Bikistence jftill description of this instrument, and a detailed 
I 7 Method of using it, see Chap. V. above. 

^^“^* 8 *- The electrometer, having been carefully set up according 
to the most sensitive arrangement, and found to be 
otherwise in good working order, is tested for insulation. 
One pair of quadrants is connected to the case according 
to the instructions for the use of the instrument and a 
charge producing a potential difference exceeding the 
greatest to be used in the experiments is given to the 
insulated pair by means of a battery, one electrode of 
which is connected for an instant to the electrometer- 
case, the other at the same time to the electrode of the 
insulated quadrants, and the percentage fall of potentials 
produced in thirty minutes or an hour by leakage in the ' 
instrument is observed. If this is inappreciable, the 
instrument is in perfect order. For practical purposes 
the insulation is sufBdently good when the same battery 
being applied to charge ^e electrometer alone as is 
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applied tp cbitrge the cable, or condenser formed as M^nve-^ 

described below, there is not a more rapid fall of 

potentials without the cable or specimen than with it ; 

for there can then be no error due to leakage. ^ of 

An air condense, well insulated by glass stems var- 
nished and kept dry by pumice moistened with strong 
sulphuric acid, is adjusted to have a considerable 
capacity, and* its insulated* plate is connected to the 
insulated quadrants of the electrometer and the other 
to the electrometer-case to which the other pair of 
quadrants is also connected. A charge producing as 
great a potential as in the former case is given to the 
condenser and electrometer thus arranged, and the fall of 
potentials observed by means of the electrometer. If 
the loss in a considerable time be also inappreciable, 
the condenser insulates properly, and its resistance may 
be taken as infinite.* 

The specimen of material to be tested is now placed so Arrange- 
X X mcnt of 

as to connect the plates of the condenser. The manner Specimen 

in which this is to be done of course depends on the form « 

of the specimen. If it is a flat sheet, it may be covered 

on each side, with the exception of a wide margin all 

round, with tinfoil, and thus made to form itself a small 

condenser which is to be joined by thin wires in multiple 

arc with the large condenser. The edges and margins 

* A condenser of any other kind, such as those used in cable testing, 
the insulating material between the plates of which is generally paper 
soaked in paraffin, may be used instead of an air condenser, but as the 
resistance of the latter may, if the glass stems be well varnished and 
kept dry, be taken as infinite, and there is besides no disturbance from 
the phenomenon called eledrio absorption (see p. 425 below), it is 
preferable to use an air condenser if possible. 

VOL. I. 
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Arrange- of the sides of the specimen should be carefully cleaned 
S^men dried, and covered with a thin coating of paraffin 

mth to prevent conduction along the surface between the two 
Condenser. . , , , , . , tx • 

tinfoil coatings, when the condenser is charged. It is 

advisable, when possible, to coat the whole surface in- 
cluding the tinfoil with paraffin, and to make the con- 
tacts with the tinfoil plates by means of thin wires also 
coated with paraffin for some distance along their length 
from the tinfoil. The plate condenser thus formed 
should be supported in a horizontal position on a block 
at the middle of the lower surface. The upper coating 
is made the insulated plate. 

If the specimen be cup-shaped, as. for example, if it be 
in the usual form of an insulator for telegraph or other 
wires, the hollow may be partially filled with mercury, 
and the cup immersed iu an outer vessel containing 
mercury, so that the mercury stands at nearly the same 
level outside and inside. The lip of the cup down to the 
mercury on both sides is to be cleaned and coated with 
paraflSn, as before, to prevent leakage across the surface. 
A thin wire connected with the insulated plate of the 
condenser is made to dip into the mercury in the cup, 
and a similar wire connected with the other plate of the 
condenser dips into the mercury in the outer vessel. 
Strong sulphuric acid may, on account of its drying 
properties, be used with advantage instead of mercury 
as here dei^bed, when the substance is not porous and ' 
is not attached by the acid. 

In every case in which, as in these, the iniulating 
substance and the conductors making contact with it 
form a condenser of unknown capacity, the condenser 
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used in the experiment must be arranged to have a Arrange* 
capacity so great that the unknown capacity thus added SpSmen 
to it, together with the capacity of the electrometer, 
may be neglected in the calculations. 

The condenser, if it has been disconnected, is again 
connected as before to the electrometer. One electrode 
of a battery of from six to' ten small Daniells cells in 
good order, is also connected with the electrometer 
case, and the other electrode is brought for a short time, 
thirty seconds say, or one minute, into contact with the 
insulated plate of the condenser at any convenient 
point, such for example as the electrode of the electro- 
meter connected with the insulated pair of quadrants. 

The battery electrode is then removed, and the condenser 
and electrometer left to themselves. 

The condenser has thus been charged to the potential 
of the battery, which will be indicated by the reading on 
the electrometer scale at the instant when th*e battery is 
removed. The deflection of the electrometer needle 
will now fall, more or less slowly according to the insu- 
lation resistance of the condenser with its plates con- 
nected by the material being tested. Readings of the 
position of the spot of light on the electrometer scale 
are taken at equal intervals of time, and recorded, and 
this is continued until the condenser has lost a consider- 
able portion, say half, of its potential. 

The resistance of the insulating material is easily 
calculated from the results in the following manner. MetST 
Let T be the difference of potentials between the 
plates of the condenser at any instant, Q the charge of 
the condenser at that instant, which may be taken as 

D D 2 
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proportional to the deflection on the electrometer scale, 
Met^ and C its capacity (p. 46). We have Q = CV, and 
4 therefore dQ/dt = GdVjdt . But — dQfdt is the rate of 
loss of chaise, that is, the current flowing from one plate 
to the other, and this is plainly equal by Ohm’s law to 
VI B. Hence — dQjdt — VjB, and therefore 


C 


IT 

dt 



Integrating we get. 


(65) 


where is a constant. If V be the potential differ- 
ence t seconds after it was V„, we get by putting < = 0 
in (65) A — log -Vo. Hence (65) becomes 

t , Vo 
CB ~ V 

and 

log Y 

If F = J V^, we have B = </log 

If the condenser have a resistance so low as to add 
materially to the rate of discharge, an additional experi- 

* It is to be remembered that the logarithms to be here used 
are Nsperisn logarithms. The Naperian logarithm of any number 
is equal to the ordinary or Brigg’a logarithm multiplied by 
2 * 302585 . 
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ment must be made in the same way to determine the 
resistance of the condenser alone, with its plates con- 
nected only by its own dielectric. Let denote the 
resistance of the condenser, determined by equation 
(66) from the results of the latter experiment, and 
Bi the resistance of the specimen; by equation (10) 
(p. 16) 1 /jB = IjBi + l/i2^,.and therefore 


Bi^ 


BBc 
Be Bi 


(67) 


If C has been obtained in C.G.S. electrostatic units 
of capacity, it may be reduced to electromagnetic units 
by dividing by the number of electrostatic units of 
capacity equivalent to the electromagnetic unit, that is 
(see Vol. II.) by 9 X 10^® nearly. 

When an air condenser is used, its capacity can gene- 
rally be obtained approximately by calculation from the 
dimensions and area of the plates. For example, if 
two parallel? plates of metal, placed at a distance d 
veiy^small in comparison with any dimension of 
either surface, have a difference of potentials F, and 
there be no other conductor or electrified body ne*ar, 
we have seen above (p. 57) that the capacity on a 
portion of area A near the centre of either plate is 
AI4!Trd. Hence in the example below, we have for the 
capacity of the disk of area A the value J[/4j7rd, if we 
negl^t the non-uniformity of the electrical distribution 
near the edge. 

If C has been taken in absolute C.G.S. electro- 
magnetic units of capacity (see Vol, II.), we obtain B 
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f from (66) in cms. per second,* which may be reducec 
to ohms by dividing by 10®. 

When a condenser such as one of those used in sub- 
marine telegraph work is used, the capacity of which it 
known in microfarads,f then since a microfarad is 1/10*' 
C.G.S. electromagnetic units of capacity, we have for H 
in ohms the formula 

ij = 10«i,-^. . , (68) 

log r 

The following are results actually obtained in tests of 
a specimen of insulating material made in the form of 
an ordinary telegraph insulator. An air condenser con- 
sisting of two horizontal brass disks, the distance of 
which apart could be regulated by means of a micro- 
meter screw, was joined with the insulator mad^ into 
a small condenser with mercury inside and csitside, 
as described above. The lower disk was of considdii;bly 
greater diameter than the upper, which had a-4i^eter 
of 12'54 cms., and the distance between th^i^4^ ad- 
justed to be 1 cm. The upper disk was connected to 
the insulated pair of quadrants, and the lower to the 
electrometer case. Calling A the area of the upper 
plate, and d the distance between them, we have, 
neglecting the effect of the edges of the upper disk, for 
the capacity of this condenser the value Ajintd in 
C.G.S. electrostatic units. Hence in the actual case 
9*828. The interior surface of the insulator 

* In the electromagnetic system of units n resistance has the 
dimensions of velocity. See VoL II. " 
t See Vol. II., also the iVb^ in the Appendix to the present voltune. 
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covered by the mercury was so small, and the thickness Practical 
of the material so great, that, even allowing the material 
to have a high specific inductive capacity, the capacity ^®^^® 
of the condenser which it formed was small in com- 
parison with that of the air condenser. The experiment 
gave, when the condenser and insulator were joined as 
described, Vo = 251, Fi 100, t = 5640 seconds. 

Hence, * 


B = 


5640 


9-828 X 2-303 x 


= 623, 


in seconds per centimetre (C.G.S. electrostatic units of 
resistance). As the condenser was not insulating per- 
fectly, a separate test was made for it alone, with the 
results Vo •= 289, Fj = 182, t = 6120, Hence 




„_^120 

9-828 X 2-303 x loge 


239 

182 


2286, 


and thjdi^Qre by (67) 


Ei^ 


623 X 2286 
2286 - 623 


= 857, 


in seconds per centimetre. 

Multiplying this result by 9 x 10^® (the approximate Measure- 
value of v\ see Vol. II.), to reduce to electromagnetic 
units, we get for the resistance of the insulator 7712 x Resist- 
10*^ cms. per second, or 771 x 10^* ohms. 

The determination of the resistance of an electrolytic Resistance 
liquid is attended with serious difficulty in consequence jEieStro- 
of the polarization in general produced at the surfaces lytea 
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Resi^ce of electrodes in contact with them. This polarization 
Electro- involves in certain cases what has been called a transi- 
tion resistance at the separating surfaces produced by 
the presence of the ions or of air, or of both, at these 
surfaces, and an alteration of the resistance of part of 
the liquid column due to change in the condition of the 
liquid near the electrodes. Further it involves an 
electromotive force opposed to that producing the 
current, which must be taken account of in most of 
the ordinary methods of comparing resistances, and 
this cannot in general be done with accuracy. For 
example, if F be the difference of potentials between a 
pair of electrodes in contact with an electrolyte, 7 the 
current through the electrolyte, and E the electromotive 
force of polarization, we have 

V = riB + E. (60) 

Thus we cannot find B (which after all mig^l\t ^ot be 
the true resistance of the electrolyte) by finding 'V 
and 7 alone ; we must find also E. But the value of E 
depends to a certain extent on the value of 7, and on a 
variety of other circumstances, such as the size and 
nature of the electrodes, which render the determination 
of B by any process of this kind exceedingly difficult. 

The electromotive force of polarization consists in a 
finite difference of potentials at each electrode. This 
causes the electrode to act as the plate of a condenser, 
of which the capacity may be called the polarization 
capacity of the electrode. This is considerable even for 
an electrode of very small surfiu^, on account of the 


Polaiiza- 

ti<m 

Capacity. 
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thinness of the stratum at the surface within which the 
difference of potentials exists. 

The disturbance from polarization is however small Non-pola- 
when the liquid is a solution of a metallic salt, and the 
electrodes are composed of the metal in question. The 
resistance can then be determined with fair accuracy 
by the Wheatstone’s Bridge, or other ordinary method 
which may be applicable, if precautions are taken to 
eliminate any transition resistance which there may be 
at the plates. It has been found that electrodes of 
ordinary zinc amalgamated with mercury produce no elec- 
tromotive force of polarization when placed in contact 
with sulphate of copper and zinc solution. This fact 
has been made use of by Beetz,* Paalzow,t and others 
for the determination of the resistance of zinc sulphate 
solutions of various strengths. In the experiments of 
Beetz which were made with great care, the liquid was 
boiled with the electrodes in position to expel air from 
the and so prevent transitional resistance. 

Pitalzow also determined the resistances of solutions of Paalzow’s 
other salts by placing the liquid to be experimented on 
in tubes communicating at their extremities with porous 
clay cylinders filled with the same liquid and standing 
in wide glass vessels containing amalgamated zinc 
electrodes of large surface immersed in zinc sulphate 
solution. The polarization at the junctions of the two 
liquids was slight, and, with the resistance of the porous 
cylinders, was eliminated by observations with columns 
of difiFerent lengths, 

* Pogg, Ann. oxvii (1862), p. 1. 

t Ibid, cxxxvii. (1869), p, 489. 
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Detenuinatioiis of the resistance of zinc sulpliate 
and copper sulphate solutions of different strengths 
have been made by Professors Ewing and Macgregor * 
by the Wheatstone Bridge method. Two aniis of the 
bridge were made of large resistance, the liquid column 
(contained in a narrow tube with wide ends, in which 
were placed platinum electrodes), and the variable re- 
sistance were placed in the other two, and a dead-beat 
galvanometer with a very light mirror and needle used 
to test for balance. Thus only feeble currents of short 
duration were sent through the liquid column. 

All the reliable experiments on sulphate of zinc agree 
in showing that for this substance there is a strength 
for which the specific resistance is a minimum. At 
temperature 10° C. this strength is by Ewing and 
Macgregor’s experiments approximately that which 
corresponds to density 1‘298. 

Another method for the elimination of polarization 
was first used by Wheatstone f and more lately by 
Horsford and by Wiedemann.^ A measurement was 
noiade of the apparent resistance for one length of 
the liquid column, then the column was shortened by 
moving the electrodes closer together, and the current 
through the column restored to its former value by 
adding wire resistance. The amount of resistance thus 
added gave the resistance of the portion of the column 
removed from the circuit. The state of the electrodes 
cannot hdwever here be taken as absolutely the same in 

• Tran*. R.8.E. toI. xxrii (1878), p. 61, 
t Plii]. Ttans. B.S., 1843 ; Scientific Pi^n, p. 132. 

Pog^ Aim. xcix. (1856X 
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any two experiments. In Wiedemann’s experiments 
the electrodes were silver for silver solutions, copper for 
copper solutions, and platinum in other cases. 

A method preferable to any of these consists in an Method of 
application of the potential method described above 
for the measurement of wire resistance. Contact is Potentials, 
made by means of platinum electrodes at two cross- 
sections of the liquid column at a definite distance 
apart, while a steady current is kept flowing along the 
column. The difference of potentials between these 
electrodes is measured by means of a suitable electro- 
meter, and compared with that between two points in a 
wire of known resistance through which the same 
•current is flowing. The effect of any electromotive 
force independent of the current may be eliminated 
by taking the observations for both directions of the 
current. 

It is here necessary that the capacity of the part 
of the electrometer charged by the contact be small in 
comparison with the polarization capacity (p. 408 above) 
of the electrodes, otherwise the charging current would 
give a sensible polarization effect at the electrodes. 

The capacity of the quadrants of a quadrant-electro- 
meter is sufficiently small to avoid any serious error 
from this cause with electrodes of ordinary platinum 
wire. 

Since the value of the electromotive force of polariza- 
tion is small when the value of the current is small it 
is possible to use a high resistance galvanometer instead 
of an electrometer in this method. It is necessary 
however to have the current exceedingly small; and 
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Method of therefore if a sensitive electrometer is available it is 
son of preferable to use it. 

Potentials, method seems to have been first used by Branly ♦ 

in some measurements of the Electromotive Force of 
Polarization, but it has occurred to and been used by 
several other experimenters. 

Some other methods of determining the resistance of 
an electrolyte, which involve electro-ma^etic consider- 
ations, will be given in Vol. II.; and the subject of 
Polarization will be more fully considered in connection 
with the Determination of Electromotive Forces. The 
foregoing sketch may be supplemented by a reference 
to Wiedemann’s Lehre wn der Elektncitdt^ Bd. I., 
§§. 563 — 608, in which will be found a very full account 
of experiments and results. 

Batten'* We shall now consider very briefly the measurement 
' of the resistance of a battery. This term is not perfectly 
definite in meaning, as there is reason to believe that the 
resistance as well as the electromotive force of a battery 
depends to some extent on the current flomng through 
the battery, and further the resistance and the electro- 
motive force, and possibly also the polarization of the 
battery are aflFected by differences of temperature. But 
the information which in practice we generally require 
from the test, is really what available difference of 
potentials can be obtained with a certain working 
resistance in the external circuit. This could b6 
obtained &t once by connecting the terminal of the 
battery by this resistance, and measuring the differentie 


Compt. SeTtd. Ixxiv, (187S), p. 628. 
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of potentials by means of a quadrant electrometer or a Battery- 
potential galvanometer. If we call this difference of ^ 
potentials V, and the electromotive force of the battery 
when on open circuit H, then putting JR for the external 
resistance we may write 


i ^ 

• JR + r B 


. . ( 70 ) 


where r is a quantity the definition of which is simply 
that it satisfies this equation. If the battery had the 
same electromotive force E, when generating the current 
0, as when on open circuit, then r would be the effective 
resistance of the battery ; but, although this is not the 
case, we may without being led into error still speak of 
it as the resistance of the battery for the current 7. In 
fact, the value of r, thus found for a particular value of 
B, does actually enable us to calculate from the known 
electromotive force for open circuit, with a moderate 
degree of approximation in the case of a constant 
battery, and also, but less surely, in the case of a 
secondary battery, what available difference of potentials 
will exist between the terminals of the battery when 
connected by other and somewhat widely differing 
values of and therefore also to find what arrange- 
ment of a battery it will be best to adopt in any given 
circumstances. So far as this practical result is con- 
cerned, the numerous methods which have been devised 
for the determination of the resistance of a battery 
before any sensible polarization (which requires time to 
develop) has been set up are, though interesting in 
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themselves, of no practical value, and we shall not here 
describe any of them. 

From equation (70) we have 


r 


E- V 


B 


(71) 


To determine r therefore we have simply to measure 
with a potential galvanometer the diflFerence of potentials 
which exists between the terminals of the battery when 
on open circuit, or connected only by the galvanometer 
coil, the resistance of which we suppose to be very great 
in comparison with r, and again to measure in the same 
way the difference of potentials when the terminals are 
connected by a resistance R, also small in comparison 
with that of the galvanometer.* 

‘ If the galvanometer scale be graduated so that readings 
are proportional to the tangents of the corresponding 
angles, we have, if D be the deflection in the first case, 
and ly the deflection in the second case, the equation 


r 


D- ^ 
D’ 


B , . 


. . (72) 


Instead of a potential galvanometer a quadrant 
electrometer may be employed if the battery is not 
too large, and the same formula applies when D and 
D' are taken proportional to the tangents of the angles 
through which the mirror is turned* 

A resistance coil, which may be of German silver 

* If the battery consist of a larn^ number of cells, it may be divi^ 
into sections and so tested, or each cell may hare its resistance measared 
separately. 
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wire, constructed as described in p. 367, should be used 
for the resistance connecting the terminals, and if the 
current passing through it he considerable its resistance 
should be determined when the current is flowing. 
This may be done by including in its circuit a current- 
galvanometer, and determining the current 7 through 
the wire in amperes,* when • V is read off in volts * on the 
potential instrument. The resistance of the wire with 
that of the current-galvanometer is in ohms F/ 7 , and 
this is to be used as the value of B in equation (72). 

If a galvanometer of high resistance be not available, 
an approximate test can be made by means of a sensitive 
galvanometer of low resistance. The 4 >attei 7 and gal- 
vanometer are joined in series with a resistance B, and 
again with a resistance B'. Let D and D' be the de- 
flections, which must have a difference comparable with 
either. Then, supposing E and r to be the same in 
both cases, and putting G for the resistance of the 
galvanometer we have 

E E 

D = ~ 1 X)' = ^ . 

B G T 


where m is a constant. 
Therefore we find 

r = 


B'B! - DB 


-G . . . . (73) 


Mance has shown how to determine the resistance of Mance’s 
ft battery by means of Wheatstone’s Bridge. The 
battery is placed in the position BB of .Fig. 70 above, 
and a key is connected between B and C. i,^The r^sist- 
* See Vol. II.. also the N</U in the Avnendix to the nresoit volnine. 
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Mwwps ances r,, n, r. are adjusted until the depression of the 
for the hey produces no alteration m the galvanometer de- 
flection. . The galvanometer and the key, with their 
respective connecting wires, are then conjugate con- 
ductors (p. 159 above) ; and it is eas/to show that the 
resistance of the battery is then r^rjry The needle of 
the galvanometer is kept nearly at zero by means of a 
small magnet during the adjustment of the resistances, 
so that it is as sensitive as possible to any alteration of 
current produced by depressing the key. 

This method is so troublesome as to be practically 
useless, chiefly on account of the variation of the 
effective electri^otive force of the cell produced by 
alteration of the current through the cell which takes 
place when the key is depressed. Prof. 0.‘J. Lodge • 
has discussed the method, and shown how it may be 
improvetl by inserting a condenser in scries with the 
galvanometer between C and D. Still it is inconvenient 
and gives no information which may not be obtained 
more easily in another way, and we shall therefore not 
enter into further detail regarding it. '* 

Thomson's Sir William Thomson f has however shown how the 
same mode of operating may be made to give the 
resistance of a galvanometer when there is no other 
OalTum* galvanometer available. The arrangement of Fig. 70 
mefor. jg varied by placing the galvanometer in the position 
BD of Pig. 70, and a key in the position there shown as 
occupied by the galvanometer. The deflection of the 
galvwaometer produced by depressing the batteiy keyit 

Pha Mag. 1877, p. 615. 

Broc. Vol. zix. (Jan. 1871). 
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nearly annulled by me^ns of a magnet, and the resist- 
ances 7*1, 7*2, 7*3 are adjusted until no alteratfen of the 
galvanometer deflection takes place when the key in 
CD is depressed. When tliis is the case G an^jO are at 
the sapie potential, since the addition of the conductor 
CD does not disturb the current distribution in the 
network; and we have for the resistance of the 
galvanometer* 
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CHAPTER VIII. 

COMPAHrSOA' OF CAPACITIES AND MEASJJRE^IENT OF 
SPECIFIC INDUCTIVE CAPACITY. 

Section I. 

COMPARISON OF CAPACITIES. 

The determination of the electrostatic capacity of a 
condenser is effected by a process in which its charge at 
a given potential is compared with that required to 
charge a standard condenser to the same potential. 
The standard condenser is generally one of which the 
capacity can he found by calculation from the dimen- 
sions and arrangement of the instrument, or which has 
been itself compared with such a condenser. 

There are three forms of standard condenser, the 
capacity of which can be determined with accuracy by 
calculation from the geometrical arrangement. There 
are — 

1. Spherical Condensers. 

2. Guard-ring Condensers. 

3. Cylindrical Condensers, 

The simplest form of sphetical condenser consists of 
two spherical conducting surfaces concentric with one 
another and separated by a dielectric. Such a condenser 
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was us^d by Faraday in his experiments on Specific Faraday’s 
Inductive Capacity, and is shown in Fig. 86. An outer sphSical 
brass shell B is supported on a base-piece as shown in 

* * * ciBUSsr 

the figure, and is fitted above with a tubulure filled 
by a long plug of shellac K The internal brass ball A 
is supported in a position concentric with the outer 



Fig. 8d. 

shell by a thin stem passing up through the shellac 
plug and terminating in a knob ou The support below 
is perforated so as to form a tube by which the space 
between the spheres can be filled with dry air or any 
gas. A stopcock t enables this passage to be closed. 

E £ 2 
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This Condenser was not used by Faraday for the 
measurement of capacities in absolute measure, but two 
of them were employed in the manner described at 
p. 452 below for the determination of specific inductive 
Thoinson’s capacities. An absolute condenser on tliis principle 
has however been constructed by Sir William Thomson, 
Con- and is shown in section in Fig. 87. The radius of the 
internal sphere was 4*511 centimetres, of the inner snr- 



face of the external shell 5 '857 centimetres. The inner 
shell was supported in its place by three pieces of 
vulcanite, of which one is shown in the figure, and 
communication was made with the interior con- 
ductor by a wire passing through the centre of a 
circular orifice cut in the outer shell Calculating 
the capacity of this condenser by (56) Chap. I. above 
we get k 68*264 cenrimetres. It was found however 
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that *255 centimetre had to be added to this number to 
correct for the effect of the support and the conducting 
wire. It is difficult to make the surfaces of such a 
condenser truly spherical, and to fix them so accurately 
in their places as to enable the capacity to be calculated 
with sufficient exactness, and comparisons of this con 
denser with others showed that this value of the 
capacity was J)robably too low. A preferable condenser Thomson'ft 
is therefore Sir William Thomson’s guard-ring form of ri^gCon- 

denser. 



Fio. 88. 


the parallel plate condenser. This is shown diagratn- 
matically in section in t'ig. 88. (An actual instrument 
constructed by Dr. J. Hopkinson is shown in Figs. 101, 
102 below*.) The guard-ring Jt forms as it were part 
of a cylindrical -metal box nearly closed by the disc D 
which the ring snrrou^da This box and disc are sup- 
ported on a glass stem well covered with clean sheUac, 
and a separate glass.stem within the box ^^ulates the 
diac J) from the ring. A wine passing through a hole 
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in the cylindrical wall of the box makes contact with' 
ring Con- the electrode of the disc. The other plate of the 
denser, condenser is formed by the large disc P above. This 
plate is carried by a glass stem mounted in a socket at 
the extremity of a fine screw working in a fixed nut 
above. By turning the micrometer head of this screw, 
the distance of P from the opposite disc can be altered 
by any required amount. The condenser* and its sup- 
porting framework are mounted on an iron sole- 
plate, round which is cut a circular groove to receive 
a protecting glass cover; and to enable a dry atmo- 
sphere to be maintained about the insulating stems, 
fragments of pumice moistened with strong sulphuric 
acid are contained in a lead tray placed on the 
sole-plate. 

Mode of The manner of u.sing the condenser is as follow's: 

The guard-ring and disc are connected together and 
"den^” charged to the potential required, while the opposite 
plate is kept at zero potential. The disc is next dis- 
connected from the guard-ring, which is then brought 
also to zero potential. The charge which was formerly 
on the disc remains upon it, and since the distribution 
was very nearly uniform the capacity can be calculated, 
and therefore the charge on the disc, from the previously 
existing potential. The effective area of the disc may 
be taken as the arithmetic mean of the actual area 
of the disc and that of the opening in the guard- 
ring. If <S^ be this mean area we have by (61), p. 57 
above, 
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and therefore for the charge Q upon the disc when the 
condenser is charged to potential V 



A cylindrical condenser of variable capacity has also 
been invented by Sir William Thomson, and used by Cylindri- 
Messrs. Gibsdn and Barclay in their determinations of 
the specific inductive capacity of parafEn described 
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Fig. 90. Fig. 91. 


below. The instrument is represented in longitudinal 
section in Fig. 8D, and in cross-section through C and 
A in Figs. 90 and 91. The essential ' p^ts are two 
circular cylinders of brass aa, lib of the same diameter, 
supported, with their axes in line and a gap between 
their adjacent ends, on vulcanite pieces cc, dd^ attached 
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*®'** sple-plate hh.^ lengths^ of these cylinders were 
CyUn^- ^6’^8 centimeb^s and Sa'S centimetres respectively, and 
thw common diameter 4’9674 centimetres These 
dimensions were determined by a measurement, of the 
volume of water contained by the tubes and an accurate 
determination of their lengths. A third brass cylinder ee 
*was supported coaxially within the other two, on four 
vulcanite feek near one end resting on the' inner surface 
of the outer' cylinder. The length of this cylinder was 
36'6 centimetres, and its diameter (found by winding 
fine wire round the cylinder, measuring the length of a 
certain number of turns, and allowing for the thickness 
of wire and the spiral arrangement) was 2'303 centi- 
metres. This last cylinder is loaded so as to rest stably 
on its supports, and can be edided backwards or forwards 
in the direction of its length so as to alter the relative 
lengths of it enclosed within the two tubes aa, hb. A 
vertical asm g projects upwards through a slot cut in 
the tube ib, and carries an index which moves along a 
graduated scale kk. This scale was graduated into 
360 divisions, each 1/40 inch or *0635 centimeti'e 
aearly. 

A cylinder of metal ll fastened to the base of the 
instrument surrounds the other tube m, to protect it 
Prom external influence, and the whole is enclosed 
within an outer case mm. 

In the use of the instrument the tube bb, the internal 
isylinder ee, and the outer cylinders ll, mm were connected 
bo earth, wi^ile aa was insulated and chaiged. The 
theory of the instrument is given at p. 61 above. 
Acceding as the capacity of the condenser was to be 
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increased or diminished, ee was sMed towards the teft 
or right, and the amount of Change of capacity Cyiindri. 
given by using the displacement I, measured on 4ihe 
scale kk, in the formula 





( 1 ) 


where 2*4837, r = 1*1515: The capacit^hen I = one 
scale division = *0635 centimetre, was therefore *0413 
centimetre. 

This instrument has been modified so as to give it 
greater range by adopting ’“the arrangement shown in 
Fig. 92. Here both ee and ll, (h and c of the figurd) are 
movable, so as to alter the capacity of aa. 
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Except when the dielectric is a gas, the phenomena Electric 
of charge and discharge are complicated, and* the 
results of experimental comparisons of the capacities ^3^ 
of condensers more or less affected, by what is generally 
called Electric Ahscrption, If a condenser having 
a solid or liquid dielectric be charged by applying a 
battery for a time sufficient to give a uniform potential 
F throughout the charged plate of the condenser 
and then be left to itself, its potential will be found 
aflet the lapse of a short time to have considerably 
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Electric 

“Absorp- 

tion/* 


diminished. This diminution of potential is only 
partly due to conduction through the dielectric or 
to want of proper insulation. Part of it is due to a 
change produced in the dielectric medium when the 
condenser is charged, which requires time to bring 
it about, and is called electric absorption from the 
original idea that it was caused by the penetration of 
part of the electric charge into the substance of the 
dielectric. A further charge is necessary to restore the 
former potential, and if this be given by a second short 
application of the original charging battery, a second 
fall of potential not so great as the first will be produced 
from this cause, and so on for a third, fourth, fifth, &c., 
short application. Thus if the condenser be charged 
by a long-continued application of the battery, it will 
take a considerably greater charge than if the same 
potential had been produced by an instantaneous or 
short-continued applicatidh. Similar results are ob- 
tained when a condenser is discharged. If it has been 
charged by a long contact with the charging battery, or 
has been left to itself for some time after charge by a 
short contact, and is then discharged by a short con- 
tact? it will be found immediately after to be at zero 
potential, but after some little time it will be found 
again to have acquired a potential of the same sign as 
before, and can be again discharged. In this way three 
or four or more discharges can be obtained before its 
plates are permanently reduced to zero potential. These 
discharges after the first constitute what is called the 
residual charge of the condenser. 

The phenomena of residual charge have been a good 
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deal investigated of late years. Kohlrausch* first 
pointed out the close connection between the pheno- 
mena of residual charge and the slow working out of 
subpermanent strain shown by many elastic substances, 
and called by German physicists Elastisehe Nach- 
wirhung.^ It has been found for example by Dr. 
Hopkinson that if a Leyden jar be charged positively 
by an application of a battery continued for a long 
time, say a week, then negatively for a shorter time, 
say a day, then positively for a very much shorter time, 
say a few minutes, the residual discharge will be alter- 
nately positive and negative. This behaviour is closely 
analogous to that of a wire which has been held twisted 
for different intervals in successively opposite directions. 
Dr. Hopkinson has also found that mechanical agitation 
of the dielectric such as that produced by tapping the 
jar has a marked effect in accelerating the residual 
discharge. 

Attempts have been made with fair success, notably 
by Clerk-Maxwell, to account for electric absorption by 
imagining the dielectric to be heterogeneous, in the 
sense of being made up of different imperfectly insu- 
lating substances, such that the ratio of the specific 
inductive capacity to the specific conductivity is not the 
same for the different media. 

* Eohliauach has shown that the instantaneous dischaixe is indepen- 
dent of the reridnal charge, and that for a given jar left to itself for a 
given time alter charging, thp leddual charge is proportional to the 
initial potential. 

t Pegg, Ann, 91, 1854. See also on this subject Mege. Brit. Art. 

‘ Eleotricity,' by P»f. Chrystal; Ayrton and Perry, Viteority 
DMeeMUt Fno. R.S. 1878. 
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Residual 
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It might appear from the preceding that owing to the 
existence of electric absorption the capacity of a con- 
denser is an indefinite quantity, depending on the time 
of charge or discharge. This is not the case however, 
as it has been found by several experimenters that for 
ordinary condensers, provided the time of charge or 
discharge do not exceed an interval of a quarter or 
half a second, the charge required to produce a 
potential V, or which is withdrawn in annulling a 
potential V, are sensibly the same and independent 
of the duration of the contact. This is called the 
instantaneous charge of the condenser, and the capacity 
of a condenser is defined as the amount of the instan- 
taneous charge required to produce unit potential at its 
insulated coating, while the other is at zero. The 
methods of comparing capacities described below will 
not therefore (except in the case of cables which 
require a sensible time to acquire throughout the same 
potential) involve any ambiguity. 

In the investigation of the specific inductive capacity 
of paraffin referred to above, the capacities of two con- 
densers were compared by an instrument invented by 
Sir William Thomson, and called by him a platymeter. 
This instrument is represented in Fig. 93. A brass 
cylinder <n>, 22'94 centimetres long, and 5*1 centimetres 
in diameter, is supported by vulcanite pieces dd, and 
coaxial with it are placed in symmetrical positions, and 
insulated by the vulcanite supports ee, two equal shorter 
cylinders of thin brass, each 7*68 centimetres in length 
and 8*6 centimetres in diameter. thus form oorre- 
sponding plates of two nearly equal (^liodrical con- 
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densers, of which the opposite plates are furnished by 
the cylinder cc. The whole is enclosed within a metal 
case mm, through which pass insulated by plugs of 
paraflSn the electrodes qq^ of and the electrode n 
of cc. 

The platymeter was used with the sliding condenser 
in the following manner for the determination of the 
capacities of bther condensers. The cylinder aa of the 
sliding condenser was connected to 'p*, the insulated 
plate of the condenser to be measured to p, and the 
other plate and cylinders Ih, ee to the case of a quadrant 



B 

Fig. 93. 

electrometer arranged for heterostatic use. The inner 
cylinder ce of the platymeter was connected to the 
electrode of the insulated pair of quadrants. We shall 
denote the condenser to be measured and the sliding 
condenser by A and B, their respective capacities by 
and the nearly equal capacities of respectively 


Compari- 
son of 
Capacities. 
1. Method 
by Platy. 
meter. 




480 


COMPARISON OF CAPACITIES. 


C^P^- by e, e\ Now suppose a positive charge given to A, and 
the electrodes of the electrometer connected for an 
by^kt^ instant to reduce the potential of the cylinder cr, to zero, 
meter, and p and p' then connected so as to share the charge 
on A and p with B and p'. Assuming the action be- 
tween p and cc to be equal to that between p' and ce, 
that is, the two sides of the platymeter to be precisely 
equal, it is plain that the resulting potential of cc must 
be positive, zero, or negative according as the capacity 
O' + c is greater than, equal to, or less than C + c'. It 
is plain also that, under the same conditions, the 
potential of cc must be negative, zero, cr positive when 
B is the positively charged conductor, or positive, zero, 
or negative, if B be negatively charged. In Gibson 
and Barclay’s experiments one conductor was positively, 
the other negatively charged, as this gave more marked 
effects without increased risk of breaking down of 
insulation. 

The capacity of the sliding condenser was adjusted 
so that when A was connected to no alteration in the 
potential of cc was produced by putting pp' in contact 
after charging. On the assumption that c = c', this 
gave 0 ^ Cf. 

Comnan. It was found however that when A and B were 
interchanged without alteration of their capacities the 
by connection of p with p' disturbed the potential of cc. 
The two sides of the platymeter were therefore not 
meter, exactly equ^ But in order that the potential of ce 
should be unaltered after the two condensers are put 
into contact, it is only necessaiy that their capacities 
should be adjusted so as to be in the ratio of the 
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capacities of the sides of the platymeter with which 
they are respectively iji contact. The capacity of the 
sliding condenser in the interchanged arrangement was 
therefore altered until the effect of making contact was 
rendered zero. Calling the new capacity we have 
the two equations 

c _C a _ 

• ? 6 "' ? ■" O' 

and therefore 

G = s/clj\ (2) 

As an example we may take the measurement of the 
capacity of the sliding condenser when the index was 
at a given position of the scale. This was done by 
comparing it with the spherical condenser already de- 
scribed. The sliding condenser was adjusted so that 
when connected to the side p of the platymeter, and 
the spherical condenser to p\ the potential of cc remained 
unchanged when after the system was charged as de- 
scribed,^ and p^ were put into contact. The reading on 
the scale of the sliding condenser was then 211. The 
condensers were then interchanged and the same opera- 
tions repeated, and the reading 183 was obtained on the 
sliding condenser. A second pair of experiments gave 
211 and 186 as the readings. 

Now the capacity of the sliding condenser per scale 
division was found, p. 425, to be *0413 centimetre. 
Hence taking the value 63*519 centimetres for the 
capacity of the spherical condenser, its capacity in 
terms of that corresponding to a scale division of the 
sliding condenser taken as unit was 1538. Calling the 
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Example: 
Compari* 
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Sliding 
with 
Spherical 
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capacity of the sliding condenser when the slide was at 
zero, A, we have for the total capacities of the sliding 
condenser in the first pair of experiments .4 4- 211 and 
A + 183, and in the second pair A + 211 and A + 186. 
Hence taking the arithmetic mean instead of the 
geometric, we have approximately 


A = 1638 - 198 = 1340, 
and for the capacity 0 in C.Q.S. units 

C = 1340 X -0413 = 14 04. 


2. Caven- The following method given by Maxwell for the 
^h<^- comparison of the capacities of two guard-ring con- 
densers, is a modification of a method used by Cavendish 
for the approximate comparison of two parallel plate 
condensers of the simpler form. The reader can easily 
make a diagram for himself by drawing diagram- 
Compari- matically two guard-ring condensers side by side. Let 
^ denote respectively the small disc, guard-ring 
ring Con- with metal backing, and large disc of one condenser, 
denscrs. q, corresponding parts of the other con- 

denser. The following operations are perfonned while 
B is kept connected to C, and S' to G, all connections 
being made with wires of negligible capacity. 

1. A is connected to B and U, and with the electrode 
c/ of a Leyden jar or a large battery, and A' is connected 
to JS' and C, and with the earth. 

' t 

2. A,B,(f are insulated from J. 

3. A is insulated firom B and C", and A' from S 
and C. 

4. B and C are connected with B and C and with 
the earth. 
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6. A is connected with A\ 

6. A and A' are connected with the electrode of the 
insulated quadrants of an electrometer or with a sensi- 
tive electroscope. 

By this process A and A' are charged to equal and 
opposite potentials, and if their capacities are equal the 
resulting potential after operation 5 is performed will 
be zero, and the electroscope will show no deflection. 
By adjusting therefore one of the condensers until this 
result is obtained the capacity of the other condenser 
can be found in terms of that of the first. Thus the 
effect of putting a slab of some insulating substance 
between the plates of one of the condensers can be 
determined by performing this process before and after 
the introduction of the slab. All the operations here 
described can be performed in rapid succession by a 
properly arranged and well insulated key. 

If the condensers be not guard-ring condensers this 
method can yet be applied with accuracy in any case in 
which A and A' may be regarded as surrounded by the 
other plates 0 and C\ For example A may be the 
insulated cylinder aa of a sliding condenser, and A* 
the internal surface of a spherical condenser, or with 
sufficient accuracy the interior coating of a Leyden jar. 
It is only necessaiy in the above operations to regard B 
as coincident with G\ and B with (7. 

The following method is practically that used by 
Faraday in his determination of specific inductive 
capacity. Two condensers have their plates, which are 
usually uninsulated, connected to earth, and one of the 
other plates is charged to a potential which is observed 

VOL. I. F F 
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by means of an electrometer. The insulated plate of 
the other condenser Is then brought into contact with 
the charged plate by means of a fine wire, and the 
diminished potential is observed by the electrometer. 
If one of the condensers is an air condenser, that should 
be the condenser first charged, and the contact with the 
insulated plate of the other should be made only for an 
instant and then broken. This avoids the phenomenon 
referred to above as electric “ absorption ” which takes 
place in solid dielectrics. Calling Cj, the capacities 
of the condensers, c that of the part of the electro- 
meter charged by being put in contact with the con- 
denser, V the potential before and V that after the 
sharing of the charge, then since the charge remains 
constant we have 

F(C,-Hc)= nC.-f-C.-fc) ... (3) 
If c is negligible as it generally is this gives 



Faraday compared the potentials F, V by bringing a 
carrier bail into contact with the knob of the condenser 
before and after the discharge, and compaiing by the 
torsion balance the charges carried off in the two 
cases (see below p. 462). 

If the capacity c of the electrometer is not neg- 
ligible, .then if it be supposed independent of fhe 
deflection, another equation may be found with which 
to eliminate it, by first charging the electrometer to 
some potential F, and then sharing the charge with 
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the condenser of capacity G-^ so as to give a potential 
Y\ This gives ^ 

VC = v\G^ 4- c). 

Hence substituting in (3) above we get 


G^ V* ’ -y — V* 


( 5 ) 


We shall now describe some methods of comparing 
capacities which are useful in cable testing, and in the 
determination of the capacities of condensers in cable 
work generally. 

The first of these methods, which is due to Sir 
William Thomson, requires three condensers of known, 
one of them of variable, capacity, besides the condenser 
the capacity of which is to be measured. Let the four 
condensers be called A, G, D, their capacities be 
denoted by G^, G\, G'^y and let G be the variable 
condenser and D that of which the capacity G\ is to be 
found. (A figure may be made by the reader.) The 
insulated plates of Ay G are first connected together 
and brought to some convenient potential by giving 
them a charge from a Leyden jar, or by applying one 
terminal of a battery the other terminal of which is 
connected to the earth. They are then disconnected, 
the charged plate of A put in contact with the insulated 
plate of By and that of G with the insulated plate of D. 
An electrometer of which both pairs of quadrants are 
insulated, has one electrode connected to A and B, and 
the other to G and D, and G is varied in capacity, if 
need be, \intil both pairs of condensers are brought to 

F F 2 
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ThomsoB’s; the same potential, which will of course be the case 
Method, "when the deflection' of the electrometer has been re- 
duced to zero. We have if V he the potential of A and 
C before contact with £ and X>, and F' the common 
potential after the adjustment has been made 

F' - 

a, + c\-c, + c',’ . 

or 

( 6 ) 

A well insulated and sensitive galvanometer with 
insulated key may be arranged instead of an electro- 
meter between the pairs of charged plates, and the 
criterion of equality of potentials will then be zero 
deflection of the galvanometer needle when the key, 
previously kept raised, is tapped down after the opera- 
tion described above. The use of a galvanometer has 
however the disadvantage that the whole series of 
operations must be gone through at each discharge. 
This is not necessary when an electrometer is used, as 
then only potentials are compared without discharge. 

If i? be a condenser of great capacity, such as a long 
cable with the further end insulated in air, time must 
be given for the condenser to become charged through- 
out to the same potential, and a corresponding time for 
the equalization of the potential of D with that of O 
when these, cpndensers are put in contact. The time 
generally allowed for a long cable is twenty to thirty 
seconds and about the same for equalization. 

In order to ensure accuracy the condensers Cj, 
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C\, G\ should be all, if possible, nearly equal. In any 
case should not be small in comparison with C"i, nor 
Gi in comparison with G^ 

The next method is also due to Sir William Thomson 
and is much used in cable testing. The arrangement 
of apparatus is shown in Fig. 94. 

A battery of, say, twenty Daniell’s cells, insulated by 
having for "the outer containing vessel dry vulcanite or 
earthenware pots supported on a dry table or board, has 
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its terminals connected through the reversing key K, to 
the extremities of the series of resistances a, h. These 
resistances are connected at equal intervals as shown 
diagrammatically with pieces of metal, which form a 
set of contact pieces, along which a slider canying a 
binding- screw can be moved as in the instrument 
described above (p. 322), and so the resistance between 
the slider and ^e extremities, of a, h, varied. A 
wire attached to the slider is connected to earth, to 
which are also connected the uninsulated coatings of 


5* Thom 
son's 
Second 
Null 
Method. 



438 


COMPARISON OF CAPACITIES. 


Thomson’s the condensers G and L to be compared. 0 is here 
supposed to be the standard or known condenser, L a 
Method, cable with its remote end free in air. The terminal a 
of the resistance slide is connected with the insulated 


coating of the condenser Z, the terminal J with the 
insulated coating of G through the insulated key AT. 
This key besides being capable of giving these con- 
nections, can also be made to disconnect the resistance 
slide from the condensers, and to put the insulated 
coating of the condensers into contact. By being 
brought into contact with a and b the respective con- 
densers are charged to the potentials of those points. 
Now since the slide is at zero potential, if be the 
potential of .4, 22^ the resistance between A and the 
slider, and JSg the resistance between the slider and b, 
the potential at b will be — where 




( 7 ) 


Hence the potential of the condenser Z is — Fj and 
that of O' is Fj, and these potentials are proportional to 
the respective resistances Jt^r means of the key 
K the condensers are brought to one potential, and 
this is zero if V-fi-y = — To test whether the 

potential is zero, the key is depressed and connects 
the insulated coatings of the condensers to earth 
through a sensitive galvanometer Q. Any difference 
of potentials between the coatings and the earth is 
thus annulled and gives rise to a current through the 
galvanometer. The slider is adjusted until no current 
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is thus produced through the galvanometer. We have 
then 

_ E? _ _ £2 

F.- JR,- C’ 

or 

Ci =;!«’. (8) 

For accuracy and should be somewhat high 
resistances so as to ensure an exact knowledge of their 
ratio, and should be as nearly as possible equal 
to G^. 

When a cable is tested suflScient time must be given Applica- 
in charging to enable it to acquire the same potential Cable? 
throughout, and for the discharge of one condenser 
into the other; and the tests are repeated with the 
battery reversed on the slide to eliminate the effect of 
any existing charge in the cable. It is usual also to 
make a number of tests and take the mean result. 

Instead of a more or less elaborate key K arranged 
to perform all the operations quickly and conveniently, 
a system of two pairs of cups 1, 2, 3, 4 arranged in the 
square order 

1 2 

3 4 

may be cut in a slab of paraffin and filled with mercury. 

The terminals of a, h are connected to 1, 2, the insulated 
plate of the condenser to 4, and that of 0 to 3. By a 
connecting bridge of wire held by an insulating handle. 
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* 1 and 3 are connected, and in the same way 2 and 4, so 
as to charge the condensers. These connections are 
then removed, and 3 and 4 connected so as to discharge 
one condenser into the other. Then by means of the 
key JTg, or by another mercury cup, connected by a 
wire bridge with 3 or 4, the condenser coatings are* 
connected with earth through the galvanometer. 

Plainly in this case also an electrometer may be used 
instead of the galvanometer. One pair of quadrants is 
connected to earth, the other pair through the key 
to the condensers. 

The following method of comparing capacities, which 
is due to Mr. de Sauty of the Eastern Telegraph 
Company, is convenient for the comparison of the 
capacities of condensers in which electric absorption 
does not come into play. The arrangement of the 
apparatus is shown in the diagram. Fig. 95. .S' is a 
key which when depressed puts into contact with the 
point of junction of two variable resistances one 

terminal of a battery, the other terminal b of which is 
connected to the earth. The other extremities 0, Z>, of 
thqpe resistances are connected to the insulated coatings 
of the condensers C^, which are to be compared. 
The other coatings of these condensers are connected to 
earth. C and D are connected likewise through a 
sensitive galvanometer ft When the key K is not 
depressed it joins A directly through a wire to the 
earth. B^ are adjusted‘ so that.neither in charging 
the condensers by applying the battery to A, nor in 
lischarging by allowing the key to connect A directly 
to earth, does any current pass through the galvano- 
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meter. (If any influence of electric absorption is De Sauty's 
sensible, the ratio of resistances which gives zero 
galvanometer current when charging will not generally 
be the same for charge as for discharge.) When no 
deflection of the galvanometer needle takes place, the 
potential at G and D must throughout the discharge 
have been the same at each instant, for the condensers 
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could not discharge in such a way as to give a current, 
first in one direction, then in the other, through the 
galvanometer, and so keep the needle at rest. But if 
be the current through JKj and the current through 
V the common potential of G and D, G^, G^ the 
capacities of the condensers connected with 
respectively, we have' • 




F 
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De Sauty’s and therefore 
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dire,) 

dt 


— -B2 


dt 


that is the products of into the time rates of 

variation of the charges of the corresponding condensers 
are equal at each instant. This can only be the 
case if 

- E^C^. 

or 

(») 

This result may be seen more easily as follows. Let 
n equal condensers have their insulated coatings joined 
to A by wires of equal resistance in the manner shown 
for two condensers in Fig. 93. Then plainly the 
charging or discharging current in each wire will be the 
same at each instant, and the insulated plates will 
always be at one potential. No change will be caused 
])y joining the insulated coatings in two groups by 
wires of zero capacity, so as to make the groups virtually 
two condensers, of capacities equal in each case to the 
sum of the capacities of the separate condensers of the 
group, and connected to ,^4 by wires of resistances in- 
versely as the capacities. By making n suflBciently 
large, and the capacity of each condenser sufficiently 
small, the capacities of the groups may be made ot 
any required value and nearly enough in any ratio 
commensurable or incommensurable. 

7 . Direct Another method, which we shall again refer to later 
Deflection , , a ^ . .t t 

Method, as a method of obtaining the captcityof a . condenser 
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in absolute units, is frequently employed to obtain 
rapidly a comparison of the capacities of two con- 
densers. It is called the Direct Deflection Method. 
One of the condensers is charged to a measured poten- 
tial and then discharged by connecting it to earth 
through a “ ballistic ” galvanometer, that is a galvano- 
meter (see Vol. II.) the needle system of which has a 
considerable moment of inertia. Fig. 96 shows the 
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aiTangement of apparatus with a form of charge and 
discharge key, the contact pieces of which are mounted 
on ebonite pillars to ensure high insulation. The spring 
lever L is provided with two platinum contacts opposite 
to the platinum pieces When depressed it makes 

contact for charge, when released it connects the plates 
of the condenser through the galvanometer. If the 
duration of discharge is, as it generally is, short, and 
means are taken, for ' example, by depressing the key 
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immediately after the discharge contact, to disconnect 
the galvanometer immediately after the first discharge 
so as to avoid any effect of residual discharge due to 
electric absorption, the discharge may be regarded as 
having wholly taken place before the galvanometer 
needle has moved from zero. The total defiection of 
the needle from zero is observed. By placing the 
galvanometer between the battery and Si, the deflection 
produced by charging can be observed. If there is 
leakage this latter deflection will obviously be greater 
than the former ; and if the leakage be not too great 
the mean of the two deflections with the same battery 
may be taken as giving the capacity of the condenser. 
The other condenser is now charged to a potential V' 
and discharged in the same manner through the gal- 
vanometer and the deflection again observed. V and 
V should if possible be chosen so as to make the two 
deflections nearly equal, in order to eliminate the 
damping effect which the needle experiences to dif- 
ferent degrees in deflections of different amounts. If 
an instrument for comparing the potentials V, V’ is not 
available, they may be produced by applying to the 
condensers one terminal of a well-insulated battery, the 
other terminal of which is connected to the earth, and 
varying the number of cells until equality of deflections 
is nearly obtained. If the battery be composed of 
similar cells in good order, the potentials may be taken 
as proportional to the number of cells applied to 
produce them. For a rough determination it is con- 
venient of course to charge bpth condensers by the 
same battery, and thus to the same potential, and to 



COMPABISON OF SMALL CONDENSER WITH LARGE. 


44S 


take the capacities as proportional to the galvanometer 
deflections produced. 

The capacity of a large condenser, such as a 'long 
submarine cable with its conductor insulated, may be 
compared with that of a relatively small condenser by 
the following method, which is due to the late Sir W. 
Siemens. Let the large condenser be charged to any 
convenient potential V by means of a battery. If the 
capacity be G the charge is Vp. Now let the large 
condenser be connected to the instilated coating of the 
small condenser, the capacity of which we shall suppose 
to be c. The common potential of the two condensers 
will now be VCI(G + c). Now disconnect the small 
condenser and discharge it, and again connect it to the 
large condenser, disconnect and discharge as before. 
The potential will now be VO^I{C 4 c)\ Thus after 
n applications in this manner of the small condenser to 
the large, the potential of the hurge condenser will be 
VC”l{d + c)". The deflection on a ballistic galvano- 
meter produced by the «th discharge of the small 
condenser is now noted. The small condenser is then 
charged, by the same battery as that used to charge the 
large condenser, and therefore to the same potential V, 
discharged, and the deflection noted. If D„, D be these 
deflections we have 


D __ {C+cy 

K -;—G^ 

and therefore 

n- 


( 10 ), 
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Sir W. ^ The comparison by this method must be made as 
MethxS^^of rapidly as possible in order that the effect of any leak- 
Comparing age *of the large condenser may be made as small as 
idSa possible. On the other hand the theoiy of the method 
Co^iwr. proceeds on the assumption that the potential of the 
condenser at each discharge is brought throughout to 
the same value, and this cannot be done in a long cable 
unless a sufficient time of contact is given at each dis- 
charge. There is further the difficulty of correcting the 
deflections for air damping, &c. The method therefore 
cannot be regarded as an accurate one for the cable 
application. 

It is easy, when the ratio Cjc is approximately 
known, to investigate the best value of n to use to give 
results as little as possible affected by errors in the 
observation of i>, but on account of the inaccuracies 
inherent in the method for most practical purposes, it is 
of little importance to use that value. 

9. Sir W. The arrangement described above (p. 400) for the de- 

Method termination of a high resistance gives also a means of 
Dwchwge capacity of a condenser. For let the 

through coatings of the condenser be connected by a very high 
rfstencr resistance B as described, and let a difference of 

potential between the coatings be produced by apply- 
ing a battery. Let V be observed by means of an 
electrometer, the insulated quadrants of which are kept 
connected to the insulated coating of the condenser. 
As the charge diminishes by bonduction through the 
resistance, the electrometer shows a diminishing de- 
flection which is observed at accurately noted instants 
of time. If P' be the potentials at the beginning 
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and end of an interval of t seconds, 0 the capacity of 
the condenser, and E the resistance connecting the 
coatings, we have 


= i J:_- 

~ logy" 


( 11 ) 


SirW. 
Siemens' 
Method 
by Slow 
Discharp 
through 
High Re- 
sistance. 


Values of V^, V, for different values of t are given by 
the observations, and enable a mean value of (7 to he 
obtained free to some extent from errors of obser- 
vation. 

The resistance B must of course be very great in 
order that the whole charge may not be so quickly lost 
as to prevent the potentials from being observed before 
and after a sufficiently long interval of time. If the 
condenser be not a perfectly insulated air condenser, 
the actual resistance of the dielectric layer between its 
coatings may be taken advantage of, and will in general 
be convenient for the purpose. To determine it we use 
an auxiliary condenser of known capacity C, and re- 
sistance E', which has been determined by some method, 
for example, the method of p. 405 above. The insulated 
coating of this condenser is joined to that of the con- 
denser to be measured, so that the capacity of the joint 
condenser becomes the sum of their separate capacities, 
and the resistance between their coatings EE'I(E -i- Ef). 
The condenser thus formed is charged and the potential 
at different instants of time observed as before. Thus 
if Vq, V be the potentials before and after an interval 
of t' seconds, we have 


C+ O’ 


t'(E + Er) 1 

be! logFJV • 


• (12) 
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This equation \trith (11) suflSces to determine C 
an^ jS. 

io.Method We give lastly here a method of measuring capacities, 
which was used by Dr. Werner Siemens, and is of 
importance in the determination of Specific Inductive 
Discharge. Capacities. Fig. 97 shows the arrangement of the 
apparatus. ^ is a battery of a numbmr of well insulated 
constant cells, of which one terminal is ^connected to 



earth, and the other terminal to the contact piece a. 
A sensitive galvanometer G has one terminal connected 
to the contact piece and the other connected to earth. 
The pieces a and h are so arranged that a commutator, 
represented diagrammatically by iT, connected perma** 
nently with the insulated coating of the condenser 
mahes contact alternately with # and h The con-> 
denser is charged when a is in contact, discharged 
when & hr in contact This is easily managed by means 
of a rotating cylinder carrying contact pieces which are 
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pressed on by springs represented by a, b, or by some 10. 

oth§j^ suitable mechanical arrangement. The comipu- 
tator is made tp give a constant and large number n of 
discharges, say from 40 or 50 per second upwards. Thus charge, 
if the battery remains constant, a constant mean current 
is produced through the galvanometer. Let be the 
electromotive force of the battery, and (7 the capacity 
of the condenser, then on the supposition that we may 
suppose the condenser completely charged or discharged 
at each contact, we have for the mean current 
If n be sufficiently great this will give the same deflec- 
tion as a continuous current of the same amount. 

After this deflection has been observed, the circuit of 
the battery is completed through the galvanometer, and 
a resistance jR, just of sufficient amount to give a second 
good measurable deflection of the galvanometer needle. 

If a, /3 be these deflections corrected so as to be propor- 
tional to the mean current (generally the actually 
observed deflections may be taken if they are small), 
we have 

= ma 

where m is a constant. 


Hence we have 




P nR 


(18) 


The commutator may be easily arranged iso as to 
charge the condenser alternately positively and nega^ 
VOL I. a a 
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Method by lively. If (7 be the mean of the two capacities which 
^'ch^e ^ the condenser has, according as one or the other coating 
Dis- is made the uninsulated coating, we have, putting n for 
the number of reversals per second, 2nE'C for the whole 
quantity of electricity which flows through the galvano- 
meter in a second, that is, the mean current. Hence 
if a and ^ have the same meanings as before, we 
have 


c = ^ 


a 1 
^ 2nR 


These values of the current, it is to be remarked, are 
obtained on the assumption that the times of charge 
are suflSciently long to allow the condenser to be fully 
charged to potential E, and the time of discharge also 
long enough to allow the condenser to be completely 
discharged. The results of experiments made with 
different time-intervals have justified this assumption 
for small condensers even for time intervals so small 
as goio -g of a second. 

The methods of comparing capacities which depend 
more or less on electromagnetic principles will be 
described in Vol. II* 
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Section 1 1. 

mASUREMENTS OF SPECIFIC INDUCTIVE 
CAPACITY. 

All measurements of Specific Inductive Capacity 
involve in practice a comparison of the capacity of a 
condenser with air as the dielectric with that of the 
same condenser with the whole or part of the space 
between the plates occupied by the substance of which 
the specific inductive capacity is to be found. For 
practical purposes the specific inductive capacity of air 
(which is nearly the same at all ordinarily attainable 
temperatures and pressures) at 0® and under standard 
atmospheric pressure (760 mm. of mercury) is usually 
taken as unity, and it will be convenient at present to 
follow this custom. 

According to the Electro Magnetic Theory of Light Relation of 
(see Vol. IL), the specific inductive capacity of a (£'p.^to 
dielectric should be equal to the square of the index 
of refraction of the medium for light waves of in- 
finite length.* This index is usually calculated from the 
measured values of the index for known wave lengths 
by the formula /i^ = A + where X is the wave 
length. It is however to be noted that this is a formula 

* Strictly magnetic permeability, or magnetic inductive 

capacity, of the medium. But there is no transparent dielectric for 
which the magnetic permeability differs much from that for air, which 
is here taken as unity (see Yol. IL). 


0 0 2 
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of extrapolation, and that the value which it gives may 
very frequently be seriously in error. The values of 
thus calculated are given below in some cases for 
comparison ; in others the value of ft. for the -line D 
is given. 

The first measurements of this kind were made by 
Cavendish,* by a method the same in principle as that 
described above, p. 432. He found for glass a mean 
value of about 8-22, for shellac 4-47, and for Wax 4-04. 
These values later experiments have shown to be too 
great, no doubt in great measure from the effects of 
electric absorption. 

Faraday’s experiments were made by the method and 
apparatus sketched at pp. 433 and 419 above. Two 
condensers of the form shown at p. 419, and as nearly 
equal as possible, were constructed. The inner surface 
of each had a diameter of 2*33 inches, and the outer 
shell of each an internal diameter of 3-57 inches. To 
test the equality of the condensers the following process 
was employed. The condensers were set at some little 
distance apart, so that the inductive influence of one on 
the other might be neglected, and in positions such that 
they were as nearly as possible similarly placed with 
respect to all external conductors, including the observer. 
The external coatings were then connected once for all 
to the earth. The interior coating A of one condenser 
was then charged, while that of the other, B, remained 
uncharged: The potential of A was then tested by 
bringing a small carrier ball into contact with the knob, 
and observing the force produced at a given distance on 
* Elect* Res* p. liifHseq* 
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the suspended ball of a torsion balance. To observe 
the rate of loss of charge the observations were repeated 
after a short interval, and the result showed only a 
slight dissipation. The charge of A was then shared 
with B by bringing A and B symmetrically into contact 
by their knobs. The potentials of B and A thus pro- 
duced were then tested by the carrier ball as before, the 
charge from B being taken by the ball at the instant of 
contact with A. The following are two sets of results. 
The numbers are degrees of torsion of the glass thread 
of the balance and may be taken as proportional to 
the charges. 


1 . 


II. 


Centres of Balls in Balance 
160° apart. 

A B 

0 

254 

250 

Charge divided. 

122 

124 

Both discharged. 

1 

2 


Centres of Balls in Balance 
150° apart. 

A B 

1.52 
148 

Charge divided. 

70 

78 

Both discharged. 

5 

0 


Thus, taking the experiment I., the charge divisible 
between A and S may be taken as 249. As B was 
fouhd immediately after discharge with 122 it may be 
taken as having received that amount at lieast. The 
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Verifioa- Other may be taken as having retained 124. These 
numbers do not differ much from 124'5, the half of the 
o?Two disposable charge. Again taking experiment II., the 
(lensm. disposable charge on B may bo taken as 143, and the 
amount of this given to A is 70, and the amount 
retained 73. These numbers are again nearly equal to 
half the disposable charge 71 5, and the discrepancy is 
in the opposite direction. Hence the capacities of A 
and B may be regarded as very nearly equal. 

To make sure that the instrument would plainly show 
changes of capacity, Faraday put a metallic lining into 
the lower hemisphere of one of the instruments so as 
bring down the distance between the internal ball and 
the outer coating to ’435 inch. A comparison of the 
capacities of the condensers made by the same process 
as before gave l'08/l as the ratio in which the capacity 
of the condenser had been increased. The true ratio 
was more nearly l'2/l. But the result showed that a 
real alteration of capacity of the condenser could be 
unmistakably recognized in spite of the unavoidable 
errors of experiment. 

Determi- Having thus satisfied himself of the sensibility of his 
Sp!*1ndf apparatus, Faraday introduced a thick hemispherical 
cup of shellac into the lower hemisphere of one of the 
equal condensers, and compared the capacities in the 
manner described above, by first charging one wd then 
sharing the charge with the other and observing the' 
reduced potential immediately after. Each of the 
apparatus was made in turn the condenser to be first 
charged. The following are the results of such an 
i^xperiment : 
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1 . 

11 . 

Determi- 

A (Shellac). B (Air). 

A (Shellac). B (Air). 

nation of 
Sp. Ind. 

0 

304 

0 

215 

Cap. of 
Sh^ac. 

297 

204 


Charge divided. 

Charge divided. 


113 

118 


121 

118 


Both discharged. 

Both discharged. 


0 

0 


7 

0 



Calling C the capacity of the shellac condenser, C 
that of the air condenser, V the potential before and 
V the potential after the sharing of the charge, we 
have by (4) above 


Hence from experiment I. we get 

c = — C= l’o5 C nearly, 

and from experiment II. 

^ = 204^18 

The much smaller result in the second case is due to 
dissipation and absorption in the shellac condensers 
between the instant at which the reading 204 was 
obtained and that of the division of the charges. 
Faraday estimated the corrected result as nearly 

1*47 a 
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Det^i. From four experiments made by this method Faraday 
S^Indf obtained a mean result of 1‘6 C7 for the capacity of the 
shellac condenser. Now plainly, if we regard the 
direction of the lines of force in the space between the 
coatings as everywhere radial, that is, neglect the 
curving down towards the shellac of lines starting 
from the lower part of the upper hemisphere of the 
inner ball, we have denoting by IT the specific inductive 
capacity of shellac relatively to air 


or 


1 4-ir_ C' 
1 + l^C 


= 1-5, 


jsr=:2. 


Ind. In the same way Faraday found for flint glass 
GUm, &c. ^ — V76, for sulphur K = 2 24, and for spermaceti 
that K was between 1’3 and 1’6. For oil of turpentine 
and naphtha he obtained results which indicated a 
higher specific inductive capacity than that of air. 
though here the results were rendered uncertain by 
the influence of conduction. 

A long series of experiments was also made by 
Faraday on different gases, and it was found that so far 
as the means of measurement went all had the same 
specific inductive capacity, and that this was inde* 
pendent of temperature and pressure. 

For further information as to Faraday's experiments 
the reader is referred to the original memoirs.' 


JSxp, IU$, Series XI. p. 871f el uq. 



GIBSON AND BARCLAY'S EXPERIMENTS. 

The specific inductive capacity of paraffin was deter- 
mined by Messrs, Gibson and Barclay * in 1870, using 
the plat 3 rmeter and sliding condenser described above. 
The paraffin condenser compared is shown in Fig. 98. 
oa is a cylindrical brass vessel 15'6 centimetres deep, 
and 8*61 centimetres in diameter. At the bottom of 



Fig. 88. 


this cylinder is a layer of paraffin 1 centimetre thick. 
On this layer rests coaxial with the outer cylinder, a 
brass tube Vb, 4‘3 centimetres long, 7'2 centimetres in 
internal diameter, and T15 centimetres thick. Inside 
hh an(I%oaxial with it is a cylinder ee, 13*1 centimetres 
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Gibson 

and 

Barclay's 
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* FM. Trans. 1871, p. 578. 
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SPECIFIC INDUCTIVE CAPACITY. 

long and 61 centimetres in external diameter. The 
space between aa and ct was filled up with paraffin, 
and from the imbedded tube lib an electrode M of fine 
wire was led to the outside. 

The condenser thus formed was placed in an outer 
vessel containing water of which the temper^iture was 
given by a thermometer. A second thermometer fixed 
in a paraffin plug ff, resting on cc, gave the temperature 
of the interior. The paraffin plug gg inserted at the 
level of the top of &&, together with ff, prevented the 
passage of heat between the interior of hh and the air 
above the condenser. 

The outer vessel aa, and the tube cc were connected 
with the earth, and the inner tube to one side of the 
platjrmeter, and balance obtained against the sliding 
condenser as described above, p; 429. Taking the 
capacity of the sliding condenser as 1384 times that 
for each scale division, which it now was in consequence 
of a small addition which had been made to its value 
at zero, the mean of a large number of experiments 
gave for the value of that of the paraffin condenser 
1684 times the same unit, or an absolute capacity of 
69*552 C.G.S. electrostatic units. These experiments, 
which were made at different temperatures, showed no 
alteration of specific inductive capacity with change of 
temperature. The capacity of the same condenser with 
the paiuffin between the cylindrical plates removed was 
found in the same way to be 85’394 C.Q.S. units, but 
this was subject to a correction for the cake of paraffin 
which was left at the bottom to support 65 and oo. The 
final result was that for paraffin K « 1*977* 
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Some very important determinations of specific 
inductive capacities have been made by Boltzmann.* 
In his first series of experiments he determined the 
value of E for ebonite, paraflBn, sulphur, and rosin. 
The method was a modification of that of Cavendish 
referred to above. A parallel-plate air condenser, the 
plates of which were supported on insulated stems 
carried by sliding pieces movable along a graduated 
horizontal bar, and so could be placed at* different 
measurable distances apart, had one plate connected 
to earth while the other pkte was charged by means of 
a battery. Different battery-powers of from 6 to 18 
Danielfs cells were used in the experiments. After the 
condenser had been thus charged, the charge was 
shared with the insulated quadrants (formerly at po- 
tential zero) of a Thomson's electrometer, the capacity 
of which had been increased by means - of a small 
air condenser. 

The potential after the charge was thus shared’, and 
while the condenser was still connected, was observed. 
A direct application of the battery to the electrometer 
gave in the same way the previous potential of the 
condenser. 

The addition of the small condenser to the electro- 
meter rendered the united capacities of the electrometer 
and small condenser nearly the same for all deflections, 
leaving only an increase of capacity of about 1/6 per 
cent, for each 100^ divisions of deflection from zero. 
This was to some extent eliminated by a double set of 
observations, first as just described, then by connecting 
* Wim. Ber. 68, 67 (1872, 3.) 
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Boltz- the condenser for the shariiig of the charge, and the 
battery when applied direct, for so short a time that 
mente on the charging was over before the needle had appreci- 
1. Method ably moved. As however the error from this source 
hardly be greater than the inevitable inaccura- 
cies in a determination of this kind, we shall here 
neglect it. 

If c be the capacity, assumed constant, of the electro- 
meter and added condenser, that of the sliding 
condenser, the potential before, and Pj the potential 
after the charge was shared, rfj the distance between 
the plates, supposed so close that the effect of the edges 
may be neglected, we have by (4) above 





m 


. . ( 16 ) 


where m is a constant. 

In order to make the results depend not on the 
absolute distance between the plates, but on the much 
more accurately*ineasurable difference of two distances> 
a similar set of observations was made, still with air 
only between the coatings, but with another distance 
Calling the capacity C 2 , the potentials Fg, Fg in 
this case, we have 






■ ■ ( 16 ) 


A disc of the sulMtiance, the value of K for which 
was to be found, somewhat larger than the plates of 
the condenser, was placed in a parallel position between 
them; so that the induction between the plates took 
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place everywhere across the disc. The same process 
was followed, and gave potentials Fg, Fg for a distance 
dg, and a thickness of disc e. Hence if Cg be the 
capacity of the condenser 


C's = 



m 



■ . ( 17 ) 


Putting •= l/\, Cg =• l/Ag, Cg = l/\g, we get from 
equations (15) and (16) m = (dj - — Xg) and hence 

from (17) Xg = (Xj — Xg) (dg — e + elK)l(d-^ - dg). Hence 
remembering that Xj(dj — — Xg) = m\ = dj, we 

have finally 






(18) 


which involves besides e only differences of distances, 
and the ratio (Xg — Xj)/(Xj — Xg), which can be cal- 
culated without any knowledge of C from the observa- 
tions of potential, and for these of course the properly 
corrected deflections may be taken, 

Boltzmann found that no sensible difference in the 
values of K for ebonite, paraflin, sulphur, and rosin, was 
produced in the values of 1C by varying the time of 
charging or the amount of the charging battery. He 
also in one set of experiments tried the effect of exclud- 
ing air from between the discs and the coatings of the 
condenser, by laying the discs on a mercury surface, and 
pouring a tW coating of mercury on a portion of the 
upper surface surrounded by an ed^ng of paper. 
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^ Ind. The results are given in the following table, in which 
Ebonite, main columns I., IL, III. give the results of experi- 
&c. ments made with different distances between the plates. 
The first of the two sub-columns in each case gives the 
result for air between the disc and armatures, the second 
the result for mercury armatures. 


Values of K. 


ouDsiance. 

I. 

II. 

III. 

Mean. 

Ebonite . 

3*17 

3*07 

3*11 

3*10 

3*20 

3*24 

3-15 

Paraffin . 

2*28 

2-30 

2-34 

233 

2*31 


2-32 

Sulphur . 

3*85 


383 




3-84 

Rosin . . 

2-57’ 


2*53 




2-56 


2, Method Boltzmann also determined the specific inductive 
SusTOnded capacities of the same substances by comparing the 
mil. force on a small ball of the dielectric placed in a field 
of electric force of known intensity with the force on a 
conducting ball of equal size placed in the same field. 
This he did by hanging the ball as shown at s in 
Fig. 99, by a double thread from one end of a light 
rod, itself hung by a bifilar and forming therefore 
an arrangement akin to a torsion balance. The other 
end of the rod carried a mirror M by which tbe de- 
flection of the balance could be obtained by means of 
a telescope and scale. The field was produced by a 
larger ball which was kept cha^d by means of a 
Leyden jar connected to its supporting rod. 
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Experiments were made for electrifications of the large 2. Method 
ball of different durations, — (a) for a constant electrifica- Susj^nded 
tion of considerable duration, (&) for a comparatively 
short electrification, (c) for a rapidly alternating positive 
and negative electrification. The electrification (6) was 
obtained by making the charging and discharging 
contacts by the pendulum of a metronome, the electri- 
fication (c) by means of a vibrating tuning fork, one 



prong of which connected £ alternately to each of two 
Leyden jars oppositely charged. By the result of p. 
129 above, if we put £] = 1, and write jST for and 
r denote the ratio of the force on the dielectric sphere 
to that on the conducting sphere, we have 

JST-l 
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or 

. . . , , ( 19 ) 

1 — r ^ ^ 

For a sulphur ball, as will be seen from the table 
below, the force was practically the same for an alter- 
nating electrification of about sec. duration as for 
a long-continued electrification. Hence in this short 
interval the polarization of the dielectric was fully 
set up. 

The following are some of the results obtained, with 
the duration of electrification noted. For reference the 
mean value obtained with the condenser is added. 


Ind. 
Cap. of 
Ebonite, 




K. 

Value of K 

t 

sec. to A wc- 

Condenser. 

45 secs. 90 sees. 

Ebonite . . 

3*48 

3-74 ... 316 

Paraffin . . 

2-32 

812 ... 2-32 

Sulphur . . 

3-90 

3-70 ... 3-84 

Rosin . . . 

2*48 

5-28 5-61 2-65 


The effect of increasing the duration of charge is 
therefore apparently to increase the specific inductive 
capacity, but in the cases of sulphur and ebonke to a 
much smaller extent than for the other two substances. 
Sp. Ind. Suspending a ball of crystallized sulphur with dif- 
diameters successively in the direction of the 
directions force of the field, Boltzmann found that the specific 
Crystals, inductive capacity had different values in different 
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directions. I^or the greatest mean and least axes he 
found th|^ following values : — 

Greatest Axis. Mean Axis. Least Axis. 

K 4-773 3-970 3-811 


Sp. Ind. 
Cap. of 
difi'erent 
directions 
in 

Crystals. 


Experiments have been made by this method under 
Boltzmann’s direction by Messrs. Bomich and Nowak.* 
Besults were obtained for (a) permanent electrification, 
and (/5) for electrification reversed 64 times per minute. 
The values of K are given in the following table : — 



j 

c 

* 


a 

Glass 

7*5 

* 159 

Fluorspar 

6*7 

7*1 

Quartz 

4*6 

>1000 

Calc Spar, perp. to axis . . 

7*7 

9*9 

„ parallel to axis . . 

Selenium, freshly melted . . 

7*6 

8*5 

10*2 

151 

Sulphur, mixed with Graphite 

i 4 

, 4*4 


The difference between the results for permanent and 
for short continued electrification seem surprisingly ^ 
grea^ some cases. 

Klwencie has quite recently experimented on the Klemen- 
specific inductive capacity of mica, and found it in- 
dependent of the potential to which the condenser in on Mica. 

* IVtm, Ber, 70 (1874). See also Wiedemann, lakrt wn 
JSkeirieiUitt Bd. ii, p. 84. 

V6L. I, 


H H 
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which the substance formed the dielectric, and prac- 
tically independent of the duration of charge. K for 
the specimens used was 6 '64.* So long as the con- 
denser was kept thoroughly dry, the mica was found to 
insulate well and give constant results,t 
Ayrton By freezing distilled water in a shallow copper vessel 
Pe^'s in which was supported on three insulating feet a 
Experi- horizontal plate of copper in contact with the water 
surface, Professors Ayrton and Perry J made a condenser 
with ice as the dielectric. They then determined the 
capacity of this condenser and found from its dimensions 
the specific inductive capacity of ice. At — 13*5® C. 
the value of K thus obtained was 22*168. It is of 
course to be remembered that the ii^ulating power of 
ice is comparatively slight. Professors Ayrton and 
Perry found 2240 x 10* ohms for its specific resistance 
at - 12*4®^C. 

Gordon’s An extended series of experiments on solids has been 
ii^^de by Mr. J. E. H. Gordon, § using a form of induc- 

Fivc-Plate tion balance the idea of which is due to Sir William 

ijftlftllCfi 

Thomson and Prof. Clerk-Maxwell. It is represented 
diagrammatically in Fig. 100. A, B, 0, B, E are five 
parallel coaxial discs separated by intervals about an 
inch wide, of which the three A, C, E are six inches 
in diameter and the two B, D four inches in diameter. 
A and E are connected by a wire, the middle plate 

* The Talue of K for mica is given as 6 in Jenkin’s EleetritHy and 
MagneUm, bat it ie not stated on what authority, 
t SetbUUer, voL xii. Ifo. 1. 1888. 
t Pka. Mag. 1878, p. 48. 

S PMl Tram. 1879, p. 417. 
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JE is connected to the needle of a quadrant electro- 
meter, the plates B, J) the electrodes of the pairs 
of quadrants. It is evident that, if a difference of 
potentials between C and A, E be established, it is 


Electrometer 



possible so to place A, B that the needle will not be 
affected, and it is alsd evident that when this position 
has been attained, the equilibrium will subsist what- 
ever be the difference of potentials. The position of 
the plate A was adjustable by a micrometer screw, and 

H H 2 
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equilibrium was attained by this means. It is to be 
noted that the effects of the edges of the plates are 
neglected. 

The method of proceeding was therefore simply as 
follows. Having obtained equilibrium with air only 
between the plates, the experimenter introduced a plate 
P of the dielectric to be experimented on, and measured 
by means of S the distance through which jt had to be 
displaced in order to restore equilibrium. This distance 
gave the thickness of a plate of air, equivalent to the 
plate P of the dielectric. The ratio of this thickness 
to the thickness of P is the specific inductive capacity 
of the material. 

In the experiments the plates Ay B, and C were 
connected to the terminals of an induction coil, the 
primary circuit of which was broken as many as 12,000 
times a second by an interrupter airangcd for the 
purpose. Thus the potential was rendered alternately 
positive and negative 12,000 times a second and all 
effects of absorption were obviated. It is to be noticed 
that here, as in some other experiments detailed above, 
the metallic plates were not in contact with the 
dielectric plate, and thus any passing over of electricity 
to the dielectric itself was avoided. The following are 
some of the results obtained : — 


K. 


Ebonite 

2-284 

Glass, 

Gutta Perciia 

2-462 

99 

Sulphur . . 

2-68 

99 

Celiac . . . 

2-74 

99 

Paraffin. . . 

1-99 

99 


k; 

Double-extra Dense Flint 3*164 

Extra Dense Flint . • • 8*064 

Light Flint 3*013 

Hard Crown 3*108 

Common ^ . 3*243 
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Mr. Gordon found also by ibis method an apparent GordoD^s 
slow change in the specific inductive capacity of glass J^nts^by 
with lapse of time, a result which is to a certain ex- 
tent corroborated by some preliminary experiments by 
Mr. T. Gray on the specific inductive capacity of glass 
soon after it had been heated to a high temperature ; * 
but in view of the inaccuracy caused by the assumption 
that the plates of the balance may be taken as infinitely 
great, this slow change cannot be held to be proved. It 
seems probable that any slow change of specific inductive 
capacity, such as might correspond to the slow mole- 
cular change which goes on in glass which has been 
maintained for a long time at a nearly constant low 
temperature, and produces alteration of the zero point 
of a thermometer, would be of so small amount as to be 
imperceptible by any method of measurement yet 
devised. 

The values of K for glass obtained by Mr. Gordon Hopkin- 
are not in agreement with some previously obtained by Earlier 
Dr. John Hopkinson,t who experimented according to 
the method of comparison of capacities described above, 
p. 432. The capacity of a guard-ring condenser was 
compared with that of a sliding condenser (the identical 
instrument used in Gibson and Barclay's experiments 
described above) (1) when air only was the dielectric, 

(2) when a plate of glass vras introduced between the 
plates. The guard-ring condenser is shown in Fig. 101, 
half in section half in elevation, k is the protected diac 
15 centimetres in diameter with a gap 1 millimetre in 
breadth between it and the guard-ring, e e the opposite 
mi Maa. Oct. 1880. t TmM. R.S. 1878. P. 17. ’ 
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Guard- 
ring Con- 
denser. 


plate, A the guard-ring bearing a brass cylindrical box 
(not shown in the drawing) which forms a shield 
for the back of the protected disc. The guard-ring 
is insulated on a stitF frame of iron formed by two 
triangular pieces of iron a b, c d connected by three 
wrought-iron stays. The insulators are three ebonite 
legs g g, which are screwed to the tops of the stays. 
The attracting disc is oanied on a screwed stem of 
1/25 inch step, and can be raised or lowered without 



Fig. 101. 

Note. — T he protecting cylindrical box on the guoi’d-ring is here omitted* 

rotation by a nut / divided as a micrometer. Fig. 102 
is a plan of the instrument with the brass backing 
removed. It shows the protected disc and its supports, 
which are two bars ll, ll of vulcanite attached to the 
back of the disc and resting on the upper surface of 
the guard-ring. 

This instrument served also to measure the thickness 
of the glass plates used in the experiments. The screw 
/ was turned until the hi’ass plates were in contact, and 
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the micrometer reading taken ; then the glass plate was 
placed above e e, which was screwed up until the plate 
came into contact with h, k, h. Slips of tissue paper 
were inte^osed between the ebonite legs g g and the 
plate h h, and the contact was judged by these slips 
becoming loose. A reading of the screw micrometer 
was taken for each slip,- and the mean of the three 



taken as the reading of contact. A correction was 
determined for the effect of bending of the plates and 
compression of the slips before their release, 

A special switch supported above the guard-ring 
condenser enabled the connections to be made in the 
required order. A battery, in some cases of 48 in 
others of 72 small Daniell’s cells, had its middle point 
connected to earth, one of its poles to A A; and the 


Guard- 
ring Con- 
denser. 
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other to the inner coating of the sliding condenser, while 
the outer coating and the plate e e were connected to 
the electrometer case. Thus the inner plates of the 
two condensers were charged to equal an3 opposite 
potentials. Then one pair of quadrants of a Thomson’s 
electrometer, both pairs of quadrants of which were 
connected to earth, were insulated, the guard-ring was 
connected to earth, and the protected pl&te and the 
insulated plate of the sliding condenser connected 
together and to the insulated quadrants of the electro- 
meter. The direction of the electrometer deflection, if 
any, at the instant of the combination of the charges, 
was observed. If no deflection took place the guard- 
ring condenser and the sliding condenser had equal 
capacities, and the latter was adjusted until this was 
the case. 

The following are mean results of two or more 
experiments for each substance : — 


1 

1 

i 

i 

density. 

K. 

i 

1 Glass, light flint . . . 

3*2 

6-85 

j „ double extra dense 

4*5 

101 

; „ dense flint . . . 

3'66 

7*4 

‘ „ very light flint . 

2*87 

6-57 


The plates of glass were in most cases in contact 
with both plates of the condenser. 

Hopkinson has since continued his investigations, and 
considered carefully the possible oaus^ of the discre- 
pance between his results and those obtained by Mr. 
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Gordon. The result seems to leave no doubt that the Hopldn- 
five-plate-balance method with the sizes of plates and cjltictem 
distances between them, used in Gordon’s experiments, 
cannot give‘accurate results. The following conclusions Balance 
among others were arrived at : — Method. 

1. That the specific inductive capacity of glass is 
the same for kAhj second,- second, or | second 
discharge. * 

2. That it is independent of the potential to which 
the condenser is charged! 

3. That the five-plate-balance is unreliable with the 
sizes of plates and distances apart used by Mr. Gordon. 

(A plate of brass between A and B, with an air-space of 
from eight to thirty-two millimetres, gave specific in- 
ductive capacity less than unity, instead of infinity. 

Different distances of the plates gave different values 
for glass.) 

Hopkinson at the same time extended his former Hopkin- 
results, and applied his method of experimenting to 
the investigation of the specific inductive capacity of periments. 
liquids. A flask of flint glass, with thin walls and 
a long thick neck, was filled up to the junction of the 
neck with strong sulphuric acid. A wire passing down 
through the neck connected the acid with a metal piece 
A (Fig. 103), supported on an insulating stand of ebonite. 

On this metal piece rested the horizontal arm of a 
kind of bell-crank (or Z-shaped piece of metal pivoted 
at the angle). The flask was first charged by means of 
a battery and the potential measured by a quadrant 

* lleotrostfttio Cftpaoify of Glass (II.) and of Liquids, Phil. 
voL 172 (mik n. 872. 
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Hopkin- electrometer whicli was then detached and discharged. 
late^Ex- Then a previously deflected metallic pendulum, D, 
Iierimeats; connected to earth through its supports, was re- 
leased, and striking the vertical arm of the lever, 
connected the flask for an instant to earth and dis- 
charged it. The electrometer was then applied to 



Fio. loa. 


detect any residual charge. The leakage method de- 
scribed above, p. 403, was used to measure the duration 
of dischp’ge. A paraffin condenser of known capacity 
had its plates connected for the time of dischaige to be 
measured, first by a resistance of 256 ohms, then 'by 
a resistance of 512 ohms, and the remaining potential 
in each case was observed. These operations obviously. 
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gave data for the calculation of the time interval t by^ Hopkin- 
(66) of Chap. VI.* With a duration of discharge of Ex- 
about second, less than 3 per cent, of the original periments. 
charge given by a battery of 20 elements remained. 

Longer and shorter times of discharge gave similar 
results. The practical result of all the experiments 
was that determinations of* specific inductive capacity 
by observations of discharge may be taken as correct 
for glass if the period of discharge be anything between 
sec. and \ sec. 

The method adopted for determining the specific 
inductive capacity of glass plates was practically the 
same as that already described at p. 432. The guard 
ring and protected disc were first connected to one pole 
of a well insulated battery of 1,000 chloride of silver 
cells, the other pole of which was connected to the in- 
sulated plate of a cylindrical sliding condenser. Thus 
the two condensers were charged to equal and opposite 
potentials. By means of a special commutator changes 
of connections similar to those described above were 
made so as to combine the charges of the condensers, 
with the addition that the electrometer quadrants con- 
nected to the condensers after combination were 
immediately after insulated to avoid effects of residual 
charge. The capacity of the sliding condenser was 
adjusted till no electrometer deflection was produced. 

The glass plate was then placed between the plates 
of the guard-ring condenser and the operations repeated 
until equilibrium was again obtained. The two results 

' * This mode of measuring a small interVal of time is due to the 
late Ur. B. Sid>ine (PAil. Mag. 1876, Ist half year, p. 337). 
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Hopkin* 
son’s 
later Ex- 
periments. 


Hopkin- 
son^s re* 
suits. 
Sp. Ind. 
Cap. of 
Glass, Ac. 


Sp. Ind. 
Cap. of 
Liquids. 
Hopkin- 
son^s £z- 
X>eriments. 


gave the ratio of the capacities, and from the distance 
between the plates of the condenser and the thickness 
of the glass plate the value of K was found. 

The capacity of the glass flask described above was 
determined in a similar way by aid of the sliding con- 
denser, with a charging battery varying from 10 to 
1,800 chloride of silver cells, with only a little over 
I per cent, of alteration. 

The values of K are given in the following table with 
the thicknesses of the plates, and for comparison the 
earlier results obtained by the same experimenter. 


Substance. 

■ Density. 

Thickness 
of Plate 
in rniJis. 

K. 

Value 
of K 
formerly 
obtained. 

Glass, Double - extra 
Dense Flint . 

4-5 

4-5 

9-896 

10-1 

„ Dense Flint 

3*66 

16 57 

7-376 

7-4 

[ Light Flint . . 

32 

1604 

6-7-2 

6-83 

** » • ' 

— 

10-75 

6-69 

6-85 

„ Very Light Flint 

2'87 

1270 

661 

6-67 

„ Hard Crown , 

2 485 

14-62 

1 6 96 

— 

„ Plate .... 

— 

6*52 

8-46 

— 

Paraffin 

— 

20-19 

2-29 

— 


Dr. Hopkinson obtained results also for liquids by 
the method just described.* The space between two 
co-axial metal cylinders was filled with the liquid to be 
experimented on. These two cylinders connected 
together formed one coating of a condenser of which 

* Phil, TraH$, loe, eU, 
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the liquid formed the dielectric, and the other coating Sp. Ind. 
was given by a cylinder suspended from an ebonite plate Liquidl 
above, and immersed in the liquid. The latter plate 
was charged and the other connected to earth, and the periments. 
capacity compared with that of the oppositely charged 
sliding condenser. The capacity of the same apparatus 
with air as the dielectric had previously been obtained 
in the same -way, and the results gave at once the 
value of K for the liquid. The following table gives 
some of the results. The column headed contains 
for the purpose of comparison the square of the 
index of refraction of the liquid for light of infinite 
wave length. This was calculated from the formula 
/itoo = from observations of the index of 

refraction which were made on each of the substances , 
for the Fraunhofer rays (7, J?, F, G, of the spectrum. 


Name of Liquid. 

K. 

CO 

Petroleum Spirit 

1*922 

1-92 

Petroleum Oil, Field’s .... 

2*07 

2-076 

„ „ Common . . . 

2-10 

2078 

Ozokerite 

2*13 

2086 

Turpentine, Commercial . . . 

2*23 

2*128 

Castor Oil 

4*78 

2*163 

Sperm Oil 

3-02 

2*135 

Olive Oil 

3-16 

2*131 

Neat’s Foot Oil . 

3-07 

2*125 


The closeness of the agreement between the numbers 
for K and for for the mineral oils and for turpentine 
is very remarkable. The divergence in the other cases 
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is to be expected, as from the composition of the sub- 
stances it is probable that the results included effects of 
electrolytic action. 

Results with which Hopkinson’s agree very well had 
been previously obtained for turpentine, benzene, and 
petroleum by Silow.* Two series of experiments were 
made. In the first a very ingenious and simple method 
was employed. A. kind of quadrant electrometer was 
constructed by pasting on the inside of a* cylindrical 
glass vessel, 10 centimetres deep and 15 centimetres in 
diameter, four symmetrically placed vertical strips of 
tinfoil each 10 centimetres broad, and joining the 
opposite pieces together by strips across the bottom. 
Within was hung a platinum needle of the shape of an ' 
inverted T. in which the vertical pieces at the ends of 
the horizontal cross-piece were semi-cylinders of plati- 
num. The needle was left uncharged, and one of the 
pairs of strips was connected to earth and the other 
charged to a convenient potential. The deflections of 
the needle for the same difference of potential (1) with 
the vessel filled with air, (2) with the liquid under 
experiment, were observed, and it was assumed that 
the angles of deflection were proportional to the specific 
inductive capacities in the two cases. This would have 
been strictly true of the angles through which a torsion 
head at the top of the suspension thread would have 
had to be turned if' the needle had been brought bock 
in both cases to a position of equilibrium after 
deflection. 

* Fogg, Ann. 166 (1876), p. 889, and Wiedemann, XMre der 
JSlektridm, Bd. iL p. 46. 
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For two kinds of turpentine, I., II., and for petroleum 
he obtained : — 



K. j 00 

Turpentine I., mean of three \ 

experiments / 

Turpentine II : . 

Petroleum 

2173 1 1 g.jgg 

2-221 j J 

2-037 j 2-148 

1 


A second set of experiments was made by Silow by a 
method similar to that described above, p. 448. A con- 
denser formed of two gilded circular plates kept 1^ mm. 
apart by small pieces of ebonite, and enclosed within a 
glass vessel covered on its interior surface with tinfoil, 
had one of its plates alternately connected to earth and 
to one pole of a water battery of 175 zinc-copper 
elements. The connections were made by a rotating 
commutator kept running at a constant speed suffi- 
ciently great to give a constant deflection of the needle 
of a galvanometer placed in the charging or discharging 
circuit. Three deflections were taken (1) with the vessel 
filled with air, (2) with the liquid under experiment in 
the vessel and therefore between the plates, (3) with 
only the joining wires attached. Denoting by a, )8, 7, 
these deflections corrected so as to be proportional 
to the currents, we have for the ratio of the capacity of 
the apparatus with the liquid between its plates, to its 
capacity with air between the plates (/S — 7 )/(a ^ 7 )» 
that is for the liquid 
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Silow’s 

Experi- 

ments. 

Second 

Method. 
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Siluv’s Different battery powers applied gave the' same 
values for K. The following are the mean values of 
Method. for the substances mentioiied, with the values of /** qq 
for comparison. 


Sabstanee 


Turpentine { 

Benzene 

Petroleum, first specimen . . . 

Petrolenra, second specimen . . | 


K. j 


2 m « 

2*134 


2-196 

2 071 

2048 

2 037 

2-048 


Quincke’s Some interesting experiments on the specific in- 
me^^' capacity of liquitls have also been made by 

Quincke.* According to the theory of Faraday and 
Maxwell, referred to at p. 133 above, there is, at every 
point of the electric medium, a tension along the lines 
of force, and an eqttAl pressure at right angles to that 
direction, the amount of which reckoned in units of 
force per unit of area is KF^jSir where F is the resultant 
electric force at the point. Quincke’s method amounted 
to measuring not only the tension, bUt libe pressure also, in 
different liquid dielectrics, and his r^lta besides giving 
(1) from the observed tension, (2) from the pressure, 
values of K which he compared with those obtained by 
the ordinary condenser method, are interesting in their 
bearing on electrical theory. 

Measme- His apparatus for the measurement of the tension 
consisted of two horizontal (firoulae plicae placed a 
distance apart in a glass veseel The qpper plate 
taree. * Wirf. Aim. 19 (I888)i. 
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Xvas suspended from one end of the beam of a balance, Measure- 
and was connected to earth. The lower plate was Te^lo^n 
charged by means of a battery of Leyden jars, the 
outer coatings of which were to earth. The potential Force, 
was observed in arbitrary units by means of a Thomson’s 
standard electrometer (see p. 281 above). The attraction 
of the upper plate towards the lower was then measured 
by weights put on the other scale of the balance. The 
mean pull per unit of area was therefore obtained. 

Now from what has been proved above (pp. Ill, 136) 
it follows that the force per unit of area on any part 
of the upper plate not near the edge is and 

we have a- = — KFl^ir — —- KVI^ttd if V be the differ- 
ence of potentials, d the distance between the plates. 

Hence 


/- 


Kjn 


( 21 ) 


The weighing therefore gave, taking the mean pull 
as nearly enough equal to /, directly the tension. 

By comparison of results for two different media Deduction 
using the same value of V for both cases, the ratio gp. i^d. 
of the values of K could be at once obtained. Thus 
if /i,/ 2 , be the tensions, and the corresponding specific 
inductive capacities determined in this manner be 
denoted by Kf^ we have 



The prelstire at right angles to the lines of force was Meaaote* 
found in an ingenious manner. The upper disc of the Bnmn 
apparatus just described was removed and replaced by 


vot. 1. 


II , 
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Measure- 
ments of 
I^ressare 
across 
Dines of 
Force. 


Deduction 

of 

Spt. Ind. 


a plate of the same diameter with a short vertical tube 
at its centre, by means of which communication could 
be obtained with the space between the plates. Attached 
to this vertical tube was an india-rubber bag which 
could be cut off by means of a stopcock. A branch 
tube communicated with an ordinary open • V mano- 
meter containing bisulphide of carbon. Enough of air 
was blown by the rubber bag into the space between 
the plates to form a flat bubble of from 2 to 5 centi- 
metres in horizontal diameter, bounded by the plates 
above and below. The stopcock was closed and the 
pressure w'as read off on the manometer. The lower 
plate was now charged to the same potential as before 
while the upper plate was connected to earth. The 
increase of pressure was read off from the manometer, 
and gave the difference of pressures in the air and the 
liquid due to the electrification. 

If A be the difference of heights of the liquid 
produced by the Electrification, and p the density of 
the liquid, we have, denoting the value of A* determined 
in this way by Kp, and the acceleration due to gravity 

jr-ir. 

<«> 


if iT be taken = 1 for air. 

Using *the value of / given in (21) for the same 
medium, this gives 


JT, 



( 24 ) 


The following are some of the results obtained. 





1 

Temp, of 
Exp. 

Villi e of KSp.lB(l Cap. 

Ssbitim 

Density It Tei&p.iUt6d. 

nyCondensez 

K 

By Tension 

Kj. 

ByPressnn 

Salploic Ether 

'C. 

•7206 14'9 

on 

6-CO 

3^364 

4 851 

4^672 

BisulptddeofCarbonl.. . . 

l'27(i0 12'20 

7^50 

2217 

2219 

2743 

If 

» » M • • 

1'2796 M 

12^98 

1970 

2*692 

2^752 

BeD 2 ene (from Coal Tar) . . 

■8825 15'91 

1320 

r928 

'2^389 

2^370 ' 

„ (from Benzoic Aciilj . 

•8822 1I^64 

W40 

2^050 

2^325 

2^375 

Light Benzene 

i ■7994 17 20 

IWO 

r775 

2155 

tl72 

Colza Oil 

; 2159 16^40 

1041 

2^443 

2^385 

3^296 

Turpentine 

•8645 17^10 

16^71 

r940 

2259 

2^358 

Fetrolenm 

j •8028’ 17^00 

16^62 

F705 

2^138 

2149 

E4erSrol8. + lTol, 

Bisulph, of Carbon . . . 

•8134 ^■40 

8^50 

2 871 

tl36 

i 4 392 

Ether ItoL + ItoI 

Bianiph. of Carbon . . . 

2966 1620 

10^50 

2^458 

3^533 

1 1 

3^392 

, Ed)erlTol, + 3vok 

Bidph, of Carbon . . . 

ri360 17^40 

5^30 

2^336 

3^132 

3261 1 

1 
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Quincke's 
Besults 
corrected 
for Con* 
flections. 


The values of K obtained by tension and pressure 
here seem unifonnl 3 ^ greater than those obtained by the 
condenser method, which must be regarded of course as 
the true values. But they agree very well with one 
another, and go far to prove the equality of the pressure 
and tension. 

It was pointed out by Br. Hopkinson that * perhaps 
the capacity of the key and connecting wires might be 
appreciable, and that if so the values of iT given for 
the condenser method in the above table would be 
increased by the correction. This was found by 
Professor Quincke to be the case, and the following 
corrected results obtained by him are given by him 
in a note to Dr. Hopkinson^s paper. 



Vfilnes of 8p. Ind. Cap. 


By CondesBer 

By Tension 


K. 


‘ Sulphuric Ether ... 

4*211 

4*394 

Bisulphide of Carbon 

2*608 

2*623 


2*640 

2*541 

1 Benzene 

2*359 

2*360 

j Petroleum 

2*026 

2*073 


This shows that for these substances JC, Kp Kp ar^ 
sensibly equal. Further the experiments seem to con* 
firm fairly well the theoretical values for the 

pressure within the medium.t (See also p« 491, below). 

* Proe* E. S, vol. xli. 1880. 

t The whole questioa of the stress in the medium requires fhrUier 
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Dr. HopkinsoQ has more recently * made experiments Hopkia- 
on the specific inductive capacity of a number of oils 
and other liquids. The method adopted was a modifi- 
cation of the five-plate balance method described above. 

The arrangement of apparatus is shown in Fig. 104. Method. 
Two air condensers E, F, of determinate and nearly 
equal capacity, and two adjustable sliding condensers 1, 



Fto. 104. 


experimental inveetigation. Valuable results as to the state of strain 
in transparent) solid) and li<|uid media have however been furnished by 
the experiments of Kerr i^nd others on Double Refraction produced by 
elsetrificatlon. The experiments of Quincke on Change of Volume 
produced in dielectrics by the same cause are also of great importance 
in the same connection. These are however casuremcnts we cannot 
here enter into. 

♦ Pw, E. S. Oct 1887. 
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Uopkin- J, were joined a$ shown like the four branches of a 
Wheatstone bridge. The inner coatings of E, I were 
tion of joined to one pair of quadrants of an electrometer, and 
those oi F,J to the other pair of quadrants. To the 
Method. iQuer coating of J could be attached the inner plate of 
a liquid condenser containing the substance to be ex- 
perimented on. The outer coatings of E, F were con- 
nected to the case of the electrometer ftnd to one 
terminal of an induction coil ; the outer coatings of I, 
J were connected to the needle of the electrometer and 
to the other terminal of the induction coil. 

In order that there might be no deflection of the 
electrometer needle it was necessaiy that the capacities 
of E and I should be in the same ratio as those of F and 
J respectively. An adjustment of one or both of the 
sliding condensers was made until this relation was 
fulfilled in each of four cases, (1) when no fluid con- 
denser was introduced, (2) when the condenser without 
the interior plate, but fitted with a “ dummy ” to repre- 
sent the necessary supports or connexions outside the 
liquid, was connected to J, (3) when the complete 
condenser charged with air was added to cf, (4) when 
the complete condenser charged with liquid was con- 
nected to J. Assuming for simplicity the sliding con- 
denser 1 to remain unaltered, and x, y, z, to he the 
respective readings of J in the four cases, we must have 

Capacity of condenser with liqoi d x — z^ — {x-^y) 
Capacity of same condenser with air a? — *— (»— y) 


y-gi 
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The following is an abstract of the results obtained ; 



X. 

#.2^ for line. 

Colza Oil, six sumples . . 

3 07 to 314 


,, „ another sample * 

Arachide 

3*23 


3i7 


Sesame 

[ 317 


Linseed Oil, raw .... 

337 


Castor Oil 

4-82 


„ „ another sample . 

4-84 

, 

i Ether 

4*75 


Carbon Bisulphide . . . 

2*67 


' Amylene 

2 05 

1-9044 


Hopkin- 

son’s 

Results foi- 
Oils, &c. 


It is to be noted with respect to colza oil that, as 
given by Quincke (p. 483 above), the value of is 
3‘296 and of Kj 2*385. 

Dr. Hopkinson also experimented with the following 
liquids of the benzene series, for which also he deter- 
mined the index of refraction for the line D of the 
spectrum. 



K. 

D' 

Benzene 

2*38 

2-2614 

Toluene 

2*42 

2-2470 

Xylene . 

2*39 

2*1 238 

Cymene 

2*25 

2*2254 


The same method, but with a guard-ring condenser AppUca- 
instead of the fluid condenser as shown in Fig. 105, was 
applied to the measurement of the specific inductiye Solid,. 
* Doubtful M to puiky. 
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m 

capacity of solids. The connections shown in 103 
made, that is the guard-ring and protected 
Solids, disc both connected to the inner coating of J. The 
arrangement was then adjusted to balance, then the 
guard-ring remaining connected to J, the protected disc 
was transferred to 1 and balance again obtained. The 
difference of the readings of the sliding condenser 
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gave on an arbitrary scale the capacity of the guard- 
ring condenser for the given distance of the plates 
apart; Th^ operations were then repeated with a 
plate of the sultotance for which K was to be found 
placed between the plates of the guard-ting condenser. 

Only three substances were experimented on, with 
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the following results. The' previously obtained values 
(p. 476 above) are given for the first two for comparison. 



K. 

Previously found 


value of K. 

Flint Glas®, double extra dense 

9-5 

9*896 

Paraffin Wax 

2*31 

2*29 

• 




Rock salt was the third substance with a result of 18 
for AT, but the sample was very rough and too small, 
and possibly conducted so greatly as to afifect the result. 
In these experiments the effect of the connecting wdre 
of the guard-ring condenser was not allowed for. 

Negreano ^ has applied the five-plate balance method 
to the determination of the specific inductive capacity 
of a number of hydrocarbons of homologous chemical 
composition. The balance was arranged with its plates 
horizontal and well insulated on ebonite rods; the 
diameter of the larger plates was 16 centimetres, of the 
smaller 12 centimetres, and the distance of adjacent 
plates apart 1 centimetre. The liquid experimented on 
was placed on a flat shallow dish attached to the ebonite 
supports between the uppermost plate and that next to 
it. Balance was obtained (1) with the instrument 
used simply as an air condenser, (2) with the empty 
dish in position, (3) with the liquid in the dish. The 
corresponding positions of the movable plate were 
obtained by a micrometer. Another micrometer mea- 
sured the thickness of the stratum of liquid. The 
* Com2yU$ Rendus^ tom© civ, 13S7. 
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SPECIFIC INDUCTIVE CAPACITY. 


NogKMIo'i 
Kiperi- 
inents' on 
Hydro- 
CAAona. 


Cohn and 
Arons’ 
Ezperi- 
mento in 
Liqnida. 


index of refraction /t*jj was also determined for the D 
line in the case of each liquid. 

It was found that the value of K increases as the 
composition of the substance becomes more compli- 
cated, and that the value of (JT — 1)1(1^ -|- 2)p where p 
is the demsity is approximately constant. The following 
is a synopsis of the results : — 



Temp. 

Density. 

K. 


Benzene, with thiophene 

o 

26 

•6803 

2-3206 

1'4974 

. »» 




1-4978 

j ftnotlier specimen 

25 

•8756 

2-2988 

! « pure . . . 

14 

'8853 

2-2921 

1*5062 

1 Toluene, OyHg 

27 

'8608 

2242 

1'4912 

14 

•8711 

2-3013 

1*4984 

Xylene, CgH, ft .... 
Metaxylene, . . . 

27 

•8554 

2-2679 

1*4897 

12 

•8072 

2 3781 

1*4977 

Pseudocumene, C^Hjg . . 

14 

•857 

24310 

1'4837 

Cymene, Ci„H„ . . . 
Terebenthene, . . 

19 

'851 

2-4706 

1-4837 

20 

•875 

2 2618 

1'4726 


It will be noticed that the value of s/jT is only a little 
greater than in each case, and that (JST — + 2')p 

has the value *34 approximately in the first six cases 
and the last, and is slightly greater in the remaining 
three. 

Experiments on liquids have also been made by 
E. Cohn .and L. Arons. Two quadrant electrometers 
were employed, one with air filling the quadrants, the 
other specially designed to contain the liquid experi- 
mented on as in. Snow’s method described above, p. 478. 
One pair of quadrants of each, electrometer was con- 
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nected to one terminal of a Helmholtz induction coil, 
the other pair of quadrants, the needle and the case 
were connected to earth and to the other terminal of 
the coil. Denoting by the (corrected) deflections 
on the ordinary and special electrometers respectively 
when both are filled with air, S'g the corresponding 
deflections when the special electrometer contains the 
liquid, we get easily by (20) above 


CoBn and 
Arons’ 
Experi' 
ments in 
liquids. 




Mx 


The following results were obtained : — 


( 26 ) 


Results. 



JT. 

Distilled Water 

76 

Ethyl Alcohol 

26-5 

Amyl Alcohol 

15 

Petroleum 

2 04 

Xylene, two kinds . . . | 

2 39 

2'36 


The numbers here given it will be observed are high 
in the first three cases. These substances have hoivover 
considerable conductivity, which would tend of course 
to give * an apparently high specific inductive capacity. 
The authors believe that the results are correct within 
,5 per cent. 

Prof. Quincke * has re-examined the question of the 
values of jST for liquids obtained by the different methods^ 
as described above. All liquids experimented on except 
triad. Aim, 8S, 1888. 




m 

Result 


Sp. Ind. 
Cap. of 
Gases. 
Boltz- 
mann's 
Experi- 
ments. 


SPECIFIC INDUCTIVE CAPACITV. 

colza oil give practicaliy the same result whatever the 
method employed. For that substance however the 
result stated above holds, that is tho pressure method 
gives the highest value, the electrical balance the 
lowest, and the condenser method a mean value ; and 
this anomaly was found to hold good for different kinds 
of colza. That it could not be due to electrolytic action 
was clear from the fact that the produces of decom- 
position at the condenser plates could not alter the 
pressure at the surface of the bubble. 

Prof. Quincke * also measured the indet of refraction 
of pure ether for ultra-red rays by passing them through 
the medium and receiving them upon a thermopile. 
He found that for pure ether K = 4‘3, and that for 
ultra red rays its index of refraction is less than 2. 
The substance seems therefore not to conform to 
Maxwell’s relation. 

Determinations of the specific inductive capacity of 
gaseS have been made by Boltzmannf and by Professors 
Ayrton and Perry.J Boltzmann’s method was as follows. 
A condenser consisting of two horizontal circular plates 
was supported within a closed metallic vessel, through 
the walls of which passed wires to make connection 
with the plates, and which could be connected with an 
air-pump or a gas generating apparatus. Two metallic 
plates were placed above and two below the condenser 
to preserve it at a uniform temperature. The vessel 
was exhausted, then one plate of the condenser A was 

* Tried. Ann. 82. No. 12. 1887. 

t TTien. Ber. 69 (1874) ; Pegg. Am. 15 (1876). 

I Tram. ArUaU SosleTy qf Japan 
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charged by being connected to one terminal of a battery liM.' 
of 300 Daniell’s cells, while the other plate B and the 
other terminal of the battery were connected to earth. 

B was then disconnected from earth and connected to 
the insulated electrode of an electrometer which had ™ents. 
been previously brought to zero potential The electro- 
meter showed no deflection, proving that there was no 
leakage. The charge on A therefore remaining con- 
stant, it was found in accordance with theory that the 
admission of air altered only the specific inductive 
capacity between the plates, and therefore the potential 
of A, but not the potential of B which remained zero. 

After the admission of air the potential of A was 
restored to its original value, and the change of potential 
of B read off on the electrometer. The number of cells 
was then increased by one, and the increased potential 
of B again read off. The ratio of the specific inductive 
capacities could now be calculated. 

If Fj, Fj be the potentials of A before and after the 
admission of air, and A’j, the corresponding specific 
inductive capacities, we have F,/ Fj = Ai/ATj. Hence 
by the restoration of the potential to Vy the potential 
of B vraa increased by an amount proportional to 
Fj — Fj, that is by an amount m(l -KyjK^ where m is 
a constant. By the increase of the number of cells 
from » to n -I- 1 the increase of the potential of B was 
therefore + 1)/^. Hence calling these changes 

as measured by the electrometer S, we have 
S/S' «*. «(1 - JSTi/Ai) (» + 1), or 
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SPECIFIC INDUCTIVE CAPACITY. 


It was found by Boltzmann that the alteration of 
capacity was very nearly in simple proportion to the 
alteration of pressure of the air, and that the effect of 
alteration of temperature was only that corresponding 
to the consequent alteration of pressure. Hence if we 
denote by K the specific' inductive capacity of air 
under pressure equal to that due to 'p millimetres of 
mercury under standard circumstances, Suppose that 
for absolute vacuum to be unity, and assume the pro- 
portionality to hold for all pressures, we may write 

Jcp 


+ 


760 


(28) 


where 1 -f A; is the specific inductive capacity of air at 
standard atmospheric pressure. 

By (27) and (28) putting jpj, for the pressures 
corresponding to we get 

nS * 4- (n 4- 1)S 

'nB'(p^PT) - (» + ■ 

Boltzmann found similar results to hold for other 


* = 760 


(29) 


gases than air, and gave the following values for K at 
standard atmospheric pressure. The value of JIT is 
given also for comparison with the index of refraction. 


Oa«. 

K. 

vTK. 


Air 

Carbonic Acid 

Hydrogen 

Cfirbonic Oxide * ... 

Nitrous Oxide .... 

Olefiant Oas ...... 

Marsh Gas ...... 

1-000690 

1-000940 

1-000264 

1-000690 

1-000994 

1-001312 

1-000944 

1000296 

1-000173 

1000182 

100(ffi46 

1-000497 

1-000666 

1-000472 

1-000294 

1*000449 

1-000133 

1-000340 

1-000603 

1-000678 

1-000443 
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In Ayrton and Perry's method the capacities of two 
condensers were compared with different gases at 
different pressures between the plates of one of them, 
while the other had continually air at ordinary tem- 
perature and pressure for its dielectric. The latter 
condenser consisted of a square horizontal uninsulated 
plate of tin-foil of 181^ square centimetres area, 
cemented to®the upper surface of a plate of hard wood 
which rested on the horizontal top of a block of stone, 
and an insulated upper plate of the same size supported 
on ebonite levelling screws, the lower ends of which 
rested on the stone. The other condenser was contained 
within an air-tight rectangular vessel of sheet brass, 
and consisted of eleven parallel plane plates, each 324 
square centimetres in area, kept at equal distances of 
three millimetres apart in racks of ebonite. The first, 
third, &c., and last plates, reckoning from one side, were 
connected to the case, the other plates were insulated 
and connected to a platinum wire passing out through 
a glass tube 35 J centimetres long to the outside of the 
case. This glass tube, whicb had been chemically 
cleaned and covered with paraffin, to prevent leakage 
over the surface, was very carefully cemented into a 
brass socket attached to the metallic case, and was 
nowhere in contact with the platinum wire except at 
the outer end, where it was drawn to a point and 
hermetically sealed. Cement contained in a metal cap 
surrounding the junction of the tube and socket pre- 
vented leakage there, and a second cap filled with 
cement surrounded the point of the tube, and guarded 
the point from being broken by motion of the wire. 


Ayrton 

and 

Perry's 

Experi- 

ments. 
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SPECIFIC INDUCtiVE CAPACITY. . 

By means of another tube the case could be filled 
with the ^as tQ be experimented oh or connected to 
a. Sprengd or other pump by which the 'required 
degree of exhaustion was produced. This tube was 
made of special form to prevent mercury from the 
Sprengel pump from passing by any accident into 
the condenser case. 

The method of making a determination was as 
follows. The insulated plates of the condenser were 
charged to equal and opposite potentials in the follow- 
ing manner : — The battery of 87 Daniell’s cells had its 
poles joined by a resistance of 10,000 ohms, and by 
means of a reversing key one terminal a of this coil 
was connected to the insulated plate of one condenser, 
while the other terminal b was connected to earth; 
then b was connected by the reversing key to the in- 
sulated plate of the other condenser and a to earth. 

The battery was then removed and the charged 
(dates connected together, and with the insulated elec- 
trode of a quadrant electrometer of which the other 
electrode and case were to earth, and the reading taken. 

If the pqtential of each condenser was numerically 
V, the capacity of the constant air condenser and 
the capacity of the other C^, the charge left after the 
two condensers were connected was V{Ci — C^), sup- 
posing the constant condenser to have been positively 
charged.. The corrected deflection a shown by the. 
electrometer was therefore m V(Ci — . C^jiCi q- where 
m is a constant. 

To eliminate m and V the terminals of the batt^ 
w^e kept joined by the resistance of 10,000 ohms, and 
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one terminal was connected to .earth, while a point on the 
resistance was connected to the insulated* quadrants of 
the electrometer now detached from the condensers. 
The difference of potentials of the ^battery between 
the extremities of the resistance was 2V, md if the 
resistance intercepted between the terminals of the 
electrometer he denoted by JK, the difference of 
potentials s^own by the corrected deflection j9 of the 
electrometer was 2FLR/10000. We have therefore 
/8 = 2wiF'jR/10000. Hence 

1 — ^ 

a _ 10000 _ 10000 ^ 

0 B G^ + C^^ B .G^ 

This enabled the ratio GJG^ of the capacities to be 
calculated. Another experiment made with G 2 changed 
by alteration of the medium, gave at once the ratio of 
the two values of of the specific inductive 

capacities in the two cases. 

The following table gives the mean results for many 
experiments in different gases at standard pressure: 
taking the value of JST for air as unity. 


Dielectric 

K 

Vaouxim 

•99«6 

Air 

1-0000 

Carbonio Acid 

10008 

Hydrogen 

•9998 

Coal Oas 

1-0004 

Salpburons Acid 

1-0037 


m 

Ayrton 

an4 

Perry’s 

Experi- 

ments. 


VOU 1 . 


K K 



4»8 
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Experi- 

ments. 
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SPECIFIC INDUCTIVE CAPACITY. 

It was observed that when air was allowed to mix 
with tbe carbonic acid the value of K more and more 
nearly approached unity. 

Experiments on the specific inductive capacity of a 
high sprengel vacuum have been undertaken by a 
Committee of the British Association consisting of 
Professors Ayrton and Perry, Prof. O. J. Lodge, and 
Mr. J. E. H. Gordon. A preliminary report has been 
presented* containing a plan of experimenting and 
some results which seem to show that at a pressure of 
about 1/10* of an atmosphere the specific inductive 
capacity is ‘6 or '8 per cent, less than that for ordinary 
air. The committee have not yet concluded their 
labours. 

The results of some recent experiments made by 
Mr. Cassie in the Cavendish Laboratory, on the effect 
of rise of temperature in increasing the specific in- 
ductive capacity of solid dielectrics, are quoted by 
Prof. J. J. Thomson in his work entitled Applications of 
Dynamics to Physics and Chemistry, p. 102. The co- 
efficient of increase of specific inductive capacity per 
degree centigrade, that is, the value of l/K. dKjdO, is, 
for $ — 30*, ’002 for glass, ‘0004 for mica, and 0007 for 
ebonite. From this Prof. J. J. Thomson has shown that 
if the electric displacement be /, there must at 30* be 
‘002 X 30 X 2v/^/K dynamical units of heat supplied 
to unit of volume of glass to preserve its temperature 
constant when it is electrified. The corresponding 
quantities of heat for mica and ebonite are respectively 


* JBrit, Ame. Bxg. 1880. 
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•0004 X 80 X *0007 x 30 x But the Effects of 

electrical work done in charging is (p. 133 above) in Tem]^ra- 
each case iirPlK. Hence in the case of glass the heat 
thus absorbed during charging is about two-thirds of 
the work done in charging. 

Note. — An account of the determinations of specific inductive capa- 
city made by Schiller by the method of elcetrical oscillations will be 
found in Volume II. 


K K 2 
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NOTE. 

Recommendations of the Paris Congress and the British Association 
as to Practical Electrical Units, 

At the ibeeting of the Electrical Congress held in Pans in 
1884, it was decided to adopt for the present^ as practical unit of 
resistance, a resistance equal to that of a unixorm column of 
mercury one square millimetre in section, 106 centimetres in 
length, and throughout at the temperature 0° 0. The mercury 
column thus specified expressed approximately and in round 
numbers the value of the ohm according to the latest and most 
accurate experiments. It was resolved to give this unit the 
name Legal Ohm, 

The Congress also arrived at certain conclusions regarding the 
practical units of current, electromotive force, quantity of 
electricity, and electrostatic capacity, as follows : — 

(1) That the unit of current should be called the AmperCy and 
be defined as of a C.G.S. electromagnetic unit of current. 

(2) That the Volt or practical unit of electromotive force, or 
dimerence of potentials, should be defined as the electromotive 
force required to maintain a current of one ampere through a 
resistance of one ohm. 

(3) That the unit quantity of electricity should be called t^ 
Coulomby and be defined as equal to the quantity of electricity 
transferred by a current of one ampere in one second. 

(4) That the Farad or practical unit of capacity should be the 
capacity of a conductor which is charged to a potential of one 
volt by one coulomb of electricity. 

The British Association at its meeting in 1886 agreed that the 
Committee on Electrical Standards should recommend to Her 
Majestys Government : — 

(1) ** To adopt for a term of ten years the Legal Ohm of the 
Paris Congress as a legalized sUndard sufiScientljt 
near to the absolute Ohm^for commercial purposes; 
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(2) That at the end of the ten years’ period the Legal 

Ohm should be defined to a closer approximation to 
the absolate Ohm. 

(3) That the resolutions of the Paris Congress with respect 

to the Ampere, the Volt^ the Coulomb, and the 
Farad, be adopted. 

(4) Tliat the Besistance Standards belonging to the Com- 

mitted of the British Association on Electrical 
Standards, now deposited at the Cavendish Labora- 
tory at Cambridge, be accepted as the English 
Legal Standards conformable to the accented de- 
finition of the Paris Congress.’^ 

A full account of the electromagnetic sj^stem of units and of 
the derivation of the various practical limits will be given in 
Volume II., but as the ampere, volt, &c. have been referred to 
above, p. 415, the following sketch may be found here useful. 
Tills system of units is based on a definition of unit magnetic 
pole, or (which is the same thing) unit quantity of magnetism, 
precisely similar to that given on page 3 above for unit quantity 
of electricity. Unit magnetic pole is that pole which placed (in 
air) at unit distance from an equal pole of the same kind is 
repelled with unit force. When the mndamental units are the 
centimetre, the gramme, and the second, the unit distance and 
the unit force of this definition are respectively one centimetre 
and one dyne. Now by tbe discovery of Oersted, as explained 
by tbe theory of Ampere, a current of electricity produces mag- 
netic force at every point of the surrounding space. The inten- 
sity of this field at any point is measured by tbe force which a 
unit magnetic pole would experience if placed at that point. 
Unit current is then that current which flowing in a thin circular 
conductor produces a magnetic field of 2frr units intensity, where 
r is the radius of the <P|mle into which tbe conductor is bent, and 
IF is the ratio of the mroumference of a circle to its diameter. 
When r is one centimetre and the intensity of the field Zn dynes, 
the current is one C.Q.S. electromagnetic unit in strength. 

Theii^efinttions of the volt, Ac. follow from that of unit current 
as stated above in the recommendations of the Paris Congress. 
Hie Microfarad (referred to at p. 406 above) is one-millionth of 
the Farad, and is h more convenient unit than the latter, which is 
so lar^e as to give somewhat small fractional numerics for the 
capacities of ordinary condensers. 
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TABLE L 


Cross-section op Bound Wires, with Besistancb, Conducttvitt, 
AND Weight op Hard-Drawn Pure Copper Wires, according 
TO THE New Standard Wire Gauge Legalised by Order in 
Council, August 23 , 1883 . 


Temperature 15® Cent. 


Descriptive 

No. 

Diameter. 

• 

Area of 
CrosS'Section. 

Resistance. 

Conductivity. 

Weight. 

(Density =8 *95) 


Ins. 

Cms. 

Sq. Ins. 

Sq.'cms. 

Legal 

Ohms 

per 

Yard. 

Legal 

Ohms 

per 

Metre. 

Yards 

per 

Legal 

Ohm. 

Metres 

per 

L^al 

Ohm. 

Lbs. 

per 

Yard. 

Gnns. 

per 

Metre. 

0000000 

•500 

1-270 

•1963 

1-267 

•000125 

•000136 

8055 

7365 

2*285 

1134 

000000 

•464 

1179 

•1690 

1-091 

•000144 

•000157 

6937 

6343 

1-970 

976-3 

00000 

432 

1-097 

•1466 

•946 

•000166 

•000182 

6013 

5498 

1*706 

846*3 

0000 

•400 

1016 

•1257 

•811 

*000194 

•000213 

5054 

4714 

1-463 

726*6 

000 

•872 

•945 

•1087 

•701 

•000225 

*000246 

4459 

4077 

1-265 

627*6 

00 

•348 

•884 

•0951 

•614 

•000256 

•00O2S0 

8901 

3568 

1107 

549*6 

0 

•324 

•823 

•0824 

•532 

•000296 

•000323 

3884 

3093 

•960 

4761 

1 

•300 

•762 

•0707 

•456 

•000345 

•000377 

2899 

2662 

•823 


2 

•276 

•701 

•0698 

•386 

•000408 

•000446 

2454 

2244 

•696 

346*4 

s 

•252 

•640 

•0499 

•322 

•000489 

•000536 

2046 

1871 

•581 


4 

•282 

*589 

•0423 

273 

•000677 

•000631 

1734 

1586 

•492 

244 1 

5 

•212 

•688 

•0353 

•228 

•000691 

*000756 

1451 

1324 

•411 

203*8 

0 

•192 

•488 

•0290 

•187 

'000842 

•000921 

1197 

1086 

•887 

166*8 

7 

•176 

•447 

•0243 

•157 



986 

912 

•288 

140*6 

8 

•160 

•406 

•0201 

•130 

•00122 


• 824 

748 

•234 

1161 

9 

•144 

•866 

•0163 

•105 

•00149 


669 

611 

•190 

94*0 

10 

•128 

•325^ 

•0129 

•0830 

•00190 

•00208 

528 

482 

•160 

743 

11 

•116 

•295 

•0106 

•0682 

•00280 

•00252 

^ 434 

396 

•123 

61*0 

12 

•104 

•264 

*00849 

•0548 

•00287 

•00314 

' 84S 

318 

•0989 

49*0 

18 

*092 

•234 

•00665 

•0429 

•00367 

•00402 

273 

260 

•0774 

88*4 

14 

•080 

•203 

•00603 

■0824 

•00486 

•00630 

206 

188 . 

•0685 

290 

15 

•072 

•188 

•00407 

*0263 

•00699 

•00667 

167 

158 

•0474 

28*5 

16 

•064 

•163 

•00822 

•0208 

•00752 

•00889 

1 132 

120 

•0^4 

18*6 

17 

•066 

•142 

•00246 

‘0169 

•0099 


101 

91*5 

•0287 

14*2 

18 

•048 

•122 

•00181 

•OUT 

•0136 

•0147 

74-2 

67*8 

•0211 

10*4 

19 

•040 

•102 

•00126 ' 

•00811 

•0191 


61*6 

47-1 

•0146 

7*26 

20 

*086 

•0914 

•00102 

•00667 

•0289 


41-8 

882 

•0118 

s-sit 

21 

•082 

•0818 

‘000804 

•00519 

•0304 

•0831 

82-9 

801 

•oom 

4*64 

22 

•028 

•0711 

•000616 

•0a397 

•0396 

miifihm 

25*8 

23*0 

•00717 

8*56 

28 

*024 

*0610 

•000452 

•00292 

•0639 

•0589 

18-5 

17*0 

mm 

8*61 

24 

*022 

•0559 

‘000380 

*00246 

•0642 

•0701 

15-6 

14-3 

*00448 

8-10 

25 

•020 

•0608 

•000814 

•00208 

•0776 

•0849 

m 

11*8 

*00866 

1*80 
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APPENDIX. 


TABLE I. {omtinued^) 

Cboss-section of Round Wires, with Resistance, Conductivity, 
AND Weight of Hard-Drawn Pure Copper Wires, according 
TO THE New Standard Wire Gauge Legalised by Order in 
Council, August 23, 1883. 

Temp<»rature 15*^ Cent 


Descriptive 

No. 

Dtaineter. 

Area of 
Cross-section. 

Resistance. 

Conductivity. 

Weight. 

<Den8ity^8‘95) 

o 


Ina. 

Cma. 

Sq. ina. 

<Sq. cms. 

Legal 

Ohms 

per 

Yard. 

Legal 

Ohms 

per 

Metre. 

Yards 

per 

Legal 

Ohiii. 

Metres 

per 

Legal 

Ohm. 

Lba 

per 

Yard. 

1 Onus* 

1 per 

1 Metre. 

26 

018 

•0457 

•000254 

•00164 

•0958 

•106 

10-4 

9*64 

•00296 

1*47 

27 

*0184 

‘0417 

•000211 

■00136 

•116 

•128 

8-65 

7-93 

•00246 

1-22 

28 

•0148 -(WTO 

•000172 

•00111 

•141 

•156 

707 

6-45 

•00*200 

■693 

29 

0138 0346 

•000146 

•000937 

•168 

•IbS 

595 

6’45 

*00169 

*839 

80 

’0124r0815 1*000121 

•0007T9 

■202 

•221 

4*86 

4*63 

*00141 

•697 

31 

'0Ilfl!'0296 

*000106 

*000682 

•230 

•252 

4*34 

3-96 

•00123 

•610 

82 

•0108f'0‘i74 

•0000916 

*000591 

•266 

'291 

3*75 

3 44 

•00107 

•529 

88 

•0100 *0254 

•0«XK1786 

•000507 

•811 

•839 

3-22 

294 

•000914 

•453 

84 

•0092 *0234 

■0000665 

■000129 

■367 

•402 

2 73 

3*50 

•000774 

*384 

35 

•0084 0218 

0000554 

•000358 

•440 

•481 

2-27 

208 

*000646 

'320 

88 

•0078;0193 

•0000464 

•000293 

■640 

•687 

1 86 

1-70 

•000548 

•262 

87 

•0088 0173 

•0000368 

•000284 

•672 

•736 

1*49 

136 

•(KK^123 

•210 

38 

•0060 .0152 

1KKI0283 

•000182 

*862 

■944 

1*16 

1*04 

•000829 

•163 

89 

•0052 *0182 

•0000212 

•000187 

116 

1-26 

•870 

•796 

•000247 

•128 

40 

•0048 0122 

■0000181 

000117 

1*32 

1-47 

•759 

•679 

•000211 

•104 

41 

•0044' -0112 

•0000162 

*0000981 

1*60 

1-75 

•624 

•570 

•000177 

! *0878 

42 

•0040 *0102 

•0000126 

•0000811 

1-94 

213 

•616 

•471 

•000146 

*0726 

48 

*0086 009141 

■0000102 

•0000667 

2*39 

2-62 

•418 

*882 

•000118 

•0588 

44 

*0092 008131 

00000801 

•0000619 

3*04 

8*32 

•380 

•801 

•0000936 

•0464 

45 

•0028 •00711! 

1 1 

•00000616 

•0000897 

3*96 

4 '83 

•263 

•280 

■0000717 

•0856 

48 

•0024 006101 

•00000452 

•0000292 

6-39 

6-90 

•186 

•170 

*0000627 

•0261 


•0020 -OOSOMi 

•00000314 

•0000203 

7 78 

8’49 

*128 

•118 

*0000866 

•0181 

48 ! 

•0016 00406 

*00000201 

‘0000180 

12'20 

lS-3 

•0824 

*0754 

•0000234 

*0116 

49 r 

■0012 00^06 

•00000113 

•0»>000780 

21-6 

23-5 

•0464 

•0426 

•0000132 

•00658 

“1 

•0010 *00264 

■000000785 

•00000607 

311 

83*9 

•0322 

*0291 

*00000914 

*00468 


Notc.— T he reeietaneee and eondnetiTlHee in Tables 1. and IL are oalealated bf taking 
l*d9l Legal Ohin aa the veaiatance at 0** between the ends of a hard-diawb copper 
wire 1 cm. long and 1 aq. cm. in croea section. Xhla agrees with Hatthlessen and IRockm'a 
reaoU (B. A. 1864, and Phil. Mag., vol. joeIx., 18d6)of '1489 RA. unit aa the reaiatance 
act 0^0. of a wire one metre long weighmg one gramme, if the denaity, 8'96, of east apodniena 
of their eopper be taken aa approximately the denalty of the wfrea experimented on, which 
waa not determined. To reduce the numMta to aoeora with the B.A. unit add cent, 

to the realatencea and aubtract I'19 per cent, from the eondnetlvittea. 
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Cboss-sbction of Round Wires, with Resistance, Conductivity, and 
Weight of Pure Copper Wires, according to the Birmingham 
Wire Gauge. (See Note to Table I.) 

Temperature 16° Cent. 

























606 


APPENDIX, 


TABLE III. 

Conductivities or Pore Metals at C* 

Conductivity at 0* = 1. 


Metal. 

Conductivity at t* C. 

Silver 

1 — ‘00882r8f + •000009848<* 

Copper 

1 — -OrtSSTOlf + -OOOOOiKKHRS 

Gold 

1 — ♦0036745« + -OOOOOStlSf® 

Zinc 

1 — •(M«7047« + -000008374*2 o 

Cadmium 

1 ~ -0036^71* + -000007575*2 

Tin 

1 — *0036029* + -000006136*3 

Lead 

1 ^ -OOlhTSO* + -OiKMlOOWOta 

Arsenic 

1 — -0038906* 4- 000008879*3 

Antimony 

1 — -0030826* + -000010384*3 

Bisaiuth 

1 — -003 >216* 4- -000005728*3 

Iron 

1 — *0051102* + -000012916*3 


* From tbe re^iulls of Matthicsffcn’s oxi>eriinonts ; and to be need only for 
temperatures between (PC. and loc/^ C The formulas. excliMini; that for iron, 
agree closely, and give the mean formula \ — -0037647, + -OOOOtWiOf*. 

TABLE IV. 

CONDUCnVITT AND RESISTANCE OF PURE CoPPER AT 
Temperatures prom 0® C. to 40^C. 

Calcnlated by the form ala for the Conductivity of Copper in Table HI. 


Te-np. 

Conductivity. 

Resistance. 

1 Temp. 

Conductivity 

Bealatance 

0* 

1-0000 

1-0000 

! 21® 

0-9227 

1-0888 

1 

0-9981 

1-00388 

1 22 

0 9192 

1-0879 

2 

0-9923 

1-00778 

1 23 

0 9158 

1*0920 

3 

0-9885 

1-0116 

1 24 

0-9128 

1-0961 

4 

0-9847 

1-0158 

1 25 

0-9089 

1-1003 

5 

0-9809 

1-0195 

1 28 

0 9054 

1*1044 

6 

0-9771 

1-0234 

■ 27 

0-9020 

1-8085 

7 

0-9734 

1-0274 

, 28 

0-8987 

1*1127 

8 

0-9808 

1-0318 

i ^ 

0-8953 

1-1169 

9 

1 0 9559 

! l-a85S i 

|i 80 

0-8920 

1*1211 

10 

0-9622 1 

1-0893 ! 

1 

0-8887 

1*1258 

11 

0-9586 

1-0433 1 

32 

0-8864 

1*1295 

12 

0-9549 . 1 

1-0473 j 

t 33 

0-8821 

1-1887 

13 

0-9512 

1-0613 

1 84 

0-8788 

1*1379 

14 

0-9478 ' 

X0553 

1 86 

0-8758 

11421 

15 

0*9440 I 

1-0593 

88 

0*8728 

11484 

18 

0 9404 ! 

1 0634 

i 87 

0-8891 

11508 

17 

0-9888 1 

1-0876 

! 88 

0-8859 

1-1548 

18 

0*0383 

1-0716 

39 

0-8828 

11591 

19 

0-9297 ! 

1-0758 

1 

0-3598 

11838 

20 

1 

0-9282 

1*0797 

r 




TABLE V. 6, 

Specipio Resistances in Legal Ohms op Wires op Difpebbnt 
Metals and Alloys.^ 


Substance. 

• 

Resistance at 0® C. of 
wire one cm. long, one 
sq. cm. in section. 

Resistance at 0® C. of a 
wire one foot long 
weighing one grain. 

Resistance at 0® C. of a 
wire one metre long 
weighing one gramme. 

Resistance at 0® 0. of a 
wire one foot long, 

1- 1000th in. indlam. 

Resistance at 0° C. of a 
wire one metre long 
one millimetre in diam. 

Percentage increase of 
resistance for 1® C. in- 
crease of temperatnie 
at 20® C. 

Silver, annealed 

1-604 X 10 -« 

0*01916 

0*1627 

9*049 

•2190 

0*877 

Silver, hard drawn 

1-534 „ 

0 02080 

0*1661 

9 825 

*2388 

Copper, annealed 

1 598 „ 

0 02034 

0*1424 

9*609 

•2041 

0*388 

Copper, liard drawn 
Gold, annealed 

1-634 „ 

0*02081 

0*1453 

9*829 

•2083 


2 058 „ 

0*02621 

0*4035 

12:38 

*6784 

0*865 

Gold, hard drawn 

2 095 „ 

0 02667 

0*4104 

12*60 

•6888 


Aluminium, annealed 

2 912 „ 

0*08710 

0 0749 

17*62 

•1073 


Zinc, pressed 

5-614 „ 

0*07163 

0*4022 

33*84 

•6766 

0*365 

Platinum, annealed | 

9 055 „ 

0*1153 

1*94 

64*47 

2*779 

• •• 

Iron, annealed 

9 716 „ 

0*1287 

0*7570 

68*44 

1*086 

-rr 

Nickel, annealed 

12*46 „ 

0*1586 

1*059 

74*93 

1*618 

... 

Tin, pressed 

18 21 „ 

0*1682 

0*9629 

79*46 

1*881 

0*365 

Lead, pressed 

19 68 

0*2498 

2 232 

118*05 

3*200 

0*387 

Antimony, pressed 

85-60 

0 4520 

2*884 

214 

8*418 

0*389 

Bismuth, pressed 
Mercury, liquid (seel 
Note) } 

Platinum - Silver i 

131-2 „ 

1*670 

12*89 

789 

18*44 

0*354 

96*11 „ 

1*2112 

12*92 

672*1 

18*61 

0*072 

Alloy,9 hard or> 
annmed ) i 

24*39 „ 

0*3105 

2*926 

146*69 

4*195 

0*081 

German Silver Alloy, 1 ' 
hard or annealed i < 

20*99 „ 

0*2665 

1*83 

125*89 

2*623 

0*044 

Gold-Silver Alloy,si | 
hard or annealed i 

10*87 

0*1884 

1*650 1 

1 65*86 

2*865 

0*065 

Platinoid 1 

82-8 „ 





•021 

Had field's mangan-l 
ese steel i / 

63* about 

... 

... 

... 


•122 


1 Beduced (with the exception of platinoid and manganese steel) Arom a table given 
by ^ihssor Jenkln as expressing the results of Mattbiessen's experiments. The numbers 
for i^atinoid and Hadfleld’s manganese steel are taken from a paper by Professor 
J. A. Pleminff (BUetrieiant March 9, 1888). The percentage variation of resistance for 
these two substances is the average for the ranM between 0® C. and 100® C. 

* Two parts platinum, one part silver, Ijr weight. 

Sa wwalwSi det^fnatlon of the speeiiio resistance of meroury made 
hf Iioid Bayleigh «id Mrs. Sldgwlck {Phil. !^na.^rt L, 1888, and a^ve, p. 889^ g»e value 


gfven in this ta^le is about ‘Ppercent. toohigh. Their final result is 95.412x10^0 B. A. unit 
as the resistance at 0® C. of a column of pure meroury one om. long and one sq. <»d. in section* 
A column of pure mercury therefore one sq. millime^ in i^tlon. v^ch at 0® C, a 
realAtanee of <me ohm, has, according to the B.A. detemination of the ohm, a J^gih of 
104*81 eras., and acooriling \>o Lord Rayleigh and to. Sidgwiok»s determination, 108*21 cm$. 
According to the legal ohm the lenf^ is, as stated J>- ems* ^ , 

WieVaKie given in Cot I. for hardnlrawn copper has evidentbrliem osculated fSfom 
contt«po&diim observed result in Col. Illy by ^wlng the d^^ 8*89 tor and is 

theinfbM higher than that on which Taldes L and II. are tounded. (See Jtote to mie I.) 



FRENCH MEASURES OF LENGTH 



In Entrlish 
lucliea 

Iq En^Iiab Feet 
a 12 ItiOieb 

In Kiinliah 
Yards 
= 3}e('t 

In English 
Fathoms 
= 6 Feet 

In Engluh 
Miles 

a 1,760 Yards, 


mm 

0 008'A1 

0 0010986 

0 0005468 

0 0000006 

C0BitilBitteM4mMM«W...u..ii.lMt.. t.il 

089371 

0'03*>09 

mm 

0 00546^2 

0 0000062 


1 89370^ 

03!l«090 

OIW 

00546816 

OOiM 

Xtoi — 

89 87079 

UMi 

1 0936381 

0346H165 

0 00062H 

D^caiBetN ... .1. H. iH HMii tiMt. Ml Ml t.i 

893 70790 

82^0^992 

10W8306 

54681658 

0 0062188 

fiflCtOOiitle «H.M«tHMI.IllllHIM..MM.Iil 

8987 0I90I) 

i 328089917 

109 8683056 

54 6«« 

0 0621882 

M.Ml.lHmtHMItMMIMIHIHIMI 

aosTom 

3280 899167 

10^3 683(1656 

546 8165278 

0 6213834 

Krdai&^M.MiM..M 

393707 9i)(i00 

32^08‘991667 

10936 8305556 

5468 1952778 

62188242 


00 


’ % 


1 M = 2 63MM Centim^tWiti, 1 Yani = 0 9H^8 j Mrtre 

I Foot a 8 Um IMite 1 MGo a 1 6023149 K Wtre. 


tBTOi 1 t a »_ J ’ » » » 


FRENCH MEA« OP SURFACE 


" 1 In Enghsb 

I Square Feet 

1 In English 1 
6q. Yards , 
= 98quare 

Feet 

In Eiigliah 
Poles a 272 25 
Sq. Feet 

In English 
Roods a 10890 
Sq M 

r 

1 In Engliah 
AeresaiSSOO 
8q.Feet 

Catun or squm 10 764299 

1196083 ' 

00395888 

0 0009885 

0'0002471 

A» or 100 iqum inMns imm.,m.m lfi76'429034 

119 608826 

89583290 

00988457 

0‘0!47111 

RoetiM, or 10,000 oquue oi6tm ... 107642 998419 

11960 882602 i 

8958828959 

9 8845724 

2 4711481 


1 Squin )aoh a 6'4513669 Square Centio ities. | 1 Sqi are Yard a 0 h3|)i 9715 Square Metre or Centiarc. 

\ Foot ± 9tM8 Sqiare Penroitres. | 1 Acre =0 404O7102 Hectare. 

1 Square Mile a 2 5^9^9451 Square Eilonittrea. 




I ClUe Incli 3 U'M 7 ( Cubic Ceutiiietro. I Cubic Foot 3 il'blJSU Cubic (teiuittru. 
lOtItonst'mtUtTeg. 
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APPENDIX, 

TABLE VIL 

For reduction of Period of Oscillation observed for finite 
amplitude to Period for infinitely small amplitude (see p. 223 
above). If T be the observed period and 1 ~ ^ the. reducing 
factor, so that kT is to be subtracted, the values of h are as 
follows : — 


Amplitude. 

k 

Amplitude. 

k 

0 

•00000 

11 

•00230 

1 

•00002 

12 

*00274 

2 

*00008 

13 

•00322 

3 

•00017 

14 

•00373 

4 

•00030 

15 

•00428 

5 

*00048 

16 

•00487 

6 

•00069 

17 

•00650 

7 

•00093 

18 

•00616 

8 

*00122 

19 

•00686 

9 

i *00164 

20 

*00761 

10 

i *00190 

i 



TABLE Vlir. 

UNm OF Work or Energy, 


1 erg 


1 centimefre-gramme at Paris 
„ „ „ at London 

f» 9f tf »» tf 

1 metre^^kilogramme at Paris 
,, „ at London 

>1 9f t» ff ff 

1 foot-poundal 

1 foot-pound at London , • • 

1 Jouh 


2’374 X 10“ ® foot-poundaL 
7 375 X 10“ ® foot-pound at 
London. 

981 ergs. 

981*17 ergs 

2*329 X 10“ 9 foot-poundal. 

981 X 10* ergs. 

981*17 X 10* ergs. 

7*236 foot'pound, 

421390 ergs. 

13*56 X 10* ergs. 

10^ ergs. 
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TABLE IX. 

Units of Activity or Bate of Working. 


1 erg per second . . . 

1 horse-power .... 

yy Qiti London . 

1 force-de-cheval at Paris 
1 WaU 


/1*34 X 10-1® horse-power at 
\ London. 

33000 foot-pounds per minute. 
7*46 X 10® ergs per second. 
7*36 X 10® ergs per second. 

10^" ergs per second. 




INDEX. 


Ahsolute units, meaning of, 181 
Gauss's system of, Ihl 
C. Q. H. system of. 4, 185 et $eq. 
Absorption, electric, 425 
Acceleration, defined, 195 

dimensional formula of, 196 
Activity or rate of working, 198 
in voltaic circuit, 146 
units of, 199 ; also Table IX. 
dimensional formula of, 199 
Air pressure on surface of a soap bubble, 
electric diminution of, 86 
Amplitude of oscillation, measurement 
of, 227 

Angular deflections, measurement of. 206 
observation of, by ortlinaiy index 
and scale, 206 

observation of, by projection 
method, 211 

observation of, by telescope method, 
216 

Attraction (and repulsion), electric, 2 
of si*hcre on external particle, 13 
of spherical shell on internal i»Rr- 
ticle, 14 

Ayrton and Perry, specific inductive 
capacity of ice, 466 
of gases, 495 


Bectss, measurement of resistai^ces of 
electrolytes, 409 

Bifllar suspension, general theory of, 243 
symmetrical, 244 
effect of torsion in, 246 

flexural rigidity in, 246 
change of temperature in, 
250 

comparison of, with unifllar, 249 
determination of constant of, 250 
Boltzmann, specific Inductive capacity 
of solid dielectrics, 459 tt teq, 
of gases, 492 


British Association Committee on Elec- 
trical Standards, recommenda- 
tions of, as to system of units, 181 ; 
§ee also Note in Appendix 


Calibration of a wire, method of Mat- 
tliiesseu and Hockin. 342 
Carey Foster's method, 347 
T. Gray's methods, 347 — 35it 

of a tube, 8&5 

Capacity, eee Electrostatic capacity 
Casseb. effect of change of temperature 
on specific inductive capacity, 498 
Cavendish, experiment proving charge 
on conductor wholly superficim, 
17 

argument as to law of electric force, 

IS 

method of comparing cimacities, 432 
determinations of specific inductive 
capacity^ 452 

Centimetre -gramme -second system of 
units, 4, 185 et $eq. 

Change-ratio of units, 180 
Characteristic equations of potential, 
13, 112 

at electrified surfhee. 28, 112 
Circular disc, capacity of, 53 
Clerk • Maxwell, theory of electric 
field as seat of electric energy, 84 
method of exploring electric field 
due to charged conductor, 45 
theory of stress in dielectrics, 133 
electric displacement^ 13$ 
electric elasticity, 135 
vibration needle, 239 
Coeflicients of potential, 89 
capacity, 42 
induction, 43 

CoBN, E., AHp L. Arons, measurement 
of specific inductive capacities, 
490 


VOL. I. 
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INDEX, 


Condenser, theory of different forms, 
53, (J1 

standaiH, 41 S 

capacity of a, methods of uioasur* 
iiig, 418 el 

vacuum-, with interposed layer of 
another dielectric, ISO 
formed with layers of different di- 
electrics; 1S2 

Conducting sphere, in uniform field, 
126 

force upon in variable field, 128 
Conductivity (or Conductance), electric, 
$e€ Electric conductivity 
thermal, 103 

Conductors, theory of a system of, 30 
theorems regarding a S3’stem of 
linear, 157 

Congress of Electricians, Paris, 4 ; tee 
also Note in Appendix 
Conjugate conductors, 159 
Conservation of ener^, 199 
** Couches de Olissement,'* 123 
Coulomb, experiments on electric at- 
tmction and repulsion, 2 
torsion-balance, 254 
law of torsion, 257 

Couples, meastirement of, in uni filar 
torsion suspension, 231 
in bifilar suspension, 243 
direct deterudnation of, 250 
Curb-signalling in cables, 175 
Current, electric, eee Electric current 
Cylindrlc condenser, 56 
sliding, 61 


rs SAtrrv, method of comparing capa- 
cities, 440 

Dielectric sphere, in uniform field, pro- 
blem of, 122 

force in variable field upon, 128 
Dielectrics, problem of two separated 
by a plane surfiice, 116 
problem of two separate^l by a 
plane layer of a third, 117 
DiflTereotial equation of lines of force, 7 

i galvanometer, 874 

measurement of resistances by, 375 
Dimensional formulas, 182 
of derived units, 190— -205 
Dimeiisioiis of physical quantities, 162 
Displacenieat, electric, 183 
Distribution of electricity, density of 
m7 

on sorfisee, replacing an internal 
distribution, » 

on cr»nduetor made cohmident with 
equipotentlal surface, 90 
on an ettipsofdal conductor, 47 
induced on insulated ^berlcal con- 
ductor by external pcdnt-obarge. 


Elastic fatigue, 241 
Elasticity, electric, 135 

torsional, law of, 231, 256 
Electric absorption, 425 

conductivity (or conductance), 

deftnefl, 151 
of multiple arc, 1 62 
dimensional formula of, in 
electrostatic sj'steni of 
units, 204 

illustration of, as a velocity, 
205 

specific, defined, 102 
iiieiisureinent of, 382 

current, 138 

hydrokineticoanalogne of, 
139 

time rate of working in, 141 
condition for rimxinium, 148 
in network of linear con- 
ductors, 153 — 161 
in non-linear conductors, 
162 

dimensional formula of, 20 1 
prac^tical unit of, tee Note 
in Appendix 

— density, 7 

displacement, 133 

energy, 30 

of any system of con- 
ductors, 31 

of any system whatever, 
S3, 34 

regardful as having its seat 
in the electric field, 34 

field. 6 

force at a point, 6, 8 

at surfmje of a conductor, 1 0 
lines of, 116 

image, defined, 77 

in spherical conducting sur- 
face, 79 

of point-charge in con- 
ducting plane, 84 

induction over a surlkce, 10 

potential, 8 

resistance, 140 

unit of, 141 
of midtiple arc, 152 
dimensional formula of, in 
electrostatic system of 
units, 204 

specific, defined, 880 
measurement of; 380 

— — superposition, 26 

surface density, 7 

volume density, 7 

Electricity, unit quantity of, S 
Electrifiontion, true and apparent at 
atirfiute separating two media, 
113 

Electrolytea, measufemeiit of resistance 
of,.407 



INDEX. 


51o 


Electrometer, theory of symmetrical, 
69 

definition of an, 252 
absolute, 262 

Sir \V. Thomson's, 265—274 
Sir W. Thomson's guard-ring, 262 
replenisher for, 271 
portable, 274 
long range, 281 
divide<l ring, 282 
quadrant, 2s3 

ubisscs of, 253 

Electromotive force, defined, 142 • 
totiil, of a circuit, 144 
of voltaic cell, 145 
pnicticals unit of, iee Note in 
Appendix 

Electrostatic caj)acity, 46 

of spherical conductor, 
47 

of an ellipsoidal con- 
ductor. 47 

system of units. 202 
voltmeter, Sir W. Tliom.son's, 301 
capacities, eotiiparison of, 4 IS 
Electrostatics, direct problem of, 71 
inverse problems in, 72 
Ellipsoid, distribution of electricity 
upon, 48 

Ellipsoids, Maclanrin’s theorem of the 
attractions 51 
Equation, of line of force, 7 
Laplace’s, 10 
Poisson’s, 16 

of energy in electrostatics, 83 
proved by Green’s theorem, 67 
Equi potential surface, defined, Irt 

external to an ellipsoidal conductor, 
form of, 51 

distribution ever replacing internal 
distribution, 29 

Exploration of electric field. Maxwell’s 
inethrHi, 46 

Energy, potential, of electrified system, 
80, 81—34 

exhaustion of, in forming 
sphere from nebnli^ 84 
of dielectric sphere in imi* 
form field, 128 
kinetic and potential, 199 
conservation of, 199 
dimensional formula of, 200 
Ewinq and MaooRKOoR, measurement 
of resistances of electrolytes, 410 
Exploration of an electric field, 45 


Fabadat, electrified cube, 21 
ice-pul experiment, 22 
f^berical condenser, 418 
d^erminations of speeific inductive 
eapacity, 452 
Fatigue, Mastic, 241 


Five-plate balance, Gordon’s experi- 
ments with, 466 

Hopkinson’s criticism* of method 
of, 473 

Flexural rigidity, defined, 247 NoU 
Flow of electricity, 136 

steady flow in linear conductors, 
137—161 

in non-linear conductors, 161 
hydrokinetic analogue of, 139 
thermal analogue of, 139 
electrostiitic analogue of, in 
three dimensions, 163 
between two electrodes in an 
infinite medium, 164 
vaiiable flow in cables, 166—178 
Force, kinetic unit of, 3, 196 
electric, 6 
line of, defined, 7 

potential, between a point-charge 
and a charged spherical con- 
ductor, 82 

on a dielectric sphere in a uniform 
field, 128 

on a conducting sphere in a uniform 
field, 128 
measure of, 196 
dimensional formula of, 197 
Fostkr, G. Caret, method of cali- 
brating a wire, 347 
comparing resistances, 353 
Fundamental units, 188 


Galvanometer, 306 

Thomson’s reflecting, 308 
dead-beat, 808 
process of setting np a, 809 
adjustment of, for sensibility. 310 
Gauss, theorem of average potential 
over spherical surface containing 
no charge, 15 

reciprocal relation of two states of 
same system, 37 
unit of force, 197 

Gibson and Barclay, specific inductive 
ca)>acity of paraffin, 467 
Gordon, J. B. H., determinations of 
specific inductive capacity, 466 
Gray, Thomas, most sensitive arrange- 
ment of Wheatstone’s bridge, 331 
calibration of wires, 347— 868 . 
method for comparison of low 
resistances, 871 

apparent variation of specific in- 
ductive capacity with time, 469 
Gray, T. and A., measurement of re- 
sistance of glass, 897 
Green, tlieorem of electric induction, 11 
theorem of reciprocal potentials, 42 
general theorem, 62> 
problem of, 71 
Guard-ring condenser, 58 
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Heat, theory of steady Jlow of, lOS 
Hsavxsidis, O., most sensitive arrange- 
ment of Wheatstone's bridge, 3S1 
Homa>oid, defined, 47 
elliptic. 47 

attraction of at an internal point, 
47 

Hopkikson, specific inductive ca]'acity 
of glass and i>araffiu, 469, 4b9 
of liquids, 477, 485 
criticism of five-plate balance, 473 
Hydrokinetic analogue of electric cur- 
rent, 139 


Index of reftaction,relation of, to specific 
inductive capacity, 451 
Induced charge, of interior surface of 
conductor, 21 

distribution, on sj>here under in- 
fluence of external point-cliarge, 
77 

on plane conducting surface under 
influence of point-^diargt*, 8t 
on two itarallel idane surfaces 
under influence of point-charge 
between them, 86 
on two planes cutting at right 
angles under influence of point- 
charge, 89 

Induction, electric, 10 

over a surface, 10 
Green's tlieorem of, 11 
within clc»sed conductor, 21 
electric machines depemling on, 23 
Inverse problems. 73 
Inversion, georoetri<ial, 91 
sphere of, 91 
electrical, 93 

of an eqirilibrluni distribution, 91 
of uniform spherical distribution, 95 
of induced distiibution in two 
parallel infinite planes, 97 
problems soluble by, 101 


JouUf or unit of work in practical elec- 
tricity, 198 


Kuemekcik, measurement of specific in- 
ductive capacity of mica, 465 
Kilogramme, defined, 186 
KiRciiHoirp, theorems of, regarding 
8tea<ly flow of electricity In linear 
conductors, 15S 
slide-wire bridge, 333 
Kohlravsch, elastische Nachwlrkung, 


Laplace, equation of poten^al in fires 
space, 10 


Length, units of, 183 
Lewis, P. M., method of measuring 
resistance of slide-wire, 354 
Line of force, defined, 7 

difterential equation of, 7 
refraction of, 114 
difl’erent cases of, 125, 127 
Logarithmic decrement defined, 228 
determination of, 229 


Maclaubin's theorem of the attractions 
of ellipsoids, 51 

Mancr, measurement of battery resist- 
ance, 415 

Mass, units of, 185 

Matthikssbm and Hockin, calibration 
of a wire, 342 

comparison of low resistances, 36i 

Mercury, measurement of specific resis- 
tance of, 389 

Metre, dofineti, 183 

Metric system of weights and measures, 
Table VI., 508 

Mica, specific inductive capacity of, 465 

Moxiientutn, defined, 196 

diijicnsional formula of, 196 
time-rate of change of, 196 


NsaRBANO, specific inductive capacity 
of hydrocarlxnis, 4*59 
Network of conductors, theorems re- 
garding, 156 
Numeric, defined, 179 


Oersted, discovery of action of current 
on a magnet, 3U5 
Obx, law of, 141 

application to heterogeneous cir- 
cuits, 141 

Ohm, or practical unit of resistance, 315 
realizatioM of mercury standard, 384 
Oscillations, xneasuremeut of, 220 
equation of motion for, 221 
solution of equation of motion for, 
221 

theory of tmresisted oscillations, 222 
forces varying as sine of displace- 
ment angle, 222 
period of for finite range, 223 


Paalzow, measurement of ralstance 
of oleotrol^Sy 409 

Periods of oscillation, observation of, 
223 

method of telescope and mirror. 224 
determined by Jong series of vibra- 
tions. 228 

determined by successive series of 
vibrations, 229 
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Physical measurements, general, 206 
Platyinetcr, Thomson's. 428 
PoooEMDORFF, telcscope method for 
observing angular deflections, 214 
Poisson, characteristic equation of 
potential, 13 

Potential, at a point defined, 8 
Laplace's equation of, 10 
Poisson’s equation of, 13 
Maximum or minimum, in free 
space proved impossible, 12, 13 
characteristic equation of, 13, 28, 112 
■within uniform sxiherical shell, d4 
sphere, 14 

average over spherical surface cen- 
taiuingeio charge, 15 
surface of zero, 16 
constant within hollow conductor, 
17 

at an external point produced by 
charged ellipsoidal eonductOr, 47 
distribution of, due to given suiYace 
distribution of electricity proved 
unique, 69 

distribution of proved unique for 
given cliarges, 71 

Potential energy, of an electrified system, 
30 

exhaustion, of in forming uniform 
sphere from nebula, 35 
mutual, of two electrified systems, 
87 

lost in electric discharge, equiva- 
• lent <^f. 137 

ill general, defined, 199 
Pound defined, lb6 


Quincke, G., specific inductive capacity 
of liquids, 480, 491 


Kayleigh, Lord, and Mrs. Sidgwick, 
nieasuroineiit of the specific resis- 
tance of mercury, 389 
Reciprocal iiotentials, Green's theorem 
of, 41 

■ relations between two stales 

of a system of conductors, 39 
between cocfflcients of a system of 
conductors, 40, 43 
in two conductors of a linear system, 
between electro-motive force and 
current, 169 

motive force and current between 
potentials and currents, 169 
Hefriiction of lines of force,, 114 
Resistance, electric (ue Electric resis- 
tance) 

Resistance colls, winding of, 811 
construction of, SI I 
arrangement of in resistance box, 
316 


arrangement of in resistance slide, 
S22 


Resistances, comnaiifon of by Whea-fc- 
stone‘s brioge, 329 et seg. 
methods of comparing two nearly 
equal, 853, 357 

comparison of by differential galva- 
nometer, 374 

eomparison of low, 358 et eeq, 
high, 395 

of electrolytes, measurement of, 407 
of a battery, measurement of, 412 
of pure copper wii-e, Tables I., II., 
603—505 

of copper at different tempera- 
tures, Tables III., IV., 500 
of metals and alloys, Table V., 507 
Retardation of signals in cables, 170 
Rheostat, 328 

UuMicH AND Nowak, measurement of 
specific inductive eaimcities, 465 


Scales, choice of for measurement of 
angular deflections, 212 
Siemens, Dr. Werner, cozoparison of 
capa«‘ities, 448 

Siemens, Sib William, comparison of 
capacities. 446, 446 
Siemens’ unit of resistance, 392 
Silk-fibre suBpensiona, 241 
Si LOW, specific inductive capacity of 
liquiris, 478 

Slide wire bridge, KlrchhofiTs, 339 

method of finding resistance of wire 
of, 354 

Specific inductive capacity, thermal 
analogue of, 110 

how taken account of in electrostatic 
theory. 111 eeq. 
mea.sureiuent of, 461 et neq 
conductivity or specific condiict- 
Riiee, 162 

gravity, defined, 193 
resistance, measurement of, 380 
Spherical condenser, 53 
Standard units of measurement, 183 
et eeq, 

area, dimensional formula of, 192 
volume, dimensional formula of, 192 
density, defined, 192 
Steaily current defined, 138 
Submarine or subterrene cable, problem 
of, 166, 168 

leakage across surface of, 167 
differential equation of potential 
for, 167 ^ 

solutions for, 168, 169, 170—178 
Surface density of an electrical distribu- 
tion. 7 

dimensional formula of, 202 


Tait, P. G. measurement of low resis- 
tances, 371 
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temperatiiTe. effieet of on rosisUnoe of 
wires, Tables in , IV., V., 506, 607 
on specif iadnctive oajweity, 406 
Tension, at an eleetiilied siirakoe, 65 
Tbennal antdog^e, of eleetrostatio 
tlieoiy, 102 H $eq. 
of Mootvie oonanetloa, 189 

oonduetivlty, defined, 108 

TnoMsoN, J. J., on tbermal effects of 
ehar^^ng a condenser, 49S 
Thohsok, Sm WiixiAM 

electeic images, 77, 86, tt teq. 
analog between theory of heat con- 
dacnon and theory of clectrosta* 
tics, 102 

pyro-eleetrfcity, 113 
lines of force In different cases, 125 
-127 

theory of variable flow in cables, ItW 
el teq. 

cnrlvsignalling, 175 
transmission of electrical waves 
along a wire, 178 

fonu of vibrator for torsional oscil- 
lations, 384 

absolute electrometer, 265 
quail rant electrometer, 282 
portable electrometer, 275 
repleuisher, 271 
electrostatic voltmeter, 275 
reflecting galvanometer, 808 
dead beat gal%'anometer, 309 
resistance slide, 322 
resistance b<>*, 824 
briilge with secondary conductors 
for low resistances, 359 
graded galvanometers, 367 
measurement of tlie resistance of a 
galvanometer, 416 
nlJ^ute and sliding cond€fnser», 420, 

methods of comparing capacities, 
426, 435 

five - plate balance method for 
specifle inductive capacity, 466 
platyineter, 428 

Time, unit of, 188 

Torsional couples, measurement of, 
230 el arm 

ri^dity, 231 et itq. 


Tube of force, 87 
Units and dimensions, 179 
Units adopted in practical electricity, 
see Note in Aiiiiendlx 


Velocity, defined, 193 

dimensional formula of, 194 
Vibration needle. Maxwell's, 239 
Vibrator for torsional oscillations 233 
Voltaic cell, 144 

electn*motlvo force of, 146 
efrentt, distribtttum of potential in, 
146 

activity in, 146 ^ 

battery, electromotive force and 
current in circuit of, 147 
arrangement of in series, 147 
arrangemejit of mult tide aic, 
147 

arrangement for maximum ent' 
rt*nt, 146 


Watt, or unit of actl\dty in, practical 
electricity, 190 

** Weight." ambiguity of meaning of, ISij 
WHKA^rsTONB‘8 bridge, .829 

most sensitive arrangement 
«>f, 331 

arrangement of keys in, 8,34 
efTectof self induction in, 336 
nuKle of (ipenitlng in, 337 
KlrchhotTs form of, !1.39 
method of measuring electro- 
lytic resislatire, 410 
WirnaiiAKH, measurement of n*sist 
anccs of electrolytes, 410 
Work, deftiied. 1P7 

units of, 198 ; also TaWo V|ll , 510 
dimensional forumla of, 196 


Yard, doAned, 183 


Zero*reading in oscillations, detcrniina 
tion of, 224 

oliservatlon of transit of, 226 
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